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Mulitiple production of photons in high-energy processes in quantum electrodynamics is investigated,
and the electron-positron annihilation is specially discussed in detail. It is found that at very high energies
in cosmic rays, multiple production of up to four or five observable photons can easily take place. But, the
probability, according to quantum electrodynamics, for the multiple production of a larger number of ob-

servable photons is quite small.

1. INTRODUCTION

ECAUSE of the small value of the fine structure
constant, multiple processes in quantum electro-
dynamics have not received much attention. In fact,
it is usually believed'? that the cross section for a
process involving the multiple production of photons is
always much smaller than the cross section for a
similar process involving the production of a lesser
number of photons. However, in view of the recent dis-
covery of a narrow shower of about 20 high-energy
photons in cosmic rays by Schein and co-workers? it
seems to be of interest to carry out a proper investiga-
tion of multiple photon production by charged particles
at high energies.

We shall, therefore, first investigate in some detail
the multiple production of photons in the annihilation
of a pair of electron and positron, and then we shall
consider the multiple photon production in any arbi-
trary process in quantum electrodynamics. We shall
see that at very high energies, which are available in
cosmic rays, multiple production of several photons can
easily take place. For instance, in cosmic rays it should
be possible to observe multiple production of up to
four or five photons in electron-positron annihilation,
and also in some other processes. However, the
probability for the multiple production of 15 to 20
photons is so small that Schein’s photon shower cannot
be explained solely by multiple photon production
within the framework of quantum electrodynamics.
This seems to suggest that the Schein shower is probably
partly due to multiple photon production and partly
due to the usual cascade process. Another possibility
seems to be that this shower was produced by some
process, which involves mesonic as well as electromag-
netic interactions. Therefore, the production of a photon
shower by the decay of a #° meson* and also by some
other processes is at present under investigation.

L' W. Heitler, Quantum Theory of Radiation (Clarendon Press,
Oxford, 1954).

2 R. E. Marshak, Meson Physics (McGraw-Hill Book Company,
Inc., New York, 1952).

3 Schein, Haskin, and Glasser, Phys. Rev. 95, 855 (1954).
Several cases of Schein’s photon shower have been observed more
recently by DeBenedetti, Garelli, Tallone, Vigone, and Wataghin,
Nuovo cimento 12, 954 (1954).

4 The results of the present paper and some possible interpreta-
tions of the Schein shower were described by the author in an

invited paper at the Chicago meeting of the American Physical
Society, November, 1954.

Some preliminary results on multiple photon pro-
duction, based on rough calculations, have been pub-
lished earlier by the author.® However, some of the
conclusions, mentioned there, are unjustified in the
light of more accurate calculations, described in the
present paper.$

2. MATRIX ELEMENT FOR THE PRODUCTION OF
THREE PHOTONS IN ELECTRON-POSITRON
ANNIHILATION

We shall first consider the annihilation of a pair of
electron and positron with the production of three
photons. Following Dyson’s treatment,” we can write
the S matrix element for this process as

So= (/%) f i f Y f 4" A, () A, (') A ()

X (%)7,Sr (x— 2 )ySe (@' — &) (x7), (1)

where
ipyY—K
Sr(x—a)=lim fdpe“’(’”‘”” )
e—+0 (2 )4 P2+K2""LE
We now put

¥(&") =V, (K)u. (k)e*",
¥ (@) =V, (K")7, (ke s,

where & and %’ are the propagation four-vectors for the
electron and the positron respectively, a,(k) and &, (k')
are absorption operators for these particles, #.(k) and
7,(k’) are the spinor amplitudes, and the indices 7 and s
can take the values 1 or 2 depending on the spin states
of the particles. We can also express the transverse parts
of A,(x), 4,(x"), and A,(x"") as

(3)

ch \*} )
AW=¥ V~%(~—) e (q)e",
ZQ()I

q’,e’

ch \?
A= 3 71 () e, @

q’’,e’! QO

ch\? )
g () o
q,e 2q0

5S. N. Gupta, Phys. Rev. 96, 1453 (1954).

6 In fact, the cross section o,, given in reference 5, must be
divided by a factor (z—2)!. This was first pointed out to me in a
private communication by Professor F. J. Dyson and Dr. R. H.
Dalitz, who made use of semiclassical and statistical arguments.

7F. J. Dyson, Phys. Rev. 75, 486, 1736 (1949).
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where a.*(q), a.*(q’), and a.-*(q”’) are emission
operators for the photons, whose propagation four-
vectors are ¢, ¢’, and ¢”’ and whose directions of polari-
zation are given by the unit vectors e, €', and e”
respectively. Substituting (3) and (4) in (1), we obtain

Si= V—5/2Z Z Z ] dxei:c(k+k’—q—q’—q“)ar(k)

q'e ql’e/ qll'elf
e \?
sz(kl)a’e*(q)ae’*(ql)a’e”*(q”)(ﬁ) (gogo’qe’")*
c

—1(k'—q)y—«
5o (k' Lol 7
X6 () )
i(k—g)y—«

o . ©)
(k—gq)*+*

We shall now carry out our calculations in the center-
of-mass system, so that

K=—k k/=ko. (6)

We shall also assume that the energies of the initial
electron and positron are very large compared with
their rest energies, i.e.,

B>, )

We shall denote the angle made by the vector q with
k as 6, while the angles made by q’ and q” with k’ will
be denoted as 6’ and 6" respectively.

We note that

1 1
= ) @®)
(B—q)*+x®  2qo(ko— | k| cosf)
which, in view of (7), can be written as
1 ko
©)

(k—gr+ g2k (1—cosh)]

Qo
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The quantity (9) has a sharp maximum at 6=0. This
shows that practically the entire contribution to the
matrix element (5) arises from those values of q, which
lie within a narrow cone around the vector k. Similarly,

the quantity
ko

(k' —q')+* - q0' [k 42ke*(1—cost’) ]

has a sharp maximum at '=0, so that practically the
entire contribution to the matrix element (5) arises
from those values of ¢’, which lie within a narrow cone
around the vector k’. For small values of 8 and ¢’, (9)
and (10) reduce to

(10)

1 ko
= : (11)
(k—q)*+*  qo[x*+ ko]
1 ko
(12)

F—g Y+ glle+hio™]

We have seen that the photon q is contained within
a narrow cone around k, and ¢’ is contained within a
narrow cone around k’. It follows from the conservation
of momentum that if ¢’ is comparable to go or ¢/, the
photon ¢ must also make a small angle with k or K/,
while if g0’ is small compared with ¢ or g/, the photon
q” can make any angle with k or k’. However, for
simplicity, we shall assume that ¢’ also is always con-
fined within a narrow cone around k or k/. We then
have to consider two cases: (a) The photon q is confined
within a narrow cone around k, while the photons ¢’
and ¢ are confined within a narrow cone around k’.
(b) The photons q and q” are confined within a narrow
cone around k, while the photon q’ is confined within
a narrow cone around k’. The case b can evidently be
obtained from the case @ by interchanging the roles of
the electron and the positron. Hence, the cross sections
for these two cases are the same, and we need calculate
only the cross section for the case a.

We can write the matrix element (5) for the case a as

Se=V=r3 X 2| deet =g, (K)b, (K')a* (q)ac* (a))ae*(q”)

q 9,0’ e,e’, e’

0, (K) (y-€)[—i(k'— )y —«1(y- ") i(k— v —x]1(y- €)u. (k)

e?
X(—‘) (gogo’q0”) 4 , (13)
2ch L&' =g+l (k—g)*+«*]
Q Q Q’
where 3_ denotes summation over all values of q within  §,=y—s23% =/ T dxeisth'—a—a'—a’")
q [v4 q q/,q"" e,e’ e’
a small solid angle © around k, and 3 denot -
ang 0 n q%” enotes sum Xar(k)bs(k')ae*(q)de'*(q/)ae"*(q//)
mation over all values of q' and q” within a small 2N\ 1
solid angle &’ around k’. X (—) (gog0'q0”) A
B aron 20k [(k—g)*+e]
Further, we can interchange the roles of the photons
q; and q; without changing any given physical state. X{ A | ' } (14)
Hence, we can express (13) as L(k'—q") 4] r[(k'_q'/)2+K2] ’
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with
A=7,(K)(y-e)[—i(k' —q)y—«](y-€")

X[i(k—y—«](y-eu,(k), (15)
B=0,(K') (y-e")[—i(k'—q")y—x](y-€)

o
where ’Zi denotes summation over all values of q" and
q"" within the solid angle Q' such that each physically
different state occurs only once, and the second term
within the curly brackets in (14) is obtained from the
first one by interchanging the roles of the photons ¢
and q”.

3. CROSS SECTION FOR THE PRODUCTION OF THREE
PHOTONS IN ELECTRON-POSITRON ANNIHILATION

In order to simplify our calculations for the process
under consideration, we shall make two types of
approximations, which are justified for high energies of
the initial electron and the positron. Firstly, we shall
neglect «?/k¢* compared with 1. Secondly, since the
photons are confined within narrow cones around k or
k', we shall also neglect 6%, "%, and 6'"? compared with 1.
We shall not, however, neglect any of the quantities
K2/ke?, 6%, 6%, and 6’ as compared to each other.

Using (6) and the relations

(tky+)u,(k)=0, 2.(k") ((F'y—x)=0,  (17)
we can express 4 as
A=0,(=K)[(g"7)(y-e)—2(k-€)](y-€")

XL(r-e)(g)+2(k-e)Ju. (k). (18)

We can also choose our x3 axis along k, and denote the
azimuthal angles of q, q’, and q'" around the w3 axis as
¢, ¢', and ¢" respectively. Then the components of g,
q’, and q" are
q=(qo sinf cos®, ¢ sinf sing, g cosh),
q'= (g0’ sind’ cos¢’, o’ sind’ sing’, —qo’ cost’), 19
q"' = (g0’ sind”’ cosp”’, g0’ sind” sing’’; —qo'’ cosd’’).
Using (17) and (19), and making the approximations
mentioned above, we get
(gv)u: (k) = go(ix/ ko+0c)u. (k), (20)

7s(—k) (¢"v) = 0. (—K)qo’ (—ix/ko+0'a")

with

a=1v1 cosp+v; sing, a'=1v; cosp’+vz sing’, (21)

which enables us to write (18) as

A=qoqo'0s(—K)[(—ix/ko+0'a’) (y-€') —2(k-€’)/q0"]
X (y-€")(v-e) (ix/kotba)+2(k-e€)/qoJu, (k). (22)
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In the extreme relativistic case, we also have

(1 iyeystwys/ ko)u, (k) =u,(k),
(1 4-dyeystrya/ko)v.(—k) =0,
(1 —ivevs—rye/ko)v.(—k) =v,(—k),
F(1—=dvavs—rva/ko)u. (k) =0.
Therefore, averaging the quantity 44* in the usual

way over the spin states of the electron and the positron
in the initial state, we get

(A4%)=1590°¢o"™ tr{[ (v -e) (ix/ko+0a)+2 (k- €)/q0]
X (I4+dveystrys/ k) (—ix/kot+6a) (y-€)
+2(k-e)/qo](y-e")[(v-€) (ix/kot-0'a’)
—2(k-€')/q0"J(1+dveys—kys/ko)
X[(—ix/kot0'a") (y-€)

—2(k-€")/q"](y-€")}.

Further, summing over the states of polarization of the

photons q, ¢, and ¢’ in succession, we find

> (AAF)n=490q0 K/ k*+02(1—2ko/ qo+2k0*/qc?) ]
X [k2/ k240" (1—2ko/qo'+2k?/qd'D].  (25)

According to (15) and (16), B can be obtained from
A by interchanging the roles of the photons q’ and q”.
Hence, we obtain from (22)

B=4q"0:(= ) [ (—ix/ko+-0"a"") (v-€")—2(k-€")/q0" ]
X (v~ )[(v-e) (ix/kot0x)+2(k-e)/ g Ju.(k), (26)

where

(23)

(24)

o'’ =71 cosg’’ -+, sing”’. (27)

Using (22) and (26), and averaging the quantity 4B*
over the spin states of the electron and the positron,
we get

(AB*)n=1590"q0'q0" tr{[ (y-e) (ix/ko+0c)
+2(k-e)/qo](1+dveys+rve/ko)
X[ (—ix/kot-0a) (v-€)+2(k-€)/q](x-¢)
X[ (y-e") i/ kot-0"a") —2(k-€")/q0'"]
X (1+dysys—rys/ ko)L (—ix/ko+0'a)
X (y-e)—2(k-€)/q'](x-€")}.
Then, summing over the states of polarization of the
photons, we find

(28)

2 (AB*)n=40'0"keq0* cos(¢'—¢"")

XK/ ko*+6*(1—2ko/ qo+2ke*/qo>) ].  (29)
We can now write (14) as
o o
S;=V-52% 3 % daeiwhtb—a—a'—a'")
q qlvql/ e,e’,e”
Xa,(k)bs (k) as* (@) ae* (@) ae*(a")K, (30)
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where

K= (/260 (gog/ g0~ ————
s
A
X } .
[(F—¢)+e] [ —g") ]

Simplifying the denominators in (31) for small values
of the angles 6, ¢, and 6", we obtain

(31)

2
K= (&/2%)}gog/ g0y +———
qoq0qo q0[K2+k0292]

A B
x{ —+ , (32)
q'[e+E207] g’ [i2+ko0'"?]

4

so that

KK*=(e®/2ch)?
9090 q0”' [P +-ko0* 1

AA* BB*
" ;
g’ [@+ROTE i ikt T
AB*+BA* )

+ ] (33)
QO'QO/'[KLF kozolz:\[Kz-i—kozo”ﬂ

The cross section for the process under consideration
is related to the quantity (33) as

1 o 1 dgo
R A
2V « 2272 Vg d(go+qo”") lgv =constant

X Z <KK*>AV:

e, e’ e’

(34)

where dw denotes an element of the solid angle in the
direction of g, and { ) denotes an average over the
spin states of the electron and the positron in the
initial state. But, in the present case, we have approxi-
mately

q0'+¢0"" = gqo="ko, (395)
which gives
qu
[—m] -1 (36)
d(610+qo") g0’ =constant

We can also put

1 o
Y = (2m) f do’ = (27)3 f dgo’ f g”de’. (37)
V q’ Q’ Q

Hence, we can express (34) as

o3=3(2m)" f g f de' f dwqd’q? Y, (KK*), (38)
Q Q e,e’,e_”
or

b 8
r3=1(2m) f dgy’ f o'de’ f 0d0g5°q7 Y (KK*)n,
) )
(39)
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where § is the angle of the narrow cones within which
q and ¢’ have been confined.

It is evident that in order to obtain the cross section
o3, we can interchange the roles of the photons q’ and
q"’ in any term of the quantity KK*. Therefore, (33) is
equivalent to

2 3 k04 ZAA*
2ch q03q0/q01/[K2+k0292]2 q0/2[K2+k020/2]2
2AB*
+ } (40)
0o T+ kg ILe+ ki)
Using (25), (29), and (35), we obtain

e \?3 1
> <KK*>M=8(—)
2! R+ he0 T EH k0]
20"k 3

S
o' (ko—qo")  qo"*[i*+ k"]
0’(9”]304 COS(¢,—¢“)
g0 (ko—qo' YL+ ko'0™]

(41)

and, substituting (41) in (39), we get

2 \3 8 )
03=( ) quo'f G'dﬁ'f 6do

drch 0 o

k02 QQ, 2
X { !

[K2+k0202]['<2+k020'2] (kO“qO')ko qO'

28 09"k cos(¢'—¢")
90/[K2+k020’2]| (ko— g0 )12+ ko?6"'%] ’

42)

Carrying out the integrations in (42), we find

o3=23(e*/4nch) k2 log(ko/N)[log (Bko/k) |, (43)

where we have denoted the lower limit to the values of
¢o’ and g¢"’ as \, and we have neglected terms involving
lower powers of log(ko/\) or log(8ko/x).

We now put

ko=E/ch, k=p/ch, \=¢/ch, (44)

where p is the rest energy of the electron, E is the energy
of the electron or the positron in the center-of-mass
system, and e is the lower limit to the energy of the
emitted photons in the center-of-mass system. We can
then express the cross section (43) as

o3=30*(*h*/ E?) log (E/¢)[log OE/u) P, (45)
where

a=e*/4nch (46)

denotes the fine structure constant.



1506

It should further be noted that the expression (45)
represents the cross sections for the process, in which
two of the three photons are emitted within a narrow
cone around the direction of motion of the positron. As
explained in Sec. 2, the cross section for the process, in
which two of the three photons are emitted within a
narrow cone around the direction of motion of the elec-
tron, will be the same. Hence, the total cross section for
the production of three photons in electron-positron

Sn= (—1)"(62/2&&)%" Z Z e Z V—(%n.H) 1

q1,e1 q2,e2 qn,en

(CIO, 190, 2" * " qo, n>%

SURA]J N. GUPTA

annihilation is

03, tota1= 203= 00 (ch*/ E?) log (E/e)[log (6E/u) 2.  (47)

4. MULTIPLE PRODUCTION OF PHOTONS IN
ELECTRON-POSITRON ANNIHILATION

We shall now calculate the cross section for the
production of # photons in electron-positron anni-
hilation. The S matrix element for this process is®

fdx’ei(k+k’—q1—q2—- s —an)a’

Xf’)s(k’)(Y-en)[ih—w—K](v'eH)- Lipry—x](y-en)u (k)

where
P1=k—q, pr=k—q1—¢,
Pnr—-2=k_91_ ot —Qn~2=Qn+Qn—~1_k,y (49)
pra=k—q1— - —qua=g.— k.

As before, we shall carry out our calculations in the
center-of-mass system so that

(48)
[pn i) - - [p2+i]

that the r photons qi, qs, - -+, q, are emitted in a
narrow cone of angle § around the vector k, while the
remaining #—7 photons are emitted in a narrow cone
of angle § around the vector k’. We shall neglect &
compared with 1. Then, from the conservation of
momentum and energy, it follows that

90,1+90, ot '+Qo,r=QO, r+1+q<), r+2+' . '+90,n=k0-

(S1)
K'=—k, k'=ko. (50) It will be convenient to express the p’s as
Moreover, we shall be interested only in the case when pi=k—qi, -+, pr=k—q—- - —q, (52
ko> T gt g ¥, 02
In the present case, we shall be largely guided by the Pr1=gn—F, ) Prn=gat Ak,
calculations of the preceding sections. Thus, we assume so that we can express (48) as
Sa=(=0)"(&/2ch)i» 3° 2 --- 2 V=4 (go1g0,2 - o, n)“%fdx’e“k““"'_ql_"'_4")"'
q1,e1 42,€2 qn,en
Xﬁs(k’) (y-en)li(gn—E)y—r] - (v €r2)[i(gnt - - gria—E)v—x] ( )
Y €ri1
[ K] [+ gra— )]
X[i(k—ql— c—g)y—k](y-en) - [ik—g)y—x](y-eu(k) (53)
[e=gqi=- -+ =g+ - [(k=g1)*++] '

In order that S, may be as large as possible, the g¢’s should be as small as possible. But, on account of the relation
(51), at least two of the ¢o’s must have large values. We further note that gy, » and ¢q, »r1 occur the least number of
times in the denominators of the propagation functions in (53). Therefore, it is evident that the largest values
of S, correspond to the case, when go,» and g¢q, 11 are large while all other ¢o’s are small. We can expect to obtain
a reasonable result by making approximations, which are justified for the above values of the ¢¢’s.

When g, and ¢q, 1 are large and the other g¢’s are small, we may simplify the denominators in (53) as

[k—g)+e]- [k - =g +]

= [2}30(10,1—21(' (h]‘ . '[(2k0q0,1_2k' (h)‘f“' <t (2k0q0, —1—2k- (lr—1>]|:2k040,r‘— 2k- ‘lr], (54)
[@a— BT [k Fama— k)]
=[2koqo, »— 2K’ - @, ]- - - [ (2kogo, n—2K"- @)+ - - -+ (2koqo, 42— 2k' - qry0) ] (55)
We also have approximately
Li(k— gy —«](y-eDu (k) =[iky—«](y- er)u.(k) =2i(k-er)u: (k), (56)

8 Note that in (48) the quantities ¢, and p. denote four-vectors with the components (gr,go,r) and (ps,ipo,») respectively.
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and in this way we find

Lik—gi— - —g)v—«](y-e) - -[i(k—g)y—x](x-en)u(k)

= (2tk-e,_1)- - - (2tk-e))[i(k—g.)v—«](y e u,(k),

05 (k) (- €n)[i(gn—E)v—x]- - - (- €r)[i(gnt - - -+ grpa— )y —1]=0u(k) (= 2k’ €2) - - - (— 21k’ - €742).

Using (54), (55), (57), and (58), we can express (53) as

Sn=(—0)"(e¥/2ch)i» 3 2. VG (gg1g0,2° - - g, n)'%fdx’ei(k*"""qr-“-—qn)z'

Ly e ren QL s e dn
Xf‘)s(k’) (v-er)i(k—g)v—x](y-e)u.(k)
[ZkOQO, T 2k ° qr]
(—2ik"-en)- - (—2ik’-e,19)

X
[213090, nT 2k, . qn] e [(ZkolIo. n Zkl ‘ qn)_l_ trt + (2k0q0, 27 Zk, ‘ qr+2)]

(2tk-e,_1)- - - (2tk-ey)

X .
[2kogo, 1— 2k- a1 ] - - [ (2kogo, 1— 2k qu)+ - - - + (2kogo, r1— 2K~ Gr_1) ]

-, q,—1 without changing any given physical state, and
similarly we can interchange the roles of the photons g1, - -+, q.. Therefore, we can write .S, as

Sn=(—1)"(e/2ch)t» 3 > h 2 VUmD(goago ettt gom)

But, we can interchange the roles of the photons qy, - -

eL, *-,en qr,qr+1 41, * * +,4r—1 qr+1, * - *,4n

)y e[k —g)y—x](y- e (k)

X /‘dx/ei(k-kk’—qx—---*zm

[2k0q0, r— Zk-qr]

P (—21k"-e,) - - (— 21K’ - €,19)

X { 2
an -+ art1 [ 2R0qo, n— 2K - @ |- - [ (2R0go, n— 2K’ @)+ - - - + (2koqo, rro— 2K’ - qri2) ]

P

X

(2tk-e,_1)- - - (2ik-ey)

where >/  denotes summation over all values of
aQu, ooy Gt
qi, ***, g1 such that each physically different state
P

occurs only once, and Y, denotes summation over

Q- e
all possible terms obtained by interchanging the roles

of the photons qi, - - -, ¢,—1. Then, using the identity

P 1
>
a1, an @1(@14ag) - - - (@rtast- - - +an)

we can express (61) as

S,= ¥ s S p-tntn

e1, -+ +,en qr,qr+1 q1, * * *,4r—1 qr+1, * - *,4n

X f A ikt —a— -~ K (62)

2
q1, - -,qr—1 [Zkoqo, 1— 2k- q1] e [(Zko(I(), 1— 2k- q1)+ ce + (2k0g0, r—1 2k- qr~1):]

(5

1507

(57
(58)

9

}, (60)

where
K= (—1)"(e’/2ch) " (g0,10,2" - * g0, n)

Xﬁs (&) (y-er)[i(k— g )v—x1(y- e)u.(k)

[2kogo, ~— 2k - q.]
(—2iKk -e,) - (—2ik' - e,42)
[2koqo, »— 2K -q2 - - - [2k0qo, rp2— 2K - qrya ]
(2ik-e,1)- - - (2ik-eq)
% [2kogo, 1—2k- 1] - - [2kogo, r1— 2k~ qrs]
According to (63), we have

po cc*
KK*=(e*/2ch)™
qo,1° * - qo, n [ 2k0g0, ~— 2k -, 2

(k’.en)2. .. (k'.er+2)2

X
[2k0q0, n— 2K’ - @ - - - [2k0q0, rp2— 2K Qryo I
(k-e,_1)2- - - (k-e1)?

X )
[2k0q0, 1— 2k'¢11]2' o [ZkOQO, r—1 2k'Qr-1]2

(64

(63)

)
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where where i <7 and j>7. Further, averaging over the spin
C=5.(K) (- e ) [ (h—q.)y— e u(k). (65) States of the eleFtron and the. positron in the'inigal
I Cr-era)lith =g )y =r](r-eue(l). - (65) state, and summing over the directions of polarization
We now denote the angles made by q, -, @, with kK of the photons ¢, and g,41, we find

as 6y, ---, 0, respectively, and the angles made by
U1, **y O with kK" as 6,44, - - -, 0, respectively. Then, > {CC*n=2(qo, 2/k)
for small values of the 6’s, we get er,ertl
[2k0g0, i— 2k-q; 1= (ko/qo, ) [K3+E02T,  (66) X [k k0,2 (1—2ko/ qo, - +2ke*/q0,/) 1. (69)
[2kog0, j— 2"+ q; 17" = (ko/qo )K+k07 1, (67)  we substitute (66), (67), (68), and (69) in (64), and,
S (k-e)?=k02, X (K -e,)?=ke02, (68) as before, we take qo, » and qo, ~+1 to be of the order of k.
°; e We then obtain
Q2n—3p 2n—4 1 1
> AKK*)y=(e¥/2ch)™
el -, en qo, 1" * *qo, r—1q0, 742" * * 4o, ALKAk0:7] goa% o4 g, a2 qon’
(ka®0:2) - - - (ko017 (ko0ri2”) - - - (Ro04?) 0)
X .
[K2+k02012]2. .. I:K2+k0207-_12:]2 [K2+k0207-+22]2' .. [K2+k020n2:]2
The cross section ¢, for the multiple production of # photons is related to the quantity (70) as
1 dq0, r
p= > > fdquo, ,2[-———*— > (KK*)u, (71)
Vr2aq,..., ar—1 qr2,- - 00 2 (27)2 d(qo, rqo, rp1) Jers - en
where dw, is an element of solid angle in the direction (73), and (74), we obtain from (73)
of q,, and the derivative within the square brackets in 1 gn—2p 2t
(71) is to be obtained by keeping ¢o1, -+, ¢o, 1 and g o fd .
= o, 1
go,~+2, * * 5 o, » constant. From (51), we get (r—1)(n—r— 1)1 a3
dQO. r
]=%, (72) deq«) p— qu() e
a(qo, »+qo, r1) 2 qo, r—1
and we can put
1 deq(; D EEE—— f 01d01
o q0, r+2°
Vr—l q1, -+ ,qr—1 5
Xf orderf 6r+2d07~+2' ° 'f 0nd0n
1 1 0 0 0
= '_——'—_qul"'qur—lv
(r_ 1) 1 (271.)3(1‘—1) (73) (k02912) RN (k0201_12) 1
1 , (4202 - - [+ k0,2 [0+ Fe0,%]
Yrr—ldarte, - n (k0207+22) e (k020n2>
X . (75)
1 1 [K2_+_ k020'r+22:]2 . I:K2+ k020n2]2 .

= dgria- -+ | d,
(n—r—1)z(z7r)3<n—r—1>f dre2 f 1

where the factorial factors in (73) arise from the fact
that >/ denotes a summation such that each physically
different state occurs only once. We further note that

5
fd‘h: 2w fd(Io, o, f 0.db;,
0

where § is the angle of the cones, within which the
photons have been confined. Hence, using (70), (72),

(74)

Carrying out the integrations in (75), and ignoring
some lower-order terms, we get
1 272 1

=gt
(r—1) (—r— 1) | 773 B

(log——) (logqo '“) (76)

where go, max and A are the maximum and the minimum
values of go,1, ", Go.r—1, go,r+2, ***, Qo,n. Using (44),
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we can also express (76) as
1 2n—2 62h2
=an —_—
=D n—r—1)! g3 E2

E b n—1 €max n—2
X (log—~) (log ) , (D
I €

(78)

denotes the upper limit to the energies of the photons

qu, *°*y Qr—1y Ary2y 5 Qe
When #=3, r=1, eémax=EFE, (77) becomes

20*(#?/ E?) log (E/ €) log (8E/u) T,

which differs from the more accurate result (45) only
by a factor %. Following the treatment of Secs. 2-3, we
have also investigated more carefully the cross section
o, for low values of %, and it is found that the result
(77) represents a good approximation.

The expression (77) gives the cross section for the
production of # photons, out of which » photons are
emitted within a narrow cone around the direction of
motion of the electron. In order to obtain the total
cross section for the production of # photons, we have
to sum (77) over all values of # from 1 to n—1. Thus,
using the relation

where
€max = ChQO, max

‘ ‘,:‘Fg gl 1 1 272 (79)
I S = 1) (r—r— 1) (n—2)!

we obtain for the total cross section in the center-of-
mass system

4n—2 C2h2 €max
s — ( Og_) ( o8

On, total = Q&
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F16. 1. Feynman diagrams for (a) an arbitrary process with at
least one external electron line, and (b) emission of a photon from
an external electron line of an arbitrary process.

5. MULTIPLE PHOTON PRODUCTION IN ANY
ARBITRARY PROCESS IN QUANTUM
ELECTRODYNAMICS

Let us consider any arbitrary process in quantum
electrodynamics, whose Feynman diagram contains at
least one external electron line,® as shown in Fig. 1(a).
The S matrix element for this process will be of the
form

So=So (k)u(k), 81)

where % (k) is the spinor amplitude of the electron, and
So’ (k) is some quantity, which is a function of & as well
as some other variables. If we insert an external photon
line in the external electron line, as shown in Fig. 1(b),
then according to Dyson’s treatment® of the .S matrix,
the contribution of the new process will be

S1=—1iV"4(e¥/2ch)* 3 qot
q,e

So' (k—q)[i(k—q)y—«](y- e)u(k)

L(k—g)*++*]
Similarly, if we introduce 7 external photon lines in the

external electron line of Fig. 1(a), the S matrix element
for the resulting process will be

(82)

Sa=(=i)" V=i (@/2c)' 3 X (qor-qon)
Qs erGn oL, e - ron
XSo’(k—ql* o= g)[i(k—q1— - —gu)y—x](y-€n) - - - [i(k—gu)y—x](y- ex)u(k) (83)
[k—qi— - =g+ - [(k— 1) +<7]
We shall now try to find a relation between the cross [ (k—qi— -+ —ga)?+«*]" - -[(k—gq1)*+«*]
section ¢, for the above process and the cross section =[(2kogo,1—2k- q1)+ - -  + (2kogo, n— 2k - @) ]- - -
oo for the process shown in Fig. 1(a), when the external X[ 2kogo1—2k-qi].  (85)

electron line represents an electron of very high energy.

As in the case of the electron-positron annihilation,
we may expect that the main contribution to the cross
section o, arises from low values of the go¢’s. Therefore,
as in Sec. 4, we may simplify the numerator and the
denominator in (83) as

Lie—qi— - —gu)v—«](y-€n)- -
X[i(k—gqi)y—«](y-enu(k)

= (2ik-e,)- - - (2ik-e)u(k), (84)

If the quantity So’(k) is not too sensitive to a small
change in %, we may also take

< —ga) =50 ().
Then, using (84), (85), and (86), we can simplify (83)

So' (k—q1— (86)

9 For the meaning of an external electron line and other similar
terms, see reference 7.
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as
Su=(=i)"Vin(&/2ch)}» 3 2 (go1-qo) Ao (R)u(k)
1, » oo Bly e n v ron
(2ik-e,)- - - (2ik-ey)
X , (87)
[(2kog0,1—2k-q1)+ - - - + (2kogo, n— 2K Q) ]+ + - [ 2R0go,1— 2k q1]
which can be written as
Sa=(=)"Vin(&/2ch)» ' X (qo1r - qon) 73S (R)u(k)
41, - 1Qn oL, - -ren
P 1
X (2ik-e1)- - - (2ik-e,)| } (88)
at - an [2kogo, 1—2k-q1]- - - [ (2kogo,1— 2k~ qu)+ - - - 4+ (2kogo, »— 2k ) ]

where the meaning of 3~’ and Y_® has been explained in Sec. 4. Further, using the identity (61), we can express

(88) as
(V@ BT Y38 Ry B ) (50)
= (—9)"V=i(e*/2ch)n qo,1** * qo, )5S0’ (R)u
Q1+ *yqn €1,°° -, }[2kqu, 1— 2k- qu e I:Zkqu, n 2k- qn]
or
Sa= X X' VLS (R)u(k), (90)
oLy~ e ren lse - dn
where
(— )&/ 2ty in( - (2ik-eq)- - (2ik-en) (01)
=(—1)"(e°/2¢cn)*™(q0,1" * *Go,n
[2kogo,1—2k-q1]- - - [ 2k0go, n»—2k- qn]
The relation (90) shows that o, is related to o¢ as we obtain
= V_" ZI Z Jn*]no'(), (92) 1 1 1
q1,*-+,dn €1, - -,en Un:goan_l nqu‘“' . .quo‘n_______
so that, substituting (91) in (92), we get n! (2m) .17 " g0
n &0 sin301
on=aV " 3 > (&¥/2ch)'— Xf 1 f =
0 AL m el en ) go1 " qon [(K2/2k )+ (1— cos@l):P
(k-e1)?- - - (k-e,)? sin®f,,
. (93) X . (99)
B ¢ [213040, 1— Zk q1]2 s [2kogo, n 2]( . qn]2 [(K2/2k02) + (1 — COSHn) ]2
ut, )
:;(k'er)‘z:k‘ﬁ sin’d,, (94) Carrying out the integrations in (99), and ignoring
' some lower-order terms, we get
2koQo, r— 2k Q= 2k0q(); r[ (K2/2k02)+ (1 d COSB,-)], (95)

where 6, denotes the angle between q and k, and we
have made use of the fact that ko>>«. Using (94) and
(95), we can express (93) as

oa=aoV" 2" (e¥/2ch)*(qo,1" - *qo,n)
q1, -+ ,qn
sin%0;
>< cee
[ (x?/2k¢?)+ (1—cosby) I?
sin%,,
X . (96)
[(x%/2ke®)+ (1—cosf,) I?
Then, putting
v 5 =/m)en [ [da., oD
q1, + - *qn
j dq1= ZﬂquO iqo, i2f sinﬂid()i, (98)
0

a” n 2k0 G0, max
On —ao—' —) (log———) (log ) , (100)
n!

where o, max and A are the maximum and the minium
values of the g¢¢’s. Using (44) and (78), we can also
express (100) as

an=¢ro;(§) (log——-) (10 "’“) ,  (101)

where E is the energy of the electron represented by
the external electron line.

It should be observed that the above approximate
result has been obtained with the assumption that the
quantity S¢’ (k) of equation (81) is not too sensitive to
a small change in k. Therefore, the above general result
represents only a rough approximation, and a more
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accurate determination of ¢, can be made only when
we know the quantity .Sy’ ().

6. CONCLUSION

We shall now discuss the significance of the results
obtained in the preceding sections. It should first be
noted that the cross sections (47), (80), and (101) all
diverge as the lower limit e to the energy of the emitted
photons tends to zero. However, it is known that this
“infrared divergence” is harmless, and it is compensated
by corresponding divergencies arising in the radiative
corrections to cross sections for the production of a
lesser number of photons.!® Therefore, for all practical
purposes, e represents the lower limit to the energy of
the photons, which can be observed in a given experi-
ment.

As a particular case, let us consider the annihilation
of a pair of electron and positron in the center-of-mass
system, such that 1 photon is emitted along the direc-
tion of motion of the electron while #—1 photons are
emitted along the direction of motion of the positron.
Then, according to (77), the cross section for this

process will be
8E n—1 €max n—2
g——) (log——) . (102)
" €

Since we are interested only in the order of magnitude
of o5, We can put emax=E in (102). Moreover, it follows
from (101) that if we include the contributions from all
angles instead of a small cone, the factor [log (3E/u) ]!
in (102) should be replaced by [log(2E/u) ] There-
fore, in the present case we may take the cross section as

1 2»2 2 ZE) (1
=™ Og.—-_. og—
(n—2)17v3 B2 & )

We now pass over from the center-of-mass system to
the laboratory system, in which the electron is at rest.
We can then put

E'=2F?/u,

where E' is the energy of the positron in the laboratory
system, and ¢ is the lower limit to the energy of the
photons in this system. Using (104), we can express

n,

1 2n—2 62h2 (
(n—2)1 73 E2

(103)

e€=2¢E/p, (104)

0 A general proof of this result has been given recently by
J. M. Jauch and F. Rohrlich, Helv. Phys. Acta. 27, 613 (1954).
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e ME,( g_ﬂ) (log——) (105)

The lower limit to the energy of photons, which can be
observed through pair production in photographic emul-
sions, will depend on the nature of the emulsion. But,
for our general purpose we may take ¢ =50u=25 Meyv,
which gives us

1 e (1 n—2
n og—- og— .
(n—2)! 73 uE’( ) 50;4)
)! (106

Now, the cross section for the production of two photons
in the electron-positron annihilation at high energies is
known to be!

o= (*H2/uE’) log(2E'/u).

Therefore, (106) can also be written as

On=0a

(107)

1 (al 2E'l E’ )"—2 (108)
=0 og— log— . 8
=) N\r u 50 |

When the energy E’ of the incident positron is of
the order of 10" ev to 106 ev, we find

(a/) log (2E'/n) log (E'/504) ~1, (109)
so that in the above energy region we have
on=ay/ (n—2)L (110)

According to (110), o, is comparable to ¢ for small
values of #, and therefore multiple production of up
to four or five photons in electron-positron annihilation
can easily take place at very high energies in cosmic
rays. However, o, for the production of 15 to 20 photons
is quite small as compared to o3, and therefore we are
not likely to observe a shower of 15 to 20 photons due
to multiple photon production in electron-positron
annihilation even at reasonably high energies.

The general result (101) further seems to show that
a similar situation exists with regard to the multiple
production of photons in other processes in quantum
electrodynamics.
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