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The theory of inner pair production associated with the radiative capture of 7~ mesons and with the
decay of the #° meson is discussed. Appropriate distribution functions are derived and compared with
recently obtained experimental results. The weak dependence of the theoretical predictions upon the
details of meson theory is emphasized. The possible utility of the double conversion process, in which the
7% meson decays into two electron-positron pairs, for the determination of the #° parity is also discussed.

A. INTRODUCTION

HE process of inner pair production (i.e., the
emission of an electron positron pair by an excited
system in place of a ¥ ray) has been extensively studied
in connection with the decay of excited nuclei, and the
dependence of what will be referred to as the conversion
coefficient on the multipolarity of the ¥ ray has had
some utility in the classification of transitions. It has
been pointed out that as the energy of the transitions
exceeds the necessary threshold energy by amounts
large compared to mc? the dependence of the process on
the multipolarity of the y ray decreases, and, in fact,
the conversion coefficient becomes essentially inde-
pendent of the source of the v ray in the high-energy
limit.!=® Radiative processes accompanying the annihi-
lation of a = meson are good examples of this situation.
These have been studied experimentally in connection
with 7 decay and the radiative capture of #~ mesons.*?
The main purpose of this note is to compare the pre-
dictions of the theory with the available experimental
results on the mesonic processes mentioned above. In
view of the present unsatisfactory state of meson theory
the weak dependence of the theoretical predictions upon
this theory is of importance. We shall therefore in Sec. 1
briefly rederive expressions for the conversion coef-
ficient and appropriate distribution functions in a
manner which makes this weak dependence manifest.
In subsequent sections specific formulas for the processes
of interest will be obtained and compared with the
experimental results.

1. INTERNAL CONVERSION FORMULA

The internal conversion process may be described as
follows. A given reaction produces, instead of a real
photon, a virtual photon, which subsequently produces
an electron positron pair. If the photon momentum is
large compared to mc, then for pairs emitted with small

( 1 ].)R. Oppenheimer and L. Nedelsky, Phys. Rev. 44, 948
1933).
2 M. E. Rose and G. E. Uhlenbeck, Phys. Rev. 48, 211 (1935).
3 M. E. Rose, Phys. Rev. 76, 678 (1939).
4 Lindenfeld, Sachs, and Steinberger, Phys. Rev. 89, 531 (1953).
5 Sargent, Cornelius, Rinehart, Lederman, and Rogers, pre-
ceding paper [Phys. Rev. 98, 1349 (1955)].

transverse momentum the energy of the intermediate
state containing the photon is nearly the same as that
of the final state. This mode of production is highly
favored by the associated small energy denominator
and as a consequence the emitted pairs do tend to have
small transverse momentum. It is the predominance of
‘“nearly real” photons in the process which tends to
dissociate the conversion of the photon from its
emission.

Consider a physical system of zero total momentum
which undergoes a transformation from a state 4 to a
state B of energy difference E4p, recoiling with mo-
mentum k. If the transition takes place by virtue
of photon emission, then a current J,(k,) may be
associated with the process. [k,= (kko) with ko=
— (MP+F)+M+Eq p where M is the mass of the
recoil system.] The photon is then generated by the
interaction energy (1/¢)J .4 ,, yielding the matrix ele-
ment for emission of a photon of polarization A:

M= (1/0)J u(k)e (hc/ 2k)?, 1)
from which one obtains the transition probability
Eo 2(E+M)
" 8t (B M)+ M

f(f(1)2+f<2>2)d9, (2)

where J oy =J 4,

The transition probability for emission of a pair by
the same current with electron momentum p;, and
positron momentum ps, is given by

Wt f](k’)](k’)(l 2
T g k,/2)

X Z @)y (= p2)) (= p2)v b ($1))
Xdp:dp:d (pro+pao—kd’), (3)

with /= pru.+ pou and ko' = (M24 k%)~ M+ E4 5. Now
letting p=q+3(1+NK, pe=—q+3(1-Nk’, with
q-k’=0, and taking Q for the angular variables asso-
ciated with % and ¢ the azimuthal angle of ¢, we trans-
form the differential elements dp.dps to (3qk'dgd\de)
(k'?dk’dQ). The § function may now conveniently be
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eliminated by integrating over ¢, the factor gdg be-

coming piopao/ko’. Now writing

> @)y (= p2))F(P2)vd (p1))

spins

1
= Tr(—dy- prtm)y,(iy- pat-m)y,=
4p10p20

Eq. (3) becomes

21r2 8 hct f Tul®)J (k/)( )2

K3dk
—iNdgdQ.  (4)

Ty

10920

Wpalr

XT[U‘

0
The conservation laws yield
= —1k2(1—=NE"*/ko/?) —m?.

The requirement that ¢? be positive now determines the
domain of A and %’. It is convenient at this point to
resolve J,(k) into transverse and longitudinal com-
ponents. Thus we write

Ju=;J0)={ wert+J @eetT kK /5 Tk /Rd),
since k,J,=0. Taking e, as the polar axis for ¢, Eq. (4)

becomes

1k,

Woair= {Joll—

a 1 k'
2n? St f ko' (k,")?
X (sin2p-FA2 cos?pk’?/ ky'?)+2m? cos’d |
+J @[ — k> (cos’+N? sin’pk’?/ k%) +2m? sin’g |
+Re[J @y 2k, 2(1—N2E"%/ ko'?) sing cosg ]
+Re[J Ak (J 1) cosp+J (z) sing)k,'?/ ko]
+J (32(ko2—N2E"2) (k,%)2/ 2k} AR ANd$dQ.  (5)

The integrand in (5) is then the distribution function
in the variables £/, \, ¢, and €. The angular correlations
described by (5) are not generally accessible to obser-
vation due to a lack of knowledge of the direction of J,,
although an exception to this remark will be noted in
connection with the decay of the o meson.® Integrating
over angles yields

a 1 fk’3dk’d)\ {[ RO 2m2]
" Om 8nhct ke L2k (=D | (k22

k0/2_x2k’2
Xf(f<1)2+-7(2>2)d9+-—2k—l4— ff(afdﬂ} (6)
0

Wpair

6 Some applications of these correlations in connection with
nuclear transitions have been pointed out by G. Goldring, Proc.
Phys. Soc. (London) A66, 391 (1953).
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from which we obtain, for the conversion coefficient,

a 2(E+M) fk'sdk’d)\ {[ B>\

Cor (BAMypar ) kE L2k (— k)
o o ReNEE
| (k,ﬁ)JRT(k) e L(k)}

with

f (T (B)+T 2 (k))dg
Rr=

)

f (J w?(B)+T 02 (B))d2
f](3)2 (k’)dﬂ

Ri= .
f(f(1>2(k)+f<2)2(k))d9

For the discussion of distribution functions it is some-
what more convenient to use a?= —£k,/? instead of %’
and y=M\k/k, instead of A as variables,” in which case p
is given by

E'\ (E+M)>+M—a
p=~— dx f ( )
(E+M)*+M?
1492 4m?
x{[ + 7 Rew)
x &3
4(E+M)%
+<1—y2)————RL<x>}, ®)
" (2EM + E>+a2)?
t.
b s (QEM 4 E2)2— 202 (2M?+ 2 EM + E2) 4t
B (2EM+E2)? ’

n=[1— (2m/x)* .

The y integration can also be performed without speci-
fying Ry and Ry, to yield

L) )
x( )[ ;I 2(E+M)x RL]. o

(2EM + F?H-#?)?
It is clear that the coefficient of Ry is strongly peaked
at small values of x, and always exceeds that of Rz(x).
Therefore, unless Ry is much greater than unity, the
transverse conversion coefficient (i.e., the contribution

? Note that y=(po1—po2) /| pi+p:| is essentially a measure of
the energy partition, while  may be thought of as the “rest mass”
of the virtual photon. The smallness of & compared to % corre-
sponds to the predominance of nearly real intermediate photons
as discussed at the beginning of this section.
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from Ry) is much larger than the longitudinal conver-
sion coefficient. Furthermore, the strong peaking at
small values of ¥ means that a good estimate of pr can
be obtained by setting Ry(x)=R7(0)=1. One finds in
this way that

pr="20/3n[In(2E/m) —11/6—¢(E/M)],  (10)

with g(E/M)=~(5/24)(E/M)* for small (E/M) and
increasing to In2—% for E/M = «. The predominance
of small values of « is reflected in the appearance of the
logarithm in (10), and (10) is a good approximation
whenever the logarithm is dominant. Clearly pr is also
very insensitive to the ratio E/M. Some idea of the
sensitivity to variation in Ry can be had by noting that
the replacement of Ry by &'/k instead of unity has the
effect of changing the fraction —11/6 to —(In2+4-4/3).

In view of the weak dependence of pr on the form
of Ry, it is also worthwhile to obtain an approximate
universal function for the distribution in y by replacing
Rr by unity in (8) and integrating over wx first. This
yields

o (1 —4m2/E2)}

pPTr="—"
4dar J — (1 —ame/E2)}

_(1

E(1—y2)}
dy{ (1+y2) [ln_(____y_)_

m

4m?

‘m)%““%[”(l‘%g)éﬂ

+%(1—%"f—y2)} (1)

for E/M =0. For E/m=2270 the distribution function is
rather flat, with a relative minimum at y=0, a maxi-
mum at y=-4-0.88, and falling to zero at the limits. The
ratio of the maximum to the relative minimum is 1.3.

2. APPLICATION TO PHOTOMESONIC PROCESSES
(a) Reaction =+ p—n+et+e™

We now apply the theory described in Sec. 1 to the
conversion of the 4 ray emitted in the radiative capture
of a 7~ meson by a proton. The weak dependence of the
conversion process on Rr(x) and Rp(x) has been
emphasized in the preceding section. It is possible,
however, to obtain approximate forms for these quan-
tities from meson theory. Indeed the Kroll-Ruderman
theorem® on photomeson production shows that the
expressions for Ry and Ry obtained from the second
order perturbation theory are valid to terms of order
w/M, where u is the meson mass, even when all orders
of perturbation theory are taken into account. The
results from second order perturbation theory are
simply Ry=1 and Rp=2u*/(2u?—4?)? evaluated for
w/M=0. Thus the results for pr obtained in the pre-
ceding section may be applied unchanged. For p;, one

8 N. Kroll and M. Ruderman, Phys. Rev. 93, 233 (1954).
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Fic. 1. Distribution in « for the inner pairs arising from the
process 7~ +p — n+e*+e~ (designated by v —-——- and Gi) and
from the process 79 — y+et-+¢~ (designated by o and G).
The variable x is defined by x2= (p1+p2)u(p1+p2)u. The functions
Gi(x) and Gq(x) are, according to theory, the fractional number
of events for which « is smaller than the value appearing in the
argulment. The step curves are the corresponding experimental
results.

finds, again taking u/M =0,
2a0 F A%y ¥ 4m2\ ¥
L))
37!' 2m [.l,2 %2
2m? au?
(142 ) =
a2 /] (Qu2—a2)2
2a o+ 2\P au? o /T
o) )
3w Jy w2/ (Qui—a?) 6mr\2
o/ 1
=~(——1)f (1—9%)dy.
8r\2 1

Numerically, pr=0.00693, p,=0.00022,° and one notes
that pz, is indeed much smaller than pr. The result for
p is thus in agreement with the value 0.00624-0.0013
obtained by Sargent et al.’

The distribution functions in x and y can be con-
veniently compared with the few experimental events
by comparing the integral of the distribution function
with the cumulative number of events. Thus, in Fig. 1,

Glx)= fz ;g(x')dx’ / f2 j o(')dx’

is compared with the fraction of the observed events for
which x is less than the specified value. Similarly, in
Fig. 2,

v (1 —4m2/E2)}
H(y)= f h(y")dy' / f h(y"dy'
0 0

is compared with the fraction of the observed events for
which || is less than the specified value.® Both dis-

1

(12)

9 These results are in agreement with those reported by W.
Wada, Phys. Rev. 95, 618(A) (1953), but in disagreement with
that of W. Thirring, Proc. Roy. Irish Acad. A54, 205 (1951). In
this latter work an expression for the current operator matrix
element is used which fails to satisfy the conservation law.

0 ¢(x) and %(y) are the integrands in Egs. (9) and (11) re-
spectively, modified to include the effects Ryz.
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Fi1G. 2. Energy partition of inner pairs arising from the process
7r"+ﬁ—>n+e++e_ (designated by y-—---) and from the
process 7% — y+et+e¢ (designated by x? ). The variable y
is defined by y=(por—2e)/|p1+p2[. The function H(y) is,
according to theory, the fractional number of events for which |v]
is smaller than the value appearing in the argument. The step
curves are the corresponding experimental results.

tributions are in satisfactory agreement with the experi-
mental results.

For completeness we note the result obtained for
scalar mesons. The Kroll-Ruderman theorem applies
also in this case provided one includes the anomalous
moments phenomenologically. One finds that pr is
given essentially by (9) while for p, one obtains

= (2a/3m) 2M /w)*(5/4—31/8) (gr+gx) 7,

where g, and g, are gyromagnetic ratios for the proton
and neutron respectively in nuclear magnetons. One
notes that the large enhancement of py, arising from the
factor (2M/u)? is compensated by the factor (g, g.)?
in the denominator. Consequently pz, is small compared
to pr for scalar mesons also, and p is thus only weakly
dependent upon the parity of the captured meson.

(b) Reaction =*—y+et+e~

The theory may also be applied to the conversion of
the v rays emitted in the decay of a neutral meson. We
consider first the case in which only one of the ¥ rays
is converted. In this case the recoiling system is, of
course, the other photon, so that M =0. Furthermore,
Ry, vanishes for both scalar and pseudoscalar mesons.
The form of Ry which one obtains from the lowest order
of perturbation theory is, again for both scalar and
pseudoscalar mesons, (%'/k)f(x/2M) with f(0)=1 and
varying only a small amount from this value over the
available range of its argument. The factor 2'/k is a

7 T I I

1 1 | |
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F16. 3. Energy partition for the two processes considered to-
gether. The experimental results represented in Fig. 2, for the two
processes 7+ P — n+et+e~ and 7 — y+e* ¢~ are combined.
The step curve gives the fractional number of events of either
type for which [y?ls less than the value appearing in the argument.

N. M. KROLL AND W. WADA

consequence of gauge invariance, relativistic invariance,
and the form of the photon emission matrix elements,
while the behavior of f(x/2M) can be attributed to the
fact that x is always small compared to the energy of
the intermediate states. (These always involve the
presence of a nucleon-antinucleon pair.) It is therefore
reasonable to take Rr=~%'/k (in spite of the inadequacy
of perturbation theory) and thus obtain

FICICIEr

a (1—4m2/,;2)9 u2(1—x2 11
=— [ (1+y2)[ln ) )
2T 0 4m?
4m? 3 4m? 2
=
p(1—9%) *(1—9%)
1 4m? 8 4m?
Aot
3\pr(1—9%) p
Za w7
In——~)=0.0118. (13)
37r m?: 2

In obtaining (13), (8) has been doubled to take into
account the fact that either photon can convert.!!

In Figs. 1 and 2 the distributions in « and y are com-
pared to the experimental results in a manner similar
to that used for the pairs associated with radiative
capture. The theoretical distributions in y are so similar
for the two situations that a single plot serves for both.
In view of the fact that the #° meson is not at rest when
it decays, it is worth noting that x is an invariant and
therefore 1ndependent of the motion of the #° The
variable y is essentially independent of the motion of
the #° as long as both pair particles are highly rela-
tivistic and the angle between them is small. Since this
is the case for virtually all of the pairs, no correction
has been made. One notes that the x distribution is in
good agreement with the theory. The y distribution, on
the other hand, appears to be in some disagreement in
a manner suggesting a marked preference for equi-
partition.’? Considerably more data would be required,
however, to establish a real contradiction. In view of
the fact that the theoretical y distribution functions are
essentially identical for the capture and the decay pairs
it is worth noting that the combined distributions are
in better agreement with the theory (Fig. 3).

(c) Reaction =n*—2et-+2e~

The case in which both ¥ rays are internally con-
verted, while a very rare process, may be of interest in
connection with the determination of the parity of the

11 This result has been obtained previously by R. H. Dalitz,
Proc. Phys. Soc. (London) A64, 667 (1951).

2 A much stronger effect of the same kind has been observed by
A. M. Anand, Proc. Roy. Soc. (London) A220, 183 (1953).
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w9, This comes about as a result of the angular corre-
lations described in Eq. (5). It has been pointed out
that the polarizations of the two photons emitted in the
decay of the #° are perpendicular or parallel as the «°
is pseudoscalar or scalar.’® According to (5), there is a
strong correlation between the plane determined by the
propagation and polarization vectors of the photon and
the plane of the pair into which it converts. Thus the
two pairs should tend to lie in perpendicular planes or
the same plane accordingly as the meson is pseudoscalar
or scalar.

Using the same form for the meson decay matrix
element as was used in the derivation of (13), and ne-
glecting exchange, one finds for the transverse con-
version coefficient

1/7a\2 pr2m LT 1 n2
PT=—(—) f dxlf dxzf dylf dy,
m \4m om 2m - —n2
or 2(x12+x22) (xlz_xzz)Q 3
I
0 u? p

1 v Am?\ sy dm? .
G oo
X1%o X1 X 13 Xo X 23

+[y12+y22| Am?  Am

-t
x2x13

] cos2¢} (14)

X1%2 X129

for a pseudoscalar 79, the sin’¢ and cos?¢ factors being
interchanged for the scalar case. From the form of (14)

18 C. N. Yang, Phys. Rev. 77, 292 (1950), and 722 (1950).
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it is apparent that the process can be regarded as
resulting from nearly independent conversions of the
two # rays. Cross terms involving the longitudinal con-
version of one photon and the transverse conversion of
the other vanish for both the scalar and pseudoscalar
case, while the longitudinal conversion of both photons
contributes a negligible amount in the scalar case and
vanishes in the pseudoscalar case. For any individual
case of two pair decay there are two sets of values for
the variables, x;, y1, %2, ¥2 corresponding to the two
possible pairings of the electrons with the positrons.
The neglect of exchange corresponds to the neglect of
interference between the amplitudes arising from the
two possible pairings. For the great majority of cases,
the product x;x, will be much smaller for one pairing
than for the other, a fact which makes the exchange
effect negligible. In comparing (14) with experiment,
the pairing which yields the smaller value should be
used.

The correlation function for the planes of the two
pairs may be obtained by integrating pr over the
variables x;- - - ¥s, yielding

1 2r
pT=—pr (0.59 sin%p+0.41 cos’p)do
T Yo

for the pseudoscalar case, with sin’¢ and cos? inter-
changed for the scalar case. The numerical value of pr
is 3.47X 1075 so that only one out of 29 000 #%s decay
into two pairs. In spite of this small value, the process
does offer some possibility of yielding information on
the parity of the =°.



