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The ordinary Hall coeKcients for Cu, Ni, Co, and the binary alloys of these elements agree to within
a factor of two with predictions based upon the usual band model in which the number of conduction
electrons per atom is postulated to be the number, n, =0.6, of 4s electrons required to explain the saturation
magnetization in these materials. The factor of two, however, created a dilemma, since both the magnetiza-
tion data and the Hall data were accurately determined. The Hall results appeared to require that e, &0.3
whereas the magnetization data requires that n,)0.54. It will be shown that this dilemma disappears when
the 4s band is considered divided into two parts in which the electrons with spins parallel to the spontaneous
magnetization have much greater mobility than those with spins antiparallel. According to Mott, the anti-
parallel electrons have low mobility, because they can be scattered into the partially empty 3d band, whereas
the parallel electrons cannot.

It will be shown that the ordinary Hall data, the saturation magnetization data, and the resistivity
data for these transition elements and their alloys, can be made understandable by employing a four-band
model, consisting of two 4s bands and two bands from the 3d shell,

I. INTRODUCTION
' " " "ALL eGect measurements, ' ' on Ni, Co, Fe, and on
~ - ~ ~ the binary alloys of Cu-Ni and Ni-Co, have
yielded the two different coefficients Ro and R1 in the
expression' for the Hall emf,

Err (RpH+R——iM)I/t,

where B is the magnetizing 6eld, 3f is the intensity of
magnetization in the sample, I is the current in the
sample, and t is the thickness of the sample.

The ordinary coefficient Ro is positive in Fe, indi-
cating hole conduction, but is negative in all of the rest
of these materials. Except in Fe, these ordinary coe%-
cients are in agreement, within a factor of two, with
the predictions of a simple one-band model i.n which
the 4s electrons (0.6 per atom) are the carriers. For this
one-band model the ordinary coeKcients are given by

R p
—1/1Vrt, ec, ——

where E is the number of atoms per cc, e is the absolute
value of the electronic charge, and c is the velocity of
light. The number of conduction electrons per atom,
e,—0.6, is obtained from the saturation magnetization
of these materials at low temperatures. Within this
factor of two, there are systematic variations in Ro
with electronic concentration, which show that the Hall
eGect must be complex in these materials.

The fact that the ordinary coefficient in Fe is posi-
tive' suggests that the Hall e8ect in the other materials
may be affected by conduction in the 3d band as well
as in the 4s band. An attempt to correlate the data,

~ This research was supported in part by the OfBce'of Naval
Research.

' A. I. Schindlcr and E. M. Pugh, Phys. Rev. S9, 295 (1953).
'Simon Foner and Emerson M. Pugh, Phys. Rev. 91) 20

(1953).
e Emerson M. Pugh, Phys. Rev. 36, 1503 (1930).
4Emerson M. Pugh and Norman Rostoker, Revs. Modern

Phys. 25, 151 (1953), and also references 1 and 2.
The Hall coefficient is also positive in Mn, Cr, U, and Ti.

using the Jones-Zener equation' for the Hall coefficient,
with two-band conduction showed that the data could
not be explained with e,=0.6. In fact, if one assumes
that the mobility of the 4s electrons is greater' than
the mobility of either the electrons or holes in the 3d
band, the data can be explained only by taking e,(0.3.

To show this, values of the Hall coefficient for a two-
band model are calculated from the Jones-Zener equa-
tion and are plotted in Fig. 1 as functions of 8(= tie/tt, ),
the ratio of the mobility in the 3d band to the mobility
in the 4s band. In making these calculations the number
of 4s electrons per atom has been kept constant, while
the number of 3d holes or of 3d electrons per atom have
been varied over the complete range of possible values.
In this figure, dashed lines are used for the hole con-
duction and solid lines for the electronic conduction in
the 3d band. Each curve is labeled with a ratio repre-
senting the number of 3d carriers/atom, used in calcu-
lating the curve, divided by 0.56, the assumed number
of 4s electrons/atom. The sign of this ratio is taken as
positive when the 3d carriers are electrons and negative
when they are holes. The number n.=0.56 is chosen
because new measurements on the g factor' show that
tt, lies between 0.57 and 0.54 electrons/atom. If as
assumed, the 4s band mobility is greater than the 3d
band mobility (8=ttd/tt, (1), only those parts of the
curves extending from 5=0 to 6=1 are of interest.
It is obvious that this equation cannot account for
values of Rp below —13&(10 " ohm-cm/oersted, with
e,)0.54, although values below —20)&10 " ohm-cm/
oersted are observed in both Ni-Cu and Ni-Co alloys.
A value of n, &0.3 is required to account for the Ro

' H. Jones and C. Zener, Proc. Roy. Soc. (London) A145, 269
(1934), Eq, (4).

~ While this assumption is most reasonable, the same conclusions
are reached with a much less restrictive assumption; namely, that
the mobility in the 3d band is not more than 4 or 5 times as great
as the mobility in the 4s band.

s C. Kittel, Introduction to Solid State Physics (J. Wiley and
Sons, ¹wYork, 1953),p. 171;and also Ferromagnetism by R. M
Bozorth (D. Van Nostrand Company, New York, 1951),p. 809.
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Fxo. 1. Calculations of the ordinary Hall constant, Ro, for two-
band models in which the 6rst band always contains 0.56 elec-
tron/atom, while the second band contains different numbers of
either holes or electrons. The Ro's are plotted against 8, the
relative mobility in the second band compared to the 6rst. The
diferent curves are designated by the ratio obtained by dividing
the number of carriers/atom in the second band by 0.56, the
ratio being positive (solid lines) for electrons and negative
(dotted lines) for holes. The (Ro~'s are not as great as that for
the erst band alone until 8 considerably exceeds unity. This is a
general conclusion for two-band models.

values. Thus the two-band model can account for the
Hall data only with n, &0.3, while it can account for
the saturation magnetization of these alloys only with
e,&0.54.

At a conference' last summer the author proposed
that this dilemma could be solved by separating the 4s
band into two equal parts according to the spins of the
electrons. Those 4s electrons with spins parallel to the
spontaneous magnetization, according to Mott' have
mobilities much greater than the electrons with spins
antiparallel, since the latter can be scattered into the
partly empty 3d band. Since the parallel 3d band is full
at low temperatures the parallel electrons cannot be
scattered into it. A. Bloembergen' pointed out that if
the above were the correct explanation of the data,
then Ro in these materials should vary with temperature
from a value corresponding to m,—0.28 at low tem-
peratures to a value corresponding to e,—0.56 above
the Curie temperature. Philip Cohen in this laboratory
has completed measurements" from O'K to room tem-
perature on the Cu-Ni alloys, which verify this predicted
temperature dependence for the magnetic alloys and
the expected lack of temperature dependence for the
nonmagnetic alloys. Furthermore the absolute values
of Ro are within 15 percent of the values predicted by
such a model for all but the pure copper. In copper
the measured Hall coeKcient is only 3 of the predicted
value. There are at least two reasons for expecting the
measured Hall coe%cient in copper to be smaller than

' Gordon Conference, New Hampton, New Hampshire, July
1953 (unpublished). The author is indebted to several of the
scientists who participated in this conference for many stimulating
discussions. The verbal suggestion by A. BIoembergen concerning
temperature dependence proved to be especially fruitful.

ro N. F. Mott, Proc. Roy. Soc. (L'ondon) AISB, 699 (1936).
'~ Philip Cohen, thesis, Carnegie Institute of Technology, June

1955 (unpublished).

predicted by this simple model; first, the value wou1d
be reduced markedly if there is a small amount of
conduction in the 4p band, second, the value might be
reduced by the inaccuracies in the approximations of
Eq. (1). This equation is a good approximation only
when the band is not too full. A similar approximation
holds when the band is nearly full. As a band is 6lled
up the value of Ro for that band passes through zero
and becomes positive. The behavior of Ro versus e for
a single conduction band in a simple cubic crystal as
calculated by Rostoker on the basis of the tight-binding
approximation, " is showa in Fig. 2. When e is small
as in a nearly empty band Eq. (1) is an excellent
approximation. When e is nearly equal to nf, the
number of electrons required to fill the band, the equa-
tion

Rp = 1/Eec(ref m)— (2)
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FIG. 2. Calculations of the ordinary Hall constant, Ro, for
single-band conduction in a simple cubic crystal as a function
of the number of electrons in the band. ¹arthe bottom of
the band R~———1/S'wee, while near the top of the band
Ro=1/1V(oof n)ec In b—etween. , the curve changes sign by going
through zero. The dotted line indicates qualitatively the behavior
of real crystals.

N. Rostoker (private communication).
'3 Lithium appears to be an exception, for the reported absolute

values of Eo are larger than expected from Eq. (1). It should be
worth investigating whether or not some common impurity in Li
could be responsible for this result.

is an excellent approximation. For crystals other than
the simple cubic, very good approximations for Rp are
obtained from Eq. (1) for a single conduction band that
is not too full and from Eq. (2) when the band is nearly
full. Between the two extremes the calculations are
diKcult and the results are more uncertain. For real
crystals Ro goes through zero at some point above
N —Bf/2 as suggested by the dotted line in Fig. 2. From
Fig, 2 it is not too surprising that most of the metals
with half-filled s bands, like Cu, Ag, and Au, show
absolute values of Ro that are less" than those given by
Eq. (1). Fortunately, in the region where the uncer-
tainty in Eq. (1) is greatest the values of Eo are small.
This fact is of great importance when multiple band
models are being analyzed.
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The Hall eGect in Cu, Ni, and some Cu-Ni alloys has
been measured at room temperatures'4 and at low tem-
peratures. "Their combined results. for Eo-verses com-
position are plotted in Fig. 3. The values at- liquid
helium temperatures are now understandable. As the
percent Ni in Cu increases from zero to 40 percent the
number of 4s electrons per atom, n. , decreases from

1.0 to 0.6. At the same time ~Rs~ increases from
5.95&0.08)&10 "volt cm/amp oersted for pure Cu to
13.1&0.1&(10 "volt cm/amp oersted for the 40 per-
cent Ni alloy. The latter figure corresponds to an
e*=1/~Rs~Xec of 0.56&0.05. As the Ni content is in-

creased beyond 40 percent the antiparallel half of the
3d band begins to empty. This reduces the mobility
of the antiparallel 4s electrons, because they can now

be scattered into the 3d band. The mobility of the
parallel 4s electrons remains high since they cannot be
so scattered. Thus with increasing ¹icontent beyond
40 percent, Ro gradually becomes more negative and
reaches the value —23.7&&10 " volt cm/amp oersted
which corresponds to an n* of 0.29, when the Ni
content reaches 80 percent. Apparently in this alloy
the ordinary eGect is due almost entirely to those 4s
electrons that have parallel spins. The mobility of the
other carriers can be ignored. As the Ni content of these
alloys is increased from 40 percent to 80 percent, the
change of e* from 0.56 to 0.29 takes place gradually,
since at first the number of scattering centers in the
antiparallel 3d band is small, so that the inQuence of
the antiparallel 4s electrons disappears slowly. As the¹icontent is increased beyond 80 percent, hole con-
duction in the antiparallel 3d band becomes increasingly
important and reduces the absolute value of Ro. This
should be expected from the calculations plotted in

Fig. 1. A more complete discussion of behavior of pure¹iwill be given in a later paragraph.
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FrG. 3. Ordinary Hall coe%cients for ¹i-Cualloys measured at
various temperatures by Schindler and Cohen. Lines are drawn
to show the values of Ep corresponding to certain n*'s, where
n*= —1/E pEec.

"A. I. Schindler and E. M. Pugh, Phys. Rev. S9I 295 (1953).
Some very accurate thickness measurements were made on the
samples after this paper was published. The corrected values for
all measurements are given in Fig. 3.
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FIG. 4. Ordinary Hall coe%cients for Fe, Co-Ni alloys and
Cu-Ni alloys plotted against electron concentrations. Open circles
were obtained at 4'I and solid circles were obtained at room
temperature. The 6eld parameters, n's, were obtained at room
temperature.

It is seen that the large negative values of Ro for the
Cu-Ni alloys, whose compositions lie between 50 and 90
percent Ni, are due to 4s electrons with parallel spins
having greater mobilities than those with antiparallel
spins. This is true only at temperatures far below the
Curie points. As temperatures approach the Curie tem-
peratures, the two mobilities should approach each
other and produce smaller ordinary Hall coefficients
corresponding to conduction by all the 4s band elec-
trons with n* between 0.54 and 0.60. Thus in these
alloys

~ Rs~ decreases with temperature up to the Curie
point.

The electron concentration per atom can be reduced
below that in pure ¹iby adding Co (Z=27) to the
Ni (Z= 28). The Ni-Co alloys have been measured' at
room temperatures. Since these alloys have fairly high
Curie temperatures, room temperatures can be con-
sidered as relatively low. The available data on Cu-Ni
and Ni-Co alloys at liquid helium and room tempera-
tures are plotted in Fig. 4. The fact that Ro again
approaches —20)&10 "ohm-cm/oersted corresponding
to e*—0.35 as Co is added to Ni, suggests that the 3d
contribution to the conduction which is so prominent
in Ni, passes through zero" somewhere between 25 and
50 percent Co in Ni and becomes negative with in-

creasing Co content thereafter. The Jones-Zener equa-
tion plotted in Fig. 1 shows that when there is either
electronic or hole conduction in the 3d band, it tends
to reduce the absolute magnitude of Ro. As can be seen
from the solid lines in Fig. 1, 3d electrons having a
given mobility are less effective in reducing

~
Rs~ than

are 3d holes having the same mobility. This may account
for the fact, shown in Fig. 4, that the absolute value of
Ro reduces very slowly with composition as pure Co is
approached.

»It is signi6cant that the extraordinary coeKcient Ei also
changes sign in this same neighborhood. Robert Karplus and
J. M. Luttinger, Phys. Rev. 95, 1154 (1954), have shown that
scattering within the 3d band is primarily responsible for the
values of E1. Apparently E& becomes zero at approximately the
electronic concentration where the contribution of the 3d band
to Rp becomes zero. This point where the ordinary Hall coefBcient
for the top 3d sub-band passes through zero should be near the
maximum of the density of states curve.
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FIG. 5. Assumed density of states versus energy curves for the
two 4s and the two 3d bands used in analyzing the data. The
bands with spins parallel to the 6eld are plotted to the right while
those with antiparallel spins are plotted to the left of the energy
axis.

In the foregoing analysis it has been assumed tacitly
that in ferromagnetic metals the electrical conduction
can be described by four independent groups of carriers,
each having its own characteristic mobility and its own
characteristic Hall constants. The need for four instead
of two groups of carriers lies in the fact that anti-
parallel electrons may have mobilities diferent from
those of the parallel electrons in both the 3d and the 4s
bands. The assumption that the conduction carriers
can be separated into groups is a commonly used device
for analyzing data that is too complex for a more
sophisticated treatment. Some justification for assign-
ing separate Hall constants and separate mobilities to
each of these groups is found in the fact that this treat-
ment for two bands leads to the same equation as that
obtained by Jones and Zener.

For the purpose of this analysis the density of states
Mrsgs energy curves for the 3d and 4s bands of these
transition metals may be divided into four curves some-
what as shown in Fig. 5. The density of those states with
spins parallel to the spontaneous magnetization are
plotted to the right of the vertical axis, while those with
spins antiparallel are plotted to the left. Because there
is no net spin in the 4s band the two 4s band curves are
symmetrical about the energy axis. Presumably the 3d
curves are also symmetrical in shape though the parallel
curve is displaced to lower energies because of exchange
interactions. The Hall data can be explained more
simply if the two 3d bands which contribute to the
conduction process are sub-bands, '6 each" containing
between 2 and 3 electronic states/atom.

's J. C. Slater and G. F. Koster have pointed out [Massachu-
setts Institute of Technology Quarterly Progress Report No. 12
(unpublished)g, that a simpli6ed tight-binding approximation for
the body-centered cubic structure predicts a minimum in the
middle of the density of states verses energy curve for the 3d band.
%'hen applied to Cr the minimum becomes an energy gap.

It can be seen that such a model readily explains the
existing ordinary Hall effect data. It also provides the
usual collective electron interpretation of the fact that
the saturation magnetization at low temperatures in
Cu-Ni and Ni-Co alloys is a linear function of the elec-
tron concentration. In addition the model provides a
simple qualitative explanation of that part of the
Slater-Pauling curve which shows decreasing saturation
magnetization toward the lower values of electron con-
centration.

As the electron concentration is reduced from 29 per
atom at Cu to 28.6, the number of 4s electrons/atom is
reduced from 1.0 to 0.6 at which point the Fermi level
reaches point u in Fig. 5. As the Fermi level descends
from c to b the antiparallel 3d shell begins to empty
leaving a net parallel spin. Thus the saturation mag-
netization increases linearly. From b to c the net spin
increases more and more slowly because electrons are
being removed with increasing rapidity from the parallel
3d band with decreasing rapidity from the antiparallel.
The maximum net spin occurs at c where the rates of
removal of electrons from the two bands become equal.
When the top sub-band of the antiparallel d shell be-
comes empty near Fe, the top sub-band of the parallel
d shell empties more rapidly. The reduction in satura-
tion magnetization should be linear except for the few
antiparallel electrons that may still be removed from
the antiparallel band.

II. FOUR-BAND MODEL

Because of the diferent mobilities in the two halves
of the 4s band and because of the diGerent numbers of
carriers and their different mobilities in the top two
3d sub-bands, a four band model is required. It is
assumed that ordinary coefficients Epy Ep2 Eps and Ep4
can be de6ned for the four bands, each of which behave
like the Ep in Fig. 2. The subscripts 1, 2, 3, and 4 refer
to the parallel half of the 4s band, the antiparallel half
of the 4s band, the parallel half of the top 3d sub-band,
and the antiparallel half of the top 3d sub-band, re-
spectively. The number of electrons per atom in these
bands, when 611ed, are ef~=ef2 ——1 and nf3=ef4 2.5.
For completeness it will also be assumed that associated
with each of these bands, there are extraordinary Hall
coefficients R», E», E», and E&4. Whenever the ordinary
Hall effect alone is being considered, this last assump-
tion has no eGect upon the results.

The measured Hall emf divided by the distance be-
tween the Hall probes can be written

(3)

o'= o't+o's+o'a+o'4& (4)

where o.j, 0.2, etc., are the individual conductivities,
which may be expressed in terms of the eGectivc number

E„=RpHo E,+RtMoE. ,
.

where E, is the, electric field applied in the x-direction.
The conductivity of the sample is given by
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E,=Evt+EP2.+Evs+EP4, (6)

and the method of measuring this emf with a potenti-
ometer guarantees that the net current in the y-. direction
is zero. Hence

otE„2+02E„2+a.3E„3+o4E„4 0E„=0. . —(7)

The individual Hall emf's are given from Eq. (3) by

E„2=RptHo 2E.+RrrMarEg,
(8)

EP2= R02HasE +R12M02E, etC.

Multiplying each equation in (8) by its corresponding
0. and substituting in Eq. (7), the following equation is
obtained:

oEP HE, +, o Rp——,+ME, Q;oPRg, .

Experimentally, at least in ferromagnetic materials, "
the Hall eGect proportional to SI can be separated from
that proportional to H. Hence, Eq. (9) can be combined
with Eq. (3) and separated into two equations,

a2Ro=g, o Ro,
a2Rr ——Q; aPRg;."

(10)

(11)
"Kevane, Legvold, and Spedding, Phys. Rev. 9I, 6, 1372

(1953) separate these two effects in gadolinium by means of their
different temperature dependence.' J. M. Luttinger and Robert Karplus have calculated RI from
spin-orbit coupling and their equation provides the right order of
magnitude and the observed temperature dependence, neither of
which have been obtained before. It does not appear to provide
the observed dependence on alloy composition. Their equation
does not come out in the form of Eq. (11).To put Eq. (11) in
the form given by Luttinger and Karplus, one should assume
R»—Rqs=R~4 —0 and R&3—A/a33. However, if it is assumed
instead that Ri =3RAo~ o'I/' 3Eq (11) will provide the observed
dependence on both alloy composition and temperature. Some
modification of this sort is needed to account for the experi-

of carriers per atom and their corresponding mobilities,

py, p2, p3, or p, 4.

0 1=aP1441, a2= aP2142 0'3 = 8P3143 0'4= cv4444. (5)

In Eqs. (5), p& ——v2 ——24/2 while P3 and V4 depend upon
how the 3d band is split into sub-bands and upon how
these sub-bands are filled in the particular element
or alloy.

It is convenient to introduce a convention for the
signs of the carriers and their mobilities. This conven-
tion states that, whenever the Hall eGect due to the ith
band is m-type, v; will be a positive number representing
the efFective number of electronic carriers/atom in this
band and p, , will be a positive number representing their
mobility. %hen, however, the Hall effect due to the ith
band is p-type, v, will be a negative number representing
the number of holes/atom in the band and p, will be a
negative number representing the mobility of these
holes. This convention eliminates the confusion caused
by carrying the plus-or-minus sign in the multiple band
equations for the Hall constants. Obviously the product
p;v; must have the plus sign for either holes or electrons,
since the conductivity is always positive.

Now the measured Hall emf is given by

Equation (10) for two bands is identical to the Jones-
Zener equation, if Rs;= —1/(XP;ec) and J takes the
two values 1 and 2. Thus, if the bands are either nearly
empty or nearly filled so that Rs;———1/(1VPJec) is a
good approximation,

(a;)' 1
RaNec= —P )

—
(
—.

)
(10')

Actually, Eq. (10') is generally a good approximation
for Eq. (10) whenever any one of the bands is either
nearly empty or nearly full. If the Ro for each band
behaves like the Ro shown in Fig. 2, significant con-
tributions to the summation must come only from those
bands that are nearly full or nearly empty. Thus the
bands in which the approximation is valid make large
contributions while those in which the approximation is
invalid make only small contributions.

In ferromagnetic materials in which the 3d conduction
can be neglected; e.g. , in the alloys 80 Ni-20 Cu
and 62 Ni-38 Co (in atomic percent), Eq. (10) gives
RsiVec= —1/vr ———2/e, at low temperatures where pr))p2
and RsXec= —1/2vr = —1/23, above the Curie tempera-
ture where p~= p2. Intermediate values are obtained at
intermediate temperatures which accounts for the tem-
perature dependence observed in Ro for the Cu-Ni alloys
lying between 50 and 90 atomic percent Ni. The meas-
ured values of Ro for these alloys which are shown in
Fig. 3 agree with the qualitative predictions of Eq. (10)
using only j=i and 2. The Ni-Co alloys have been
measured only at room temperatures, but these may be
considered as low temperatures since their Curie tem-
peratures are high.

It is desirable to determine whether or not Eq. (10)
can account for the low values of Ro found in the Ni-rich
alloys with reasonable values of p& and p4. If the
mobilities needed to explain the ordinary Hall data are
reasonable they should be able to account for the
observed resistivities at the various temperatures. Since
pure Ni has the smallest Hall constant of the Ni-rich
group it will be treated in most detail.

Ps ———(1—223) 23,/2,

P4 ———(1+222)24/2,

Pt P2 = 23~/2—,

(12)

at all temperatures.

mental fact that the extraordinary coe%cient E& changes sign
by passing through zero. at nearly the Co-Ni alloy composition
where the ordinary coefficient Ro& changes sign by passing through
zero.

III. FOUR BANDS OF NICKEL

Fortunately values of p in Ni are relatively simple to
calculate from the Hall coefFicients since above the
Curie temperature, vs ——P4= —23,/2. Furthermore, below
the Curie temperature, these numbers are determined
rather simply from 223=M,/Ms, the ratio of the satura-
tion magnetization at the given temperature to that at
absolute zero. That is,
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To calculate Ro it is necessary to know the relative
mobilities in the four bands. According to Mott, '
4s electrons with a given spin can be scattered only by
holes in that half of the 3d band that has the same spin.
Hence the ratio P=ps/pi should depend upon vp/rp.

Assume Mott's" relation P= (r 4/vp) &. The ratio p4/pp is
less certain, but p4/pp —P may be a reasonable assump-
tion. Fortunately, the results obtained are not at all
critically dependent upon this last assumption. Finally
the ratio 8= —pp/pr must be considered as an unknown
which can be determined from the Hall data. The
experimental values of 5 can then be used to calculate
resistivity as a function of temperature, from

o =+go, =eP; s';p;.

Thus, with the foregoing assumptions,

o =or{1+48+ (1—m)8+ (1+m)P8), (13)

and from Eqs. (10') and (12),

gPRQ —o tsRpt{1+P'—(1—m) P—(1+m)P'y) (14)

is due to the holes. Below the Curie temperature 8 in-
creases with decreasing temperature, slowly at 6rst and
more rapidly as the absolute zero is approached.

This increase in 8 toward absolute zero suggests that
as the parallel 3d band is filled, the few remaining holes
acquire a high mobility. However, the antiparallel 3d
band does not fill up and the holes in it should not
acquire this high mobility, so that it should have little
effect on the Hall constant at low temperatures. This
indicates that one of our assumptions cannot be valid
at very low temperatures; that is, while the ratio,
p4/p&, is probably equal to P8 at the Curie temperature
as has been assumed it is probably more nearly equal
to a constant times P at low temperatures. Since at the
Curie temperature 8=0.365, the fourth term in the
brackets of Eq. (13) should be written as 0.365 (1+m)P
and the fourth term in the brackets of Eq. (14) should
be written —(0.365)'(1+m)P'= —0.133(1+m)P' In
any case, these terms are both too small to acct the
results very much.

The modified Eqs. (13') and (14'),

which can be written as o.=o.&{1+I8+(1—m)8+0.365(1+m)P), (13")
i{ +j + )t ( ) &2R & 2R {1+$2 (1 m)52 () 133(1+ )PP) (14ll)

{1+P+ab)s=r{1+P'—yh'), (14')

where r =Rpt/Rp, n = (1—m)+ (1+m)P, and 7= (1—m)
+(1+m)P'. Solving (14') for 8 yields

{ ( '+ ~) (1+/) —rv(1+0)')' —(1+0)
(15)

ns+ ry

The values for r at different temperatures are ob-
tained from the Hall data. Figure 3 shows that, for the
Purest Ni measured Rp——5.9)(10-rs ohm-cm/oersted
at low temperatures and changes very little with tem-
perature up to room temperature. "Data on pure Ni is
not available above room temperature, but the old
data of Smith" suggests" that the ordinary Hall coef5.-
cient for Ni remains essentially constant through the
Curie temperature. The values of B=pp/IIi needed to
produce the observed Hall effect in Ni can be obtained
from Eq. (15) by setting r=4.3 as obtained from the
Cohen data. '9

At the Curie temperature this mobility ratio b is
0.365. Since in Ni the number of 3d holes equals the
number of 4s electrons, this indicates that at and above
the Curie temperature, 27 percent of its conductivity
"This statement is based upon measurements in this laboratory

by Philip Cohen on two difFerent samples of Ni; one being 99.9
percent pure and the other 99.99 percent pure by weight. Both
were carefully annealed in an He atmosphere. J. P. Jan and H. M.
Gijsman, Physica 18, 5, 277 (1952) report Rp's for their Ni sample
from —5.5X10 "at room temperature to —3.0)&10 ' at liquid
hydro en temperatures. J. Smit and J. Volger, Phys. Rev. 92, 6,
1577 1955) report Rp's (Ao in their symbols) for four different
samples of Ni at 20'K, 77'K, and 290'K that vary from—3.6X10 " to —13.3X10 ".One of their samples varies only
slightly with temperature.

~ A. W. Smith, Phys. Rev. SO, 1 (1910).
"Pugh, Rostoker, and Schindler, Phys. Rev. 80, 688 (1950).
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FIG. 6. Plot of tI7, the relative mobility of the holes in the parallel
3d band compared to the mobility of the electrons in the parallel
half of the 4s band, against v3, the holes/atom in this 3d band.

can now be combined and solved for 5. In Fig. 6 the
new values of 8 are plotted verses

~ vp(, the number of
holes in the parallel 3d band. Values of 8 are quite high
for small values of

~
vp(, but as (vp( increases 8 ap-

proaches the constant value of 0.365. Probably the
large hole mobilities in the parallel 3d band (yp

——8pr) pr)
are to be found only in relatively pure Ni which is well
annealed. Probably, too, the values of 5 at low tempera-
tures are quite sensitive to the nature of the impurities
and to the state of anneal. This may account for the
different Eo's reported for Ni by other observers. "

If the assumptions employed in accounting for the
Hall e8ect data are reasonable, they must be capable
of accounting for the resistivities. In particular one
wonders whether or not the large values of p3 required
to account for the low temperature Hall data on Ni
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are consistent with the observed variation in resistivity
with temperature.

IV. RESISTIVITY OF NICKEL

The resistivity of Ni could be calculated directly
from Eq. (13') if 0& were known as a function of tem-
perature. However, even if 0.~ were known exactly one
should not expect perfect agreement with experiment.
While the assumptions used in Eq. (13') are consistent
with modern band models, they are nevertheless some-
what arbitrary. For example, the assumption, due to
Mott, that u2/p~

——(v4/v3)', is based upon spherical
symmetry and cannot be considered exact. Neverthe-
less, with these assumptions the Hall data on Ni yields
numerical constants which are consistent with the ob-
served resistivities of Ni.

Considering 4s band conduction only, one can see
that the resistivity of Ni, Co, and Fe around —180'C
qualitatively bear the expected relation to the resistivity
of Cu at this temperature. If Ni and Co have 0.28
highly mobile 4s electrons/atom while Cu has 1.0, the
resistivities of Ni and Co should be near 1.0/0. 28 or 3.6
times that of Cu, which is close to that observed. In Fe
there are holes in both the parallel and antiparallel 3d
bands so that none of its 4s electrons should have high
mobility. As should be expected its resistivity is greater
than the others, being about 5.5 times that of Cu.

Now 0.
& is that part of the conductivity that can be

ascribed to the 4s electrons with parallel spins. The
corresponding resistivity, p& ——1/a. & can be divided into
three parts due to (1) scattering by lattice vibrations,
(2) scattering by holes in the 3d band, and (3) scattering
by impurities. Assuming negligible impurities in the
nickel the last can be ignored. The erst can be calcu-
lated from the resistivity of Cu and the second can be
calculated from the resistivity of Ni above the Curie
temperature. Mott" has pointed out that the tempera-
ture dependence of p is the same for Ni above its Curie
point as it is for Pd in the same temperature region.
He concludes that the two should have the same tem-
perature dependence at all temperatures if Ni remained
paramagnetic at low temperatures. This similarity
stems from the two having such similar band structures,
with approximately 0.6 electron/atom in the s shell

and approximately 0.6 hole/atom in the d shell.
That part of p~ that is due to lattice vibrations should

be given by pi. = (gc~/ONE)'(1 0/0 28)uc~, where Hc„and
8N; are the Debye temperatures for these elements.
This is

pie= 2 57pcu.

Calculating the part of p~ due to scattering by holes
is more dificult. Above the Curie temperature there is
a constant ratio between p& and p, given by either
Eq. (13) or (13'); namely

p, = 2.73p, since nz= 0 and P= 1.

0
0 200 400 600

T(oK)
800

FIG. 7. Plot showing the observed resistivity of Ni, p, compared
to the resistivity, p„ that Ni should have if it remained para-
magnetic to low temperatures. The p, is calculated from Hall
effect data.

Above the Curie point then, the part of p~ due to
scattering by holes is p»=2. 73p—2.57p|:„.If we call p,,
the resistivity Ni would have if it remained para-
magnetic to low temperatures, then the value of p~~
under these same conditions would be 2.73p —2.57pp„.
However, the number of holes/atom into which the
parallel s electrons can scatter is given by (1—m)0.28
and

p~l, ——(1—m) &(2.73p —2 57pcu),

pg= 2.57pc„+ (1—te) ~(2.73p, —2.57pc„);

but from Eq. (13'),

p~= p{1+P+(1—m)0+0.365 (1+m)P}.

Combining these last two equations, p, the resistivity
of Ni, can be calculated provided. p is known. This can
be obtained by using the resistivity ve~sls temperature
curve of Pd to extrapolate the high temperature Ni
data to low temperatures.

It is simpler, however, to use the observed p versus T
data on Ni to calculate p to compare with the Pd curve.
In Fig. 7 the observed Ni data (p versus T) and the
calculated "paramagnetic" nickel curve (p, versus T)
are plotted. This latter curve is much like the Pd curve
though it still changes direction a little too rapidly
around the Curie temperature. Actually the shape of
this curve is quite sensitive to the value of the ex-
ponent b in the relation p=@2/p~= (v4/v3) which is ~

for spherical symmetry. Only a small increase in b
above 3 is required to eliminate the rapid change in
direction of the p curve at the Curie point. Thus the
resistivity data on Ni is consistent with this simple
band model.

V. CONCLUSIONS

The ordinary Hall constants for Co, Ni, Cu, and their
binary alloys, measured at diGerent temperatures, can
be understood on the basis of a simple four-band model.
The four bands consist of the two halves of the 4s band
with spin parallel and antiparallel to the magnetic
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6eld and two sub-bands of the 3d shell also having
spins parallel and antiparallel.

It appears that the resistivities of these materials also
can be understood on the basis of the same four-band
model. Actually only the resistivity of Ni as a function
of temperature has been worked out in detail but this
had appeared, at the outset, to be the most doubtful
case.

Since all of the calculations have used the saturation

magnetization data to determine the number of carriers
in each band, the saturation magnetization data is also
consistent with this model.

The author desires to thank the many colleagues who
have contributed by discussions and constructive criti-
cism. He is especially indebted to Dr. Norman Rostoker,
Professor Walter Kohn, Professor J.E. Goldman, of this
institution and to Professor Harry Jones of Imperial
College.
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Elastic Spectrum of Copper from Temperature-Diffuse Scattering of X-Rays*
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Measurements have been made of the temperature-disuse scattering of x-rays from a single crystal of
copper at 300'K by using crystal monochromaked:Cu ICa radiation. The measurements were analyzed by
the method of Laval and James to give dispersion curves of frequency vs wave vector for longitudinal and
transverse waves in the 100, 110, and 111 directions. These results were then expressed in terms of the
generalized force constants of the Born theory of lattice dynamics.

By considering the interaction of first, second, and third neighbors, nine force constants are involved,
and these have been evaluated from the dispersion curves. These force constants appear in the secular
equation of frequency vs wave vector and constitute the necessary data for computing a complete vibrational
frequency spectrum.

Such a spectrum has been calculated from the secular equation, by machine computation, for 3417 wave
vectors. From this spectrum a specific heat curve was calculated and compared with experiment in the
range of 15'K to 100'K.

I. INTRODUCTION

'HE interaction of radiation with a thermally
vibrating crystal lattice is equivalent to the case

of radiation scattered from a vibrating molecule. In the
case of a molecule, the levels manifest themselves as
absorption-emission lines in the infrared spectrum and
as lines of modified frequency in the visible spectrum,
the frequency shift being of the order of 10" out of
10'4 cps. The latter phenomenon is known as the Raman
effect and is of interest here by way of giving a unified
picture.

It is possible to study the lattice dynamics of a
crystal from the standpoint of the Raman effect. The
crystal may be thought of as a giant molecule, the
vibrational levels comprising the vast vibration spec-
trum of the lattice. Experimental and theoretical work
has been carried out along this line, notably by Krish-
nan, ' Bhagavantam, ' Placzek, ' Born, 4 and Smith. '
However, the use of visible light is generally not

*Assisted at different times by the Armco Foundation Fellow-
ship and the National Science Foundation.

' K. S. Krishnan, Proc. Indian. Acad. Sci. 19, 216 (1944).
z S. Bhagavantam, Proc. Indian. Acad. Sci. 11, 62 (1940).
e G. Placzek, Hazzdbzzch Der Radzologie (Verlag Julius Springer,

Berlin, 1934), Vol. 6, Part 2, p. 205.
z M. Born, Repts. Progr. Phys. 9, 356 (1942—2).' H. M. J. Smith, Trans. Roy. Soc. (London) A241, 105 (1948).

permitted since most crystals are opaque to optical
frequencies. Furthermore, even for transparent crystals,
the interpretation of the experimental data is rather
difficult.

One may study crystal lattice dynamics more con-
veniently with x-rays. In this case a Raman shift does
indeed still occur but it is generally below the level of
observation, being about 10" out of 10" cps. Fortu-
nately, it is unnecessary to detect this shift in the case
of x-ray investigations. Born' has shown that the
general mechanical treatment of Placzek reduces to the
relatively simple and direct interpretation of Laval'
and James. r Their formulation quantitatively relates
the diffuse scattering of x-rays to the frequency and
wavelength of traveling elastic waves in the crystal.
The thermal motion of the lattice is described by a
linear superposition of these waves. By measuring the
diffuse intensity along directions in reciprocal space of
high symmetry, such as the 100, 110, and 111 in the
case of cubic crystals, it is a simple matter to obtain
dispersion curves of frequency and velocity zs wave
vector for waves propagating along these axes. It is

' J. Laval, Bull. soc. franc. mineral. 64, 1 (1941).
R. W. James, The Optical I'rirrcip/es of the DQfractioN of

X-Rays (6, Bel] and Sons, London, 1948), Chap. V.


