PHYSICAL REVIEW

VOLUME 938,

NUMBER 5 JUNE 1, 1955

Model for Asymmetric Fission*

R. D. Hin
Physics Department, University of Illinois, Urbana, Illinois

(Received December 8, 1954)

On the basis of shell effects, asymmetric fission is attributed to symmetrical division except for a non-
fissionable core. Distributions of fission-fragment yields, vs fragment charges and masses, are obtained from

simple statistical considerations of the division.

HE mechanism of asymmetric fission, as distinct
from that of fissionability, does not appear as yet
to have been clearly explained. As is well known, the
customary analysis! leads to the conclusion that the two
fission fragments should be of approximately equal
mass. In order to resolve this disagreement with experi-
mental facts it has been suggested on several occasions?
that the binding energies of the fission fragments are
affected by nuclear shell-structure effects and the most
favorable division is an asymmetrical one.’} Hill and
Wheeler,* however, consider that neither energy release
nor shell-structure effects constitute an explanation of
asymmetric fission. Another explanation® of asym-
metrical fission based on the variation of barrier pene-
tration with fission fragment mass has also been con-
sidered by Hill and Wheeler as untenable.

In the following note, we have looked into the possi-
bility that there are still shell-structure effects but that
* their influence on fission might be more direct than
simply affecting binding energies. We have assumed
that even in the deformed nucleus the shells persist and
preserve a degree of independence from each other. The
act of fission is looked upon, once the critical deforma-
tion of the nuclear surface has been reached, as a
symmetrical severing of the individual shells except for
a core of inner shells. This core does not necessarily have
to be the same group of inner shells in all fissions, but
may vary somewhat according to the energy available in
the fission process. The final stage of fission occurs when

* Assisted by the joint program of the Office of Naval Research
and the U. S. Atomic Energy Commission.
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the core moves with one half of the nucleons of the outer
shells.®

As, according to the present model, fission starts out
symmetrically and continues symmetrically up to the
point at which the core is reached, it would seem to
remove the criticism raised by Hill and Wheeler that it
is hard to see how a nucleus would know in the transition
stage the potential shell structure of the not-yet-formed
products.

An interesting aspect of the fission problem, if one is
to accept the assumption of independence of the shells,
is the threshold energy required for fissioning of inter-
mediate shell-cores within the nucleus. If we employ the
relationship derived by Hill and Wheeler* for the maxi-
mum energy of deformation, we obtain for the fission
threshold of 5Ca* a value of 167 Mev. It is significant
that this energy is greater than the observed U5 sym-
metrical fission energy of ~150 Mev and is identical
with the observed maximum energy from asymmetrical
fission.®» The value of the fission threshold energy for
20Ca® should be compared with those for neighboring
larger closed shells, such as »5Ni% and the hypothetical
5090 for which the calculated values are 120 and 35
Mev, respectively.} It seems plausible, therefore, that
fission takes place beyond the Z= N =50 shell and up to
the Z=N=20 core.

MASS DISTRIBUTION OF FRAGMENTS

We assume that the fissioning nucleus of ,U?5 is not a
uniform liquid droplet but rather a series of neutron and
proton shells conforming” to the j-subshells of the spin-
orbit coupling model.?

One might expect on the basis of a literal interpreta-
tion of the shell model, that if the nucleons were confined
to subshells in accordance with Pauli’s principle, then

¢ A name for this model which has been suggested to us is
“peach’” model.
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the nucleons in a particular subshell would not be
permitted to move randomly throughout the whole
shell. Rather, it is plausible that only those nucleons
which at the instant of fissioning are within the region of
the neck are allowed to distribute statistically between
the two fragments.

If the partition width is of the order of a nucleon
diameter, it is readily estimated that the fraction of
statistically-uncertain nucleons in a subshell is ~AR/R,
where AR is of the order of a nucleon radius and R is of
the order of the shell radius. This fraction is therefore of
the order of N~} where N is the total number of
nucleons enclosed within a particular j-subshell.

Estimates of the numbers of neutrons and protons in
the various subshells of 9;U%% are given in Table 1.° The
neutrons and protons are treated independently and the
total number of neutrons distributed between the two
fragments is assumed to be 142, two neutrons being
assumed lost in the fission process.

In the calculation it is assumed that, with the ex-
ception of the statistically uncertain nucleons, the
subshells tend to divide equally. The statistical proba-
bility of 7 uncertain nucleons of a particular subshell
which choose to go with one fragment and of (z—7)
uncertain nucleons which choose to go with the other

n
fragment is assumed to be (r ) By continuing the di-

vision of the subshells down to the innermost 50Ca* core,
it can readily be shown that the probabilities Py and Pp
‘of obtaining N neutrons in one fragment out of 29
uncertain neutrons, and P protons in one fragment out
of 19 uncertain protons, respectively, are those given in
Table II.

TasLE I. Numbers of neutrons and protons in the j subshells of
92U%%, and estimates of the numbers of statistically-uncertain
neutrons and protons in fission.

Uncertain
protons

Numbers of
protons

Uncertain
neutrons

Numbers of
neutrons

Nuclear
subshell

7: 11/2 6
6g9/2 10
7: 13/2 14
4p1/2
4p3/2
5f5/2
6429/2
5f7/2
3s1/2
44 3/2
6k 11/2
5¢7/2
44 5/2
5¢9/2

- 3p1/2
415/2
3p3/2
417/2

20-20 core
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® The levels are probably not in the order given by a spherical
nuclear shell model. However, the numbers of uncertain nucleons
from one level to another are small and much the same no
matter what levels are involved. Moreover, the distributions are
not very susceptible to the order in which the numbers are taken.
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TasiE II. Probability distributions of obtaining numbers of
neutrons and protons out of statistically uncertain neutrons and
protons in fission.

Neutron distribution Proton distribution

N Py X220 P Pp X219
0or 29 1 Oor 19 1
1or 28 29 lor18 19
2 or 27 406 2o0r17 171
3 or 26 3654 3or16 969
4 or 25 23 751 4or15 3876
5or24 118 755 Sorl4 11 628
6 or 23 475020 6 or 13 27 132
7 or 22 1 560 780 7or12 50 388
8 or 21 4292 145 8or 11 75 582
9 or 20 10 015 005 9 or 10 92 378

10 or 19 20 030 010
11 or 18 34 597 290
12 or 17 51 895935
13 or 16 67 863 915
14 or 15 77 558 760

The probability, P4, of obtaining a fragment of
particular mass value 4 will then be obtained by
summing over all possible ways of obtaining a constant
value of a particular (P4 N) sum. The mass values 4,
and 4, of the two fragments will be given by

Ay=(20426.5+P)+ (20+46.5+ N) =113+ (P+N),
Ay=(26.5+19— P)+ (46.5+29— N)=121— (P+N).

The calculated values of P4 are shown plotted as full
circles in Fig. 1, where the heavy curve represents the
experimental distribution® for the slow-neutron fission
of U%5, The points have been normalized to the experi-
mental curve at the maximum yields.

If we compare the calculated points with the experi-
mental curve, two features are in evidence. Firstly, the
calculated peaks occur at approximately the correct
mass values and secondly, the gross fall-off in yield fits
the experimental curve closely. The calculated widths of
the yield curves, however, do not agree with experiment.
Nevertheless, an adequate fit between calculation and
experiment can be achieved by adding to the calculated
full circle points a similar set of yield curves displaced
slightly from the calculated ones. The second set of
curves is indicated in Fig. 1 by the triangle points which
have been obtained simply by subtracting the full circle
points from the experimental curve. It is significant that
the peaks of the subsidiary yield curves are approxi-
mately 56 mass numbers apart and also have rather
closely the same form as the initially calculated curves.
It would seem plausible that the subsidiary curves arise
from symmetrical division of the 4,U?¥ nuclei only to the
2sIN1%¢ core.

The small, though significant, fission yield observed in
the symmetrical trough of the yield curve cannot evi-
dently be attributed to an overlapping of the fission
yields of the jCa®-core type. Although accurate sub-
traction of the calculated points from the experimental

( 0 P%utonium Project Report, Revs. Modern Phys. 18, 513
1946).
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FiG. 1. U2 slow-neutron fission yields »s mass number. The full
curve represents the smoothed experimental data. The full points
represent the calculated probabilities, P4, for the ;0Ca®-core type
of fission. Triangle points are the differences between the curve and
full points and probably represent the 23Ni®*-core type of fissions.
Similarly the open-circle points and dotted curve probably repre-
sent the sO'6-core type of fissions. :

curve cannot be made along the steep sides of the
trough, approximate subtractions near the base are
shown by open circle points in Fig. 1. It seems possible
that these subsidiary curves, which are of the order of 16
mass numbers apart, might be attributed to sym-
metrical fission processes occurring to the O core.
According to the analysis indicated in Fig. 1, this would
occur at thermal neutron excitation energies, only to the
extent of a few tenths of a percent of the normal
fissions. At higher energies of excitation and deforma-
tion, it would seem feasible that the fraction of sO'®-core
type of fissions might increase, especially at the expense
of the »Ni®-core type of fissions. Some evidence in
support of these changes in the form of the fission yield
curve appears to exist in experiments with higher
energies of excitation.!-12

CHARGE DISTRIBUTION OF FRAGMENTS

The distribution of protons which might be ap-
portioned between the two fragments is already avail-
able in Table II. Unfortunately, to date, it does not
appear to have been experimentally feasible to obtain
accurate data on the direct yields of particular Z-frag-
ments. However, some notion of the distribution may be

1t R, W. Spence, Brookhaven National Laboratory Report, No.
C-9, 1949 (unpublished).
2R, A. Schmitt and N. Sugarman, Phys. Rev. 89, 1155 (1953).
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obtained from the known yields of radioactive chains
and the probable decay lengths of these chains.

According to Glendenin, Coryell, and Edwards'® and
Pappas,* the most probable chain length of the U2
fragments is approximately three charge units. In Fig. 2,
the experimental yields' of the chains from slow-neutron
fission of ¢,U?5 are plotted vs the atomic numbers which
are three units removed from the stable end-products of
the chains. (In order to improve the continuity of
available data, both light and heavy fragments have
been superimposed on the same plot.)

If the Z-distributions for different chains are the same,
and it will be shown later that this is very likely the
case, then the points of Fig. 2 should represent ap-
proximately the Z-yield curve of the directly-produced
fragments. The full curve of Fig. 2 represents the
calculated distribution obtained from the values of Pp
of Table II. This curve has been normalized and moved
laterally a small amount to fit the experimental points at
the peak. The calculated peaks actually occur at Z=36
and Z=>56, if one assumes only 20-20 core type of
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F1c. 2. U5 slow-neutron fission yields s atomic number. The
full curve represents the calculated probability distribution, Pp,
for direct production of fragments of atomic number Z. The open
circle points refer to experimental yields of light fragments (upper
Z-scale). The triangle points refer to experimental yields of heavy
fragments (lower Z-scale). The dotted curve represents the
probability distribution, Pz, for fragments of a particular atomic
mass chain.

18 Glendenin, Coryell, and Edwards in Radiochemical Studies:
The Fission Products (McGraw-Hill Book Company, Inc., New
York, 1951), Paper No. 52, National Nuclear Energy Series,
Plutonium Project Record, Vol. 9, Div. IV.

14 A, C. Pappas, Massachusetts Institute of Technology
Technical Report No. 63, 1953 (unpublished).
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fission. The experimental peaks occur at approximately
Z=38 and Z=354. Apart from this small shift, the
agreement of the calculated curve with experiment is
excellent.!®

In obtaining the probability distribution of fission
fragments of mass value 4, the probability distributions
of fission fragments of atomic charge Z for a particular
value of A were also necessarily obtained. In Fig. 3,
these distributions Pz are shown plotted vs atomic
charge Z for various values of the atomic mass 4. Only
those values of 4, between 126 and 136 for the heavy
fragment and between 98 and 108 for the light fragment,
have here been considered as largely representative of
the 20-20 core type of fission for which the calculations
were carried out. All curves of Fig. 3 are seen to be of the
same form and width, which is somewhat narrower than
the direct-Z distribution already considered. For com-
parison, the Z-distribution curve for constant A4 is
shown by the dotted curve in Fig. 2. It should be
pointed out that the calculated Z-distribution for con-
stant 4 is still wider than the distribution experi-
mentally evaluated by Pappas.

The calculated yields of particular Z-fragments as
fractions of the total chain yields of fragments of the
same 4, can now be compared with the fractional yields
determined from experiment.* For nuclides which would
appear to result largely from the 20-20 core type of
fission, the above comparison is made in Table III.
The fission-fragment yield, Pz, is obtained for a par-
ticular Z from a curve of a particular 4 in Fig. 3. The
total chain yield, Py, is obtained from the same curve

TasiE III. Comparison of calculated and experimental values of
the fractional chain yield of a particular Z-fragment.

Fractional Fractional
yield Py Pz yield
Nuclide 4 z (expt.) (cale.) (calc.) (calc.)
Nb*® 96 41 9 X107% 1.1 X107! 1.6X10™ 1.45X10~
4 X107
Tetdt 131 52 4 X10™' 2.6 X102 4.0X107® 1.54X107!
Te® 133 52 3.6X1071 595X102 5.0X107% 0.84X107!
I3 134 53 1.6X107! 7.93X102 1.1X102 1.4 X107
Xe®s 135 54 5 X102 9.73X1072 1.8X102 1.85X107!
CsB¢ 136 55 1.5X1072 1.1 X10™' 2.4X102 2.2 X101
9 X107
La40 140 57 <3 X102 7.93X102 1.8X102 2.2 X107

16 Tt should be pointed out however that no account has been
taken of the rather smaller possibility of 28-28 core type of fission
affecting the Z-distribution. The agreement of the proton distri-
butions with experiment would seem to indicate that the proton
shells are generally split right down to the 2,Ca% core. In view of
the alternative 5Ni%® mode of fission, already indicated from the
mass distribution analysis, it would thus seem admissible that the
proton and neutron shells down to 30Ca® are not necessarily
fissioned to the same extent, and that the width of the 4-distribu-
tion curve could be taken up by an indefiniteness in the splitting of
only the neutron shells.
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F1c. 3. Calculated probability distributions, Pz, of fragments

of atomic numbers Z, as a function of Z, for various atomic mass
values 4 of particular radioactive chains.

by summing the yields for all Z. From Table ITI, it is
seen that there is reasonable agreement between calcu-
lated and experimental fractional yields.

Another point of contact between calculation and
experiment can be made by comparing the most proba-
ble chain lengths for constant values of 4. For the 4
values applicable to the present calculations, the most
probable values of the charges, Zp, of the fragments can
be obtained immediately from Fig. 3. The values of Z4,
the charges of the end-products of the chains, have been
taken from the report by Pappas.* The calculated
lengths of the chains, Z4—Zp, are then given in
Table IV. It is seen that for the light fragment of the
listed A-values, the chain length is approximately one
unit, and for the heavy fragment of the listed 4-values,
the chain length is approximately six to seven units.
Experimentally, both of these lengths are believed to be

TasLE IV. Probable chain lengths in U5 fission.

A 131 133 135 137 139 141 143
Heavy Zp 53.5 54.5 55.5 560 57.0 S57.5 58.5
fragment Za 54 55 56 565 57.5 58.5 60

(Za—Zp) 05 05 05 05 05 10 15

A 91 93 95 97 929 101 103

Light Zp 33.5 345 350 36.0 36.5 37.5 38.5
fragment Za 40 41 42 43 4 4 45

(Za—Zp) 65 65 70 70 75 65 6.5
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approximately three to four units. Thus, again, it would
seem possible that a complementary shift of approxi-
mately two charges in the positions of the peaks of the
light and heavy fragments would bring the calculations
into line with experiment. It is possible, since the light
fragment tends to have an excess of neutrons in the

R. D.

HILL

division, that some allowance for neutron-proton inter-
actions might be able to account for this shift.

It is a pleasure to acknowledge the valuable discus-
sions on these problems with R. B. Duffield. Thanks are
also due A. T. Nordsieck and J. Weneser for criticism of
the manuscript.
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Information about nuclear coupling schemes which can be derived from relative cross sections in deuteron
stripping and pickup reactions in light nuclei is considered. In a few cases, experimental results are applied
to give a determination of the intermediate-coupling parameter.

1. INTRODUCTION

N recent years, the intermediate-coupling shell model
has received the attention of a number of authors.!
Energy levels of p shell nuclei in particular have been
studied in intermediate coupling because they are not
consistent with either of the extreme coupling schemes.
The most striking cases are given in the very complete
and useful survey paper of Inglis' where approximate
level schemes are given as a function of the intermediate-
coupling parameter which measures the relative effec-
tive strengths of the spin-orbit and central parts of the
interaction.

Our present purpose is to consider certain deuteron
stripping and pickup reactions using intermediate
coupling wave functions. By considering the ratio of
the cross sections of a d-p reaction leading to different
states of the same final nucleus one can also deduce the
value of the intermediate-coupling parameter and thus
obtain an independent check on the validity of the
model.

We should remark that the present work was stimu-
lated by an investigation of Christy? on angular mo-
mentum coupling in a certain class of resonant nuclear
reactions. Christy’s work confined itself to the two
extreme coupling schemes and did not require the
construction of explicit nuclear wave functions. These
become essential, however, if we wish to depart from
the extreme cases. When one does this one encounters,
among others, the difficulty that the compound state is

* Supported in part by the U. S. Atomic Energy Commission.

t Now at the Brookhaven National Laboratory, Upton, New
Yﬁr%. R. Inglis, Revs. Modern Phys. 25, 390 (1953); Phys. Rev.
87, 915 (1952); N. Zeldes, Phys. Rev. 90, 416 (1953); G. E.
Tauber and T. Y. Wu, Phys. Rev. 93, 205 (1954); 94, 1307
(1954); A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953);
Phys. Rev. 92, 839 (1953); R. Schulten, Z. Naturforsch. 8, 759

(1953); R. Schulten and R. A. Ferrell, Phys. Rev. 94, 739 (1954).
2 R. F. Christy, Phys. Rev. 89, 839 (1953).

almost always quite highly excited and thus may not
be a good candidate for description by a shell model.
Deuteron reactions do not have this difficulty, for we
may restrict ourselves to low-lying states. There is also
the important fact that the essential features of these
reactions are well understood and adequately described
by Butler’s theory.?

An analysis similar to ours has already been published
by Lane.! Lane has in fact emphasized the desirability
of using intermediate-coupling wave functions for many
purposes beyond the elementary one of calculating level
schemes. In his first-cited paper, magnetic dipole mo-
ments and transition strengths and reduced widths for
nucleon emission are considered and applied with
success to the low-lying states of C® and N%. In the
present work (which was done independently of Lane)
we consider stripping and pick-up reactions involving
nuclei with 4=6, 7, 13, 14.

2. DEUTERON REACTION CROSS SECTIONS

We first write the d-p cross section using the “Born
approximation” theory* which is equivalent to, but
simpler in formulation, than the original theory of
Butler. Corrections such as the Coulomb effect and
the interaction between proton and nucleus are neg-
lected because of the large uncertainties in the shell
model treatment of nuclear spectroscopy. The details
of the Born approximation are well-known and we do
not give them; we consider in detail only the overlap
integral between the initial and final systems since it is
from this (or rather a ratio of two of them) that we
shall gain information concerning the intermediate
coupling parameter. This integral can be related to a

3S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951).

4P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952);
Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952).



