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In a previous paper, a covariant wave equation for bound states was used to calculate corrections to fine
structure. The techniques developed in that paper are extended here to the study of hyperfine structure
(hfs) in the hydrogen atom. An expression is derived for corrections of relative order (am/M) to the hfs
splitting of any S-state of hydrogen, arising from the finite mass of the nucleus. The proton is considered
as a point particle with an anomalous magnetic moment of the Pauli type in addition to its Dirac moment.
It is shown that the corrections obtained with an unmodified Pauli moment diverge logarithmically, and
a cut-off in momentum space is introduced. Numerical results are given for the limit of large cut-off mo-
mentum. It is shown that the leading terms, which involve log (3 /m) as a factor, can also be obtained from
a modified form of three-dimensional perturbation theory.

1. INTRODUCTION

HE Fermi formula for the hyperfine structure
splitting of S-states in hydrogen (hereafter desig-
nated by hfs) is

his= (2rau,/3mM) (o 0*) [$(0) %, 6

where « is the fine structure constant, u, is the proton
magnetic moment in nuclear magnetons, m and M are
the electron and proton masses respectively, and ¢(0)
is the Schrodinger wave function evaluated at the
nucleus. We are using a system of units in which
#i=c=1. Since |¢(0)|? is proportional to 7% where mg
is the reduced mass mM/(M-+m), the hfs splitting
contains a factor (1—3m/M), the simple “reduced mass
correction.” This factor, derived by a nonrelativistic
argument, accounts approximately for the recoil of the
proton. Using a relativistic approach, we would expect
further mass corrections of relative order am/M. In
1947, Breit and Meyerott!? applied the approximately
covariant Breit equation to this problem. They found
that the Breit equation gives the reduced mass cor-
rection, but no terms of order am/M.

Bethe and Salpeter’ have derived a completely
covariant procedure for handling such problems, which
was applied by Salpeter! to finding corrections of rela-
tive order am/M to the fine structure (fs). Karplus,
Klein, and Schwinger’® have also found a method,
based on the Schwinger-Tomonaga formulation of
quantum electrodynamics, for solving bound-state
problems, and have used it to obtain mass corrections

* This paper is based in part on a Ph.D. dissertation submitted
to Cornell University in September, 1952.

+ Presently on leave of absence from Cornell University at the
Research School of Physical Sciences, the Australian National
University, Canberra, A. C. T.
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to the hfs in positronium.” This procedure has also been
applied by Arnowitt? to finding mass corrections to the
hfs in hydrogen. This paper presents another calculation
of the hydrogen hfs for S-states, by a method analogous
to that used in S. Since hfs is of order (m/M)X (fs), the
present calculation consists essentially of carrying the
expansion in absolute powers of (m/M) of S one order
higher, retaining only spin-dependent terms, and in-
cluding the effect of a Pauli-type magnetic moment.
Wherever possible we shall use the notation of S.

As in S, we find it convenient to separate the instan-
taneous Coulomb interaction from the effect of the
transverse photons in accordance with the equation®

Yyt k2= —v ey 1/ B en e b/ k2], (2)

where e, is the component of & perpendicular to k. A
similar separation will be used for the Pauli terms.

The mass corrections are all produced by processes
in which the proton and electron interact twice, either
through the exchange of two transverse photons (double
photon terms) or through one transverse photon and
one instantaneous interaction. Processes involving two
instantaneous interactions contribute to the fs cor-
rections, but, since they are not spin-dependent, they
do not contribute to the hfs.

Let k’ and k be the momenta absorbed by the proton
during the first and second interactions respectively. It
will be shown that the main contributions to the hfs
mass corrections come from values of % between m and
M. Since these values are large compared with the Bohr
momentum of the atom, which is of order am, it will
be possible to neglect the internal momentum of the
atom and to approximate k' by (—k). In this approxi-
mation, the mass correction terms depend on the
atomic wave function only through the factor |$(0)[2

Most of these terms may be approximated by ex-

7 R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952).
8 R. Arnowitt, Phys. Rev. 92, 1002 (1953).
9 R. P. Feynman, Phys. Rev. 76, 769 (1949),
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MASS CORRECTIONS TO Hfs IN H

pressions of the form
M
AE=C(am/M) (hfs) f dk/k

=C(am/M) log(M /m) (hfs), (3)

where C is a constant factor of order unity, and (hfs)
is given by Eq. (1). If we evaluate the integrals more
carefully, we also find terms which do not contain the
large factor log(M /m), but none with a factor loga. All
such terms, whether or not they contain log(M/m), are
said to be of relative order am/M.

We treat the proton as a point particle with a Dirac
moment of unity and a Pauli moment of (u,—1). Since
the two moments behave in entirely different ways, it
is necessary to treat them separately. The terms in-
volving two Pauli interactions turn out to be logarith-
mically divergent. This divergence would presumably
be removed in a consistent theory for the anomalous
proton moment. In the absence of such a theory, we
shall cut off the Pauli terms at a finite momentum £k,
corresponding to a crude spreading-out of the Pauli
moment over a radius kg )

The four-dimensional calculations will be presented
in Secs. 2 to 4. To show the relation of this four-dimen-
sional method to conventional, noncovariant theory and
to check the results, the mass corrections will also be
evaluated by three-dimensional perturbation theory.
This procedure yields only the terms containing
log(M/m). It is carried through® for single-photon

terms in Sec. 5 and four double-photon terms in Sec.
6'10—12

2. SINGLE-PHOTON TERMS WITH DIRAC
INTERACTIONS ONLY

The hfs correction arising from the exchange of a
single transverse photon is given by

AEOD= AECDO-{—AECDX-—AEB. (4)

AE¢p® and AEcp* represent the first order corrections
arising respectively from diagram (1b) and from the
crossed diagrams (2b) and (2c). The subscript CD
indicates that these terms involve a Coulomb interac-
tion and a Dirac photon.”® In Fig. (1b), no Coulomb
interaction is shown. The Coulomb interaction in
AEcp® arises instead from the iteration of the initial
or final wave function according to Eq. (29) of S. As
in S, it is convenient to subtract AEg, the single photon

10 The results of the three-dimensional calculation for hydrogen
and of a very crude calculation for deuterium have previously
been published by the authors (see reference 11). These results
were incorrect, since the instantaneous part of the Pauli inter-
action was erroneously neglected. A more adequate treatment
for deuterium will be given in a future publication.

(1;‘5153). E. Salpeter and W. A. Newcomb, Phys. Rev. 87, 150

12 Greifinger, Newcomb, and Salpeter (to be published).

18 A Dirac (Pauli) photon is a photon which interacts with the
Dirac (Pauli) moment of the proton.
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F1c. 1. Second order Feynman diagrams: Fermions are denoted
by solid lines, Coulomb interactions by dotted lines, and trans-

verse photons by wavy lines. Electrons are on the left, protons on
the right.

correction arising from a solution of the Breit equation
in which the transverse photon term is evaluated by
means of first order perturbation theory. Since such a
solution of the Breit equation gives the ordinary hfs
with reduced mass correction and nothing else,*? this
subtraction procedure will remove these large effects,
leaving only the corrections of order am/M.

The Breit equation in momentum space with a trans-
verse photon term is

[E—H.(p)—H»(p) 1o (p)
—— (/2m) f (@B (1 st 0Pl (p+K),  (5)

where H, and H, are the free-particle Dirac Hamil-
tonians for the electron and proton respectively:

H,(p) = -p+B°m,
Hy(p)=—a?-p+Bom.

(6a)
(6b)

The transverse photon term produces a perturbation
energy of

8B5=(@/26) [ @pk/B)8* @ e+, (D)

where ¢ satisfies

LE—H.(p)—Hy(p) 1o ()

= — (/207 f (@E/B)s+R. (8

1t is convenient to express ¢ in terms of positive and
negative energy components, using the Casimir pro-
jection operators as in S:

b++(0)=A(P)AL* (D)0 (D), 9)
A (p)=[E(p)==H (p)1/2E(p), (10)

where E(p)= (m*+p?)%. ¢4y is larger by a factor of o?
than the largest of the other three components of ¢.
With ¢ and ¢* each expressed as the sum of four
terms, AEp breaks up into sixteen terms, of which only
the terms containing either ¢, or ¢,+* or both con-
tribute to the required order of magnitude. The largest
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term is
AEgtt=(e2/2n?) f (d*pdik/ k)

X *(p)en aubpy (p+k). (11)

W. A. NEWCOMB AND E. E.

SALPETER

The two terms containing either ¢_ ;. or ¢_* can be
combined to form the following approximate expression,
after expressing ¢_ 4 in terms of ¢, by means of the
(—-+) component of Eq. (8) and dropping higher
orders in a,

AEg=t=
27?

where k=p'—p, K'=p"—p’, E/=E,(p'), and E
=FE(p’). Two further terms AEzt— and AEp~— are
obtained by analogy with Eq. (12).

The next term to be considered is AE¢p’ the first
order contribution from diagram (1b). By using Egs.
(23a) and (38) of S,

AEqpS=— (&/2%) f PP (P s )

XY (p) (= E*4-i8)7,  (13)
where ¢ is the four-dimensional wave function discussed
in S, and where w is the fourth component of &,= p.'— p,.
If we split ¢ and ¢* into positive and negative energy
components, the main term will be the one involving
Yy and ¥, *. By using Eqgs. (10) and (15) of S, ¥4
may be expressed in terms of the positive energy com-
ponent ¢, of a three-dimensional wave function. After
carrying out the integration over e and ¢/, the fourth
components of p, and p,/, we find that

AEop?H=(¢/2x%) f BPEY o (D)o 041 (D)

1 E—FE,—FE,
Y F
B— (B —Ey)? 2k(E—E,— By — &) (Ey— By — k)
E—E/—E/
+ ] (14)
2k(E—E,'— Ey—FE) (B — Ey—k)

¢, is the (+-) component of the solution of the
zero-order three-dimensional Bethe-Salpeter equation,

[E—H.(p)— H,(p) 1¢(p)
=— (/2 [A*(p)A 2 (p) —A*(p)A_*(p) ]

x f (@R/B)s(p+k). (15)

To the order of accuracy required, the (4-) com-
ponents of the solutions of Egs. (8) and (15) agree.
The three terms in brackets in Eq. (14) will hereafter
be designated by the letters g, b, and ¢. The first term
AEc¢p®e is much larger than the effects we are study-
ing. In fact, it gives rise to the ordinary hfs, as 17e may
readily see by evaluating it to lowest order in «. The

+__2(e—2)2 J PPEYEY 614 (P)eu A ()AL )+(0)

) (12)
PR (E-+E,/ — Ey)
matrix element in Eq. (14) is, for 2<Zm,
¢4+ () er®- enbpy 1 (p")
= (4mM) ¢ () [ — 4ps>+2ip- (02X )
+2ip- (¢*Xk)+ (02X k) - (¢°Xk) I, (p"), (16)

where ¢, designates the upper four components of
the sixteen component wave function ¢, in the nota-
tion of S.14

The first two terms of (16) are independent of the
proton spin, and therefore do not contribute to the hfs.
The main contribution to AE¢p*+ is from the region
where p and p’ are both of order asn. In this region, Eq.
(16) is valid, ¢+ may be approximated to lowest
order in a by the Schrédinger wave function ¢,, and
(Ey' — Ey)? is negligible compared with %% The third
term in (16) then gives the orbital hfs, which vanishes
for .S states. The fourth term gives, after averaging over
angles, ’

AE= (62/127r2mM)fd31>d3p'q50* (p)o=-a%o(p’), (17)

which immediately reduces to u,™ times the Fermi
expression, Eq. (1), i.e., to that part of the ordinary
spin-spin hfs which is due to the Dirac moment of the
proton.

To get the mass correction, we subtract AEgt+ from
AE¢p*ta, The result is

(¢/20%) f PP by * (D) es® sty (1)

X (Ey — Ep)*k 2 k2— (Ey — Ep)* 1L (18)

The main contributions to this integral come from
the regions p~am, p'~M, and p~M, p'~am. The
contributions are equal to each other and of order
a(m/M)(his). We therefore evaluate this term only to
lowest order in a. If p~am, ¢ *(p) may be replaced
by ¢o*(p), the conjugate of the Schrédinger wave
function. However, since p’ will then be large, ¢, (p")
must not be approximated by ¢,. To get an approxima-
tion to ¢, (p’) which is good to lowest order in « for

1 Throughout this paper, as discussed in the Appendix of S,
-+ or — signs as subscripts to wave functions refer to eigenstates
of the Casimir projection operators for the relevant momentum;

-+ or — signs as superscripts refer to the eigenstates of the Dirac
operator S.
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any value of p/, we may use the iterated wave function
¢1, defined by Eq. (29) of S.

By using ¢1, we shall eventually be able to express
any contribution AE,f to the hfs mass correction in the
form

AEP= (/20 f BPEY B by * (D)
X gaﬁ(ﬁH (pll)/k2k12’

where k and k’ are defined as in Eq. (12) and «, 8 stand
for arbitrary subscripts and superscripts. In all such
expressions we shall replace ¢, and ¢44* by ¢o and ¢o*.
With this notation, we find
.’ e A (p') A (p) (B — B3)*
(E— B/~ B[~ (B~ Eo*]
(20

(19)

gCDO-H—a__gB =—2

The terms b and ¢ in (14) are equal, as may be seen
by interchanging p and p’, and taking the complex
conjugate. Term ¢ has no contributions of the required
order from values of p large compared to am. To get
an approximation to lowest order in &, we must there-
fore iterate ¢, (p’), but not ¢, *(p). The result is

Fep™ T+ FoptHe=2F cpHte
kay® e PA L0 (P/)Ad-b (pl)
(E—E,/— Ey— k) (Ey' — Ep—E)

21

The iteration procedure used to derive Egs. (20) and
(21) has the effect of bringing in a Coulomb interaction
which is not crossed with the photon. The same thing
will happen with all the other components of AE¢p°.

The contributions to the required order of these
other components consist of terms containing ¢, * and
one of the functions ¢¥_, ¥4, and ¥__, and of the
complex conjugates of such terms. The four-dimensional
wave functions are then expressed in terms of ¢y,
using the uniterated expression for ¢+ and the iterated
form for the negative energy components, in accordance
with Egs. (10), (15), (15a), and (15b) of S. After car-
rying out the integration over the fourth components
of the momenta, we find :

ke eu®A_(p) A" (D)

SCDOQ t= ) (22)
(B4 Eot k) (E— Eo— E'—k)
key® enAy(p)A-(p')
‘:FCD(H' = y (23)
(Ey/+Ept-) (E— Eo — Ey—k)
Fep” T =% e PA_*(p")A_(p")
BBy 4 Fo - B) -1 (E-Eo — Ey— B)
—R(E+ES+E) Y (E+E/—E)—kY]. (24)

We now turn to the crossed terms. Using Eq. (56)
of S, and observing that diagrams (2b) and (2c) give

IN H
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F1c. 2. Fourth order Feynman diagrams: p, #’, etc. denote the
momentum four-vector of a particle minus (m/m,) times the
four-vector of the whole atom, where m and m, are the masses of
the particle and the atom respectively. In all crossed diagrams,
the momenta are as in Fig. 2(a).

equal contributions to AE¢p*, we may write

AEcpX= (z/qr) (62/21r2)2fd4pd4p'd4p”
XK (o= B0 (p,)

2
X2 at[nB—Ho(p"") —w4€" 4881

=1

XImE—Hy(p') —w— et T lamp(p,),

where p, p’, p”, k, and k’ are the same as in the un-
crossed terms, and where p,”'=p,/"'—k,. >_ represents
a summation over the two directions perpendicular to
k. 7, and 1y (denoted by u, and w, in .S) are given by

no=m(M~+m), (26a)
m=M/(M+m). (26b)

To resolve AE¢p* into positive and negative energy
components, we introduce the operator

(A= (@) +A-2(@") [AL (@) +A>() 1=1

into the integrand of (25). This eliminates the Dirac
matrices in the denominator. Since the integrand is
appreciable only when p and p” are both of order am,
¥*(p,) and ¥(p,”) may be replaced by ¥ and i,
which are expressible in terms of ¢,* and ¢4y as
before. After carrying out the integrations over the

(25)
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our omponents o momenta, we obtain ex-
fourth c ents of the enta, we obt
pressions for Fep*+, Fep*, etc. For example,

k3 aldA e (p") AL (p))ast
(E—E)"'— Ey'— k) (E— Ea— Ey'—F)

X+ =

(27)

Fep

Aside from the main term AE¢p™*e, which is can-
celled by —AEg*t in the region k~am, AEcpy™*+ and
AEcp™tbe are the only terms which give appreciable
contributions from this region. It is easy to show that
these two terms cancel to lowest order in « for k~am,
except for terms which are independent of the electron
spin. This means that the region k2> m>>am is the only
important one. On the other hand, the only important
values of p and p’’ are of order am, the Bohr momentum,
since the Schrédinger wave functions decrease rapidly
for larger momenta. Since p,p”’<<k, we may, to the
required order of accuracy, replace p and p” by zero,
p’ by k, and p’”’ by —k in each expression F,f. With
these approximations, the integral over p and p” in Eq.
(19) reduces to

f Bpdp" 6t (D)o (") = 29002 (28)

Any AE,f is then expressible in the form

AEf= (am/mu,M) (his)T,f, (29)

where

T =120 (g %) f S, (30)
0

(F.P) is the expectation value of F.f for a state with
zero momentum.

To illustrate the procedure, we will carry out the
evaluation of AE¢p™tte4-AEcp*t+. The expectation
values of the numerators of (21) and (27) are given by

F(ew® exAy (kA (k)
=k(X: alA*(—R)A P (K)ar)
=Pk (0% 0%) /6 ELEy, (31)
after averaging over angles. E;* and E;* are abbrevia-
tions for E,(k) and FEy(k).
We now have, using Eqs. (21), (27), (30), and (31)

TC,D(H—I-bc__I_ TCDX-H-
— o f (kdb/EFE) (Ed—m4-E).  (32)
[}

To simplify the evaluation of the T.f, we split the
integral into two ranges, k<4 and k>4, where
m<KAKM. For k<A we expand in powers of k/M and
m/ M, and for k> A in powers of m/k and m/M, keeping
only the lowest order term. After carrying out the
integration, we neglect (m/4) and (4/M) compared to
unity. These approximations, which introduce errors of

W. A. NEWCOMB AND E. E. SALPETER

relative order (m/M)?}, finally give
Top? ot TepX+=—log (M/m)—2log2—1. (33)

The other single-photon terms are treated in pre-
cisely the same way. The results, with crossed, un-
crossed, and Breit terms combined, but with positive
and negative energy contributions separated, are

Teptt=—log(M/m)—1, (34a)
Tep~t=—5log(M/m)+9, (34b)
Topt—=—log(M/m)—3, (34¢)
Tep~~=3log(M/m)—>5. (34d)

The total single-photon contribution with Dirac
interactions alone, the sum of Eqs. (34), is then

Tep=—4log(M/m). (35)

The integrals for the various 7.# can also be evalu-
ated in an elementary manner if a cut-off is introduced,
i.e., if the upper limit of the k-integration is put equal
to a constant, k¢P. This cut-off can be introduced into
all integrals except in those for the Breit terms. These
must be integrated to infinity to be equivalent to the
results of Breit and Meyerott,!? which we have used.
With such a cut-off, the expression for T¢p is

Tep=—4log(M/m)—8(E®—ki")/kd”
+4 log[ (Eo®+ko?)/2kP],
where EoP= (M>+ ko).

(35a)

3. SINGLE-PHOTON TERMS WITH PAULI
INTERACTIONS

To take account of the anomalous magnetic moment
of the proton, we replace v, in the Dirac interaction
terms by

Fﬂb (QP) = (“/4M) 'n (7pb7ub— 'Yub'Ypb) )

where p=pu,—1 is the anomalous moment in nuclear
magnetons, and where g, is the four-momentum ab-
sorbed by the proton. g, is equal to &,’ or &, according
as the interaction in question is the first or the second
along the world line of the proton, counting the bottom
of a diagram as the earlier part.

Using the new ‘“‘vertex part” T, we may eliminate
longitudinal waves just as before to obtain

7T (q,)/ (g2 — @+1A) = — vy [ A8(g,)/ ¢
+ X ardd(g,)/(g2—g+ia)y?], 37)

(36)

=1,2

where A4,°(q,) =v4"T.%(¢g,)- It should be pointed out that
Eq. (37) is a strict identity of matrices, whereas the
corresponding relation for a Dirac moment asserts only
that the relevant matrix elements are equal.
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The first term on the right-hand side of Eq. (37)

represents an instantaneous interaction, hereafter desig-
nated as a Q-interaction. It arises from the fact that
the motion of the anomalous magnetic moment induces
an electric moment which interacts with the Coulomb
field of the electron. To find the effect of the Q-inter-
action on the single-photon terms, we must replace the
Coulomb interaction operator ¢~% by the operator

¢4 (w/2M)B%"- o ].

This is the operator which should now be used in
iterating the Schrédinger wave function to obtain ¢.
This will affect the value of AE¢p?, the contribution
from diagram (1b). The additional term, AEgp?, is
gotten by substituting Q-interactions for Coulomb
interactions in Egs. (21) to (24), and in the part of Eq.
(20) corresponding to AE¢p*™+e. These terms represent
a Q-interaction and a Dirac photon, the two interactions
being uncrossed. Finally, we will have to add terms
AEgp* representing new diagrams resulting from dia-
grams (2b) and (2c) by the substitution of a Q-inter-
ation for the Coulomb interaction. Of course, we no
longer subtract Breit terms.

For positive energy intermediate states of the proton,
the integrands are smaller by a factor of order (&/M)?
if we use a Q- instead of a Coulomb interaction. For
negative energy states, they are not changed in order
of magnitude. We may, therefore, still neglect the
region k~am, since only the positive energy terms gave
contributions of the required order to AE¢p from this
region. These contributions, one of which was of order
(hfs), are now reduced to o?(m/M)? (hfs) or less.

For E>>am, it is easy to show that introducing the
matrix (u/2M)B%?-q simply multiplies the integrand
by a factor f9, given by

(38)

f+9=— (u/2M) (B — M),
J-9=(u/2M) (Es*+M),

(39a)
(39b)

where f,@ or f_9 is used according as the intermediate
proton energy is positive or negative. Such multipliers,
used to convert Dirac terms to Pauli terms, will here-
after be called f factors.

To compute AEqp=AEqp’+AEqp%, we simply mul-
tiply the integrands in the CDP and the CDX terms by
f@ and re-evaluate the .integrals.!® Since some of the
Pauli terms diverge logarithmically, we introduce a
cut-off %y into the % integrals for all Pauli terms. The
result for the QD terms is

Top="2ulog(M /m)—2ulog[ (E¢t+ko)/2ko], (40)
where E,= (M?+k?): The positive and negative
energy components of Tgp converge individually even

15 AEgp and AEqp are the terms which were neglected errone-
ously in reference 11.
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if ko tends to infinity. In this limit they are
Toptt="Tep t=p(—3—log2), (41a)
T oot ~=p[log(M/m)+35+log2], (41b)
T oo~ ~=p[log (M /m)—3+1og2]. (41¢)

We will now examine the terms AE¢p, involving a
Coulomb interaction and a Pauli photon. These terms
are obtained from the corresponding Dirac terms by
replacing a;® by

AL(g,) = (u/4M)B, (v, >y P —vi>vs?)
= (in/2M)B° (0" X @) s+ (ugs/2M)BPac,d.

The first term of (42) represents the interaction of the
magnetic moment of the proton with the magnetic
vector of the photon wave, while the second term
represents the interaction of the electric moment with
the electric vector.

It can be shown that, to the required order, the CP
integrands are equal to the Dirac integrands multiplied
by u for k~am. We may, therefore, cancel the Pauli
terms in this region by multiplying the Breit terms by
u and subtracting them. As before, the Breit terms will
give the ordinary hfs produced by the Pauli moment
with the reduced mass factor (1—3m/M), while our
deviation terms will give additional mass corrections of
relative order am/M.

For E>>am, replacement of a;® by 4,5(g,) is equivalent
to multiplying the integrand by one of the following
f-factors:

(42)

fi= (u/2M) (Es*+M+ky), (43a)
f'=(w/2M) (Ee*+M — k), (43Db)
fo=— (u/2M) (Es*— M —ky), (43c)
J-'=— (u/2M) (Est— M+Ey). (43d)

f+ is the appropriate one to use when the intermediate
proton energy is positive and when £, rather than %,/
is the four-momentum absorbed by the proton from
the photon, i.e., when the photon is the second inter-
action along the world line of the proton. The other
three cases are specified analogously.

To find k4 (or k4) for a given term, we examine the
integration over w and «’, the fourth components of the
photon momenta, and put k4(k4') equal to the value of
w(w’) at the pole. If the term in question arises from
several poles, it must be split up into partial terms, each
arising from a single pole. This is the case with AE¢p* —,
for example.

After the appropriate f-factors have been introduced
into the CD terms, and the integrals re-evaluated up to
the cut-off %o, we find

Top=—4ulog(M /m)— (8/ko) (Eo— ko)

+4[J, log[(Eo+ko)/2ko] (44)
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If %, tends to infinity, the positive and negative energy
components of T¢p again converge. Their limiting
values are

TCP'H'= 2u 10g2, (458,)

Ter*+=—4ulog(M/m)—6plog2+8u,  (45h)
Tept—=—2ulog(M/m)—2ulog2—4u,  (45¢)
T op~ =2y log (M /m)+6u log2 — 4. (45d)

Finally, we may replace the Coulomb interaction in
the CP terms by a Q interaction. For this we use the
same procedure as in the conversion of T'¢cp into Top.
The results, using the finite cut-off %, are

Toptt=Top*
=2 (Eo— M — ko) /2M — 5 log[ (Eo+ko) /M 1},
Tort—=Top ~=u2{— (Eo— M —ko)/2M
—% log[ (Eot+ko)/M ]},

(46a)

(46b)
with a total of

Top=—2u2 log[ (Eo+ko)/M ],

which is logarithmically divergent if %o approaches
infinity.

(47)

4. DOUBLE-PHOTON TERMS

The Dirac double-photon terms include the first
order energy AEpp* from diagram (2d) and the second
order energy AEpp® from diagram (1b). The latter, as
shown by .S, is gotten by computing a first order energy
for the uncrossed diagram (2e), as if this diagram were
irreducible. These two terms can be written in the form

AEppe=(i/2) (/212 f Bpdtsl a4 (5,)

X Y (p") (= kP4-iA) (= kP HiAN), (48)

where a stands for 0 or X, and where w and «’ are the
fourth components of k,=p,/—p, and &/'=p,/"—p..
The expressions for JC are

2 2

FexX=3 ¥ afal[nE—Ha(p")+€" —wt+idf 1

i=1 j=1

X [’m,E — H, b (p’) —€— w—l—iﬁﬂb]”lai“a jb, (493.)

where p,""'=p.”'—k,, where e and €’ are the fourth
components of p, and p,”’, and where 3_ and 3_' repre-
sent summations over the two directions perpendicular
to k and to k' respectively; and

300= e, s E— Ha(p") +et+w-+i58* ™
X [mE— Hy(p')— e— w+108° T lan®- anr®.

As in the case of AE¢p, these are evaluated by setting
¥, ¥* equal to ¥4y, ¥4t ¥, expressing these in terms of

(49h)
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b1, d4+¥, and interposing projection operators to
remove the Dirac matrices from -the denominator.

The terms arising from negative energy proton states
give contributions of order a(hfs) from the range k~am.
As in the single photon terms, however, these contri-
butions cancel each other to lowest order in «, except
for terms independent of spin. We may therefore restrict
outselves to values of £ much greater than am and, after
expressing the DD terms in the form (19), replace
p, P, P, and p’”’ in F.f by 0, k, 0, and —k respectively,
as in Sec. 2. The integrands will contain the expectation
values

2 2
> Y (afahat (— k) Aot (K)ajab) (50a)
i=1 j=1
and
— (@2 0 A% (k) Ao (K)o ar?) (50b)

for a state with zero momentum, where el and €2 are
equal to £1. After averaging over angles, these are
each equal to

(E— elm) (Bt — e2m) (6% 6%) /6 E;EF.  (50c)

Using (50a, b, ¢), the DD terms may be expressed as
one-dimensional integrals T'.? in accordance with Egs.
(29) and (30). If, as in the case of the CD terms, we
introduce a cut-off k., we find
TDD=log(M/m) ——log[ (E0D+koD)/2koD]. (51)

The positive and negative energy components, in the
limit as kP approaches infinity, are

Topt+t=2%log(M/m)+% log2+5, (52a)
Tpo=* =3 log(M/m)+} log2— s, (52b)
TDD+—= TDD_—=% log(M/m)—:} 10g2+% (SZC)

Any term in which either of the two photons interacts
with the Pauli moment, the other photon interacting
with the Dirac moment, is obtained by multiplying the
integrand by the sum of the two appropriate f factors,
as given by Egs. (43). The sum of these terms, up to
the cut-off ko, is

TPD = Zu log (M/m) - 2}1, lOg[ (Eo"l"ko)/Zko] (53)
The positive and negative energy components, for
infinite &, are

Tpot+=3u log (M /m)~+3u log2+3p, (54a)
Tpo—+=3u log (M/m)~+3u log2— I, (54b)
Tppt—=Tpp~~=4u log(M/m)—ulog2+§p. (54c)

The PD terms are exactly 2u times the DD terms.
Finally, the terms in which both photons interact

with the Pauli moment are derived from the DD terms

by multiplying the integrands by the products of the
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two appropriate f factors. With a finite ko, they give
TPP'H’=M2{ % log(M/m) +T:L€+ (Eo—' ko)/4M

4+ log[512MEoS/ (Eo+ ko) (Eo+M)3]}, (55a)
Tep t=Tpptt—3u2, (55b)
Tppt—=Tppr ~=p*{3— (Eo—ko)/4M
— 75 1og[8(Eot+ko)!/M (Eot+M)*]}.  (55¢)
The total is
Tpp=p*{{ log(M/m)+5— % log[(Eotko)/2k0]
— i log[(Eot+ko)/MJ}, (56)

which diverges logarithmically as k¢ approaches infinity.
Notice that the only divergent terms are AEgp and
AEpp, i.e., the terms involving two Pauli interactions.

5. THREE-DIMENSIONAL METHOD, SINGLE
PHOTON TERMS

As an alternative to the covariant procedure, we shall
now describe an approximate, but simpler, method for
calculating the mass corrections to hfs, based on
orthodox three-dimensional perturbation theory. This
method, like the four-dimensional one, involves an
integration over a photon momentum, k. We shall
expand in powers of k/M as well as m/M, treating the
proton velocity as non-relativistic throughout, and
arbitrarily impose an upper limit of order M on the
k integration. Unlike the three-dimensional treatment
of the fs, described in .S, the hfs calculation gives no
contribution of the required order from the region
amS k<m, so that no terms involving loga are obtained.
Tt will therefore be possible to expand in powers of /%
also, and to introduce a lower limit of order m for the
% integration. These approximations will give only the
mass corrections involving log(#/m), neglecting terms
of order unity relative to this logarithm.

For the interaction of the electron and of the Dirac
part of the proton moment with the transverse electro-
magnetic field, we use the customary perturbation
Hamiltonian:

H'=H*+H?, (57

where

2
Ho=¢Y Y af(gr Pe St 2P %),  (58)

k =l

in the notation of S. The expression for H? is obtained
from (58) by replacing r, and ex® by 1, and (—easd).
g, * and @y, P are the usual absorption and emission
operators for a photon of momentum k and polarization
i.

In the usual lowest-order perturbation treatment of
hfs, the wave equation is first solved for a Hamiltonian
containing the Coulomb interaction, but not containing
H'. Let |0) denote the eigenstate of such a Hamiltonian
corresponding to the initial state of the hydrogen atom
and |m,k,1) the eigenstate of the same Hamiltonian con-
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taining the hydrogen atom in state |#) plus a photon of
momentum k and polarization ¢. The Fermi expression
is then contained in a term of the form

Z <0 l HY I m7k7i><m>k:i I He I 0>(E0—Emk)_1:

m,Kk,i

(59)

plus a similar term with H* and H® interchanged. This
procedure is not well adapted to the present problem,
in which we are interested mainly in evaluating ac-
curately the small contributions to the hfs of momenta
k large compared with the Bohr momentum am (in fact,
larger than ). If we consider the atomic wave functions
in momentum space, the main part of the ground-state
wave function lies in the region of small momentum for
both the electron and the proton. The momentum
spread is of order am, with only a small “high-momen-
tum tail” depending mainly on the high-frequency
Fourier components of the Coulomb field. The main
part of H%|0) has a momentum spread of the same order
around an electron of momentum k and a proton at
rest, whereas H®|0) is similarly centered around a
proton of momentum —k and an electron at rest. The
high-frequency components of the Coulomb field again
add small “high-momentum tails” to these wave func-
tions, extending over large distances from the peak of
the momentum distribution. Hence, if we use a repre-
sentation in which the unbound states of the atom
consist of plane waves perturbed by the Coulomb poten-
tial, it is impossible for the main part of any state
|m,k,i) to overlap'® the main parts of both H*|0) and
H?|0) simultaneously, and the matrix element in Eq.
(59) depends critically on the “high-momentum tail”
of at least one of the wave functions involved. In.Eq.
(59), relativistic wave functions accurate over a large
range of internal momenta would therefore be required,
and it would no longer be correct to replace |0) and |m)
by a Schrédinger wave function and a plane wave re-
spectively.

Because of this difficulty, we shall, in the case of the
single-photon terms, use a somewhat modified per-
turbation procedure, which is made possible by the
fact that we are interested only in terms for which
E>>am. We consider the Coulomb interaction V in
momentum space and split it into two terms, Vo con-
taining momenta less than B, and ¥V’ containing mo-
menta greater than B, where am<XB<&m. As unper-
turbed wave functions we take the eigenfunctions of a
Hamiltonian containing only the part ¥ of the Coulomb
potential, and treat V' as an additional perturbation.
These unperturbed wave functions decrease rapidly
outside regions of diameter B at the most, so that the
state vectors |m,k,i), H|0), and H?|0) no longer overlap
appreciably. Term (59) is now negligible for £>>B, and

16 In other representations, e.g., the angular momentum repre-
sentation, the main parts of certain states |,k,3) would overlap
simultaneously with He|0) and H?|0), but the large contribution
from such a state would be cancelled by the contributions of
other such states.
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the high-frequency contributions to the hfs are given
by third order perturbation theory as a sum of six
terms, AE; to AEg, where

spm 3 I Imkd kil Tl V'10)
man ki (Ey— Eui) (Eo—E.)

(60)

and the other five terms differ from AE; by having a
different order for the operators H?, H® and V’.

In (60), the main parts of the various state vectors
overlap, so that: (1) the initial and intermediate atomic
wave functions may be replaced by a Schrédinger wave
function and a plane wave, and (2) momentum is

approximately conserved in all the transitions. Hence, |

for kF>>am, the state |m) consists approximately of a
free electron at rest and a free proton of momentum
(—k), while state | #) is like | #) except that the electron
has momentum k. This will enable us to replace the
energy denominators by simpler expressions. Finally,
the third matrix element in Eq. (60) corresponds to the
transfer of a momentum approximately equal to k
from the proton to the electron by means of the Coulomb
interaction V’. An expression similar to Eq. (60) for
AE; could have been obtained by substituting the
iterated wave function ¢; given by Eq. (29) of .S,
which is a good approximation everywhere in mo-
mentum space, for |0) in the second matrix element of
(59). The term similar to (60), but having the operators
in the order H*V'H¢, corresponds to taking the Coulomb
interaction in the intermediate state of (59) into
account.

To evaluate AE;, we first split it up into four parts by
inserting the sum of the projection operators A.°(k)
after H* and A.%(k) after H®. Consider first the part
AE involving A°A,b. From the arguments of the
last paragraph, and from the presence of the positive
energy projection operators, it follows that we may
substitute (k+k£2/2M) and (Ejf—m-+k*/2M) for the
energy denominators in Eq. (60). Since the energy de-
nominators are now independent of the indices # and
n, we can apply a sum rule to eliminate the intermediate
states altogether. Introducing the explicit expressions
for H* and H?®, we finally get

AEI'}‘(' —_ __.ei fﬁ
472 k
(0] au® axPh 2 (R)A S (k)e %<V | 0)
R R/2M) (B —mtR/2M)

, (61)

where r=r*—r? and V'’ is the high-frequency part of
(—e*/7). Expressing V' and |0) in the momentum repre-
sentation, and neglecting the initial and final momenta
#'"" and p in comparison to %,

et d3kd3pdip’ 9T
ABEgH=— . (62)
8t B (kB2 2M) (EF—m—k2/2M)
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where
M= (k*/6M EF)po* (p)o*- 6®po(p"),

after averaging over angles.

Since the energy denominators in Eq. (62) do not
contain p-and p”, the integration over these two vari-
ables can be carried out immediately, and an ex-
pression of the form (29) is obtained for AE,**, in which

(63)

Tyt= f " Gk (k B o200

X (EF—m+R/2M).  (64)

To obtain the contribution of any other ordering of
the operators, we replace (k+%*/2M) and (Ej—m
+£%2/2M) in (64) by the energy denominators appro-
priate to the process in question. The total positive-
energy contribution is then given by

reem2 [ Gt/ BT @+ 097, (69)

where

a=k+k/2M, (66a)
b=E}—m+k, (66b)
c=EJ—m+k/2M, (66¢)

To find the contributions of negative-energy electron
states, we must use hole theory to get the correct sign.
It is easy to show that the negative-energy electron
terms can be derived from the known positive-energy
terms by replacing (E.f*—m) in Egs. (66) by (E.*~+m).
Similarly, negative-energy proton states are accounted
for by replacing #2/2M in Egs. (66) by (2M+k*/2M),
which may be set equal to 24/.

We will first examine the range m<k< M. Expanding
in powers of m/k, we find

T — f AL (4M /1) + (&M k%) — (3/E)]. (67)

Since we are interested only in mass corrections, we
subtract the part of AE* which would be given by an
infinitely heavy proton and an electron with the reduced
mass mr=mM/(M~+m). Referring to Eq. (29), the
part of T+ which remains is, in our approximation

The negative-energy electron term 7'~ + differs from
T+ only by a change in sign of m in the energy de-
nominators which, to the present approximation, does
not affect the mass correction term. Hence, T'cp~+ and
Tept™ are equal. For negative-energy proton states, we
substitute 2M, 2k, and 2M for a, b, and c¢ respectively,
so that

Tept~=Tep™ ~=log(M/m). (69)
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Nothing has to be subtracted from Eq. (69), since
negative proton energy terms would not arise for an
infinitely heavy proton.

Next, we consider the range am <k <m to see whether
there are any terms containing loga. For k<m, we
expand the integrand of 7%+ as a power series in &,
carrying only the first two terms. We find that

TH= f Qb SMma/m) [+ (1/2me)+ - -] (70)

Equation (70) is identical with the equivalent term for
an infinitely heavy proton and an electron of mass mg.
Hence, there are no mass corrections containing loga
from the positive-energy components. Essentially the
same argument holds for the (— ) terms, and the nega-
tive-energy proton terms are obviously negligible in this
tange. The total contribution from Dirac terms for all
values of £>>am is therefore

Tep=—4log(M/m), (71)

in agreement with Eq. (35).7

We shall now examine the effect of the Pauli moment.
First of all, if the Coulomb interaction is replaced by a
Q-interaction, the positive and negative proton energy
integrands are multiplied by factors of (—uk?/4M?)
and u respectively. The result is obviously

Top+=Top+=0, (72a)
Topt—=Tep ~=ulog(M/m), (72b)

with a total of
Top=2ulog(M /m), (73)

in agreement with Eqgs. (40) and (41).
To evaluate T'¢cp, we approximate the f-factors in
Egs. (43) by

fe=p(l+ky/2M), (74a)
f'=p(1—kd/2M), (74b)
fo=uks/2M, (74c)
f'=—pkd/2M. (74d)

In Eqs. (74), ks(k() is again the fourth component of
the momentum absorbed by the proton from the photon
when the photon represents the second (first) interac-
tion along the world line of the proton. We shall set it
equal to 4% according as the photon is absorbed or
emitted by the proton. In converting from positive to
negative proton energies, we must interchange %, and
k., since the order of interactions along the proton

17 There is an apparent discrepancy between the logarithmic
terms of Eqs. (34) and of Egs. (68)-and (69). This discrepancy
arises from the fact that the Breit terms are subtracted in Eqgs.
(34), but not in Egs. (68) and (69). Each of these terms indi-
vidually gives a logarithmic contribution, but their sum is zero.
The same situation holds for the CP terms.
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world line is the reverse of the temporal order for nega-
tive-energy states.

The negative proton energy terms clearly give zero,
since they all gave contributions no larger than the
required order to the Dirac terms, and since they are
now multiplied by small f-factors. The positive energy
terms, however, are not simply multiplied by u, since
they contained large terms which were subtracted off.
For the Pauli terms, the subtraction should not be
carried out until after the integrands have been multi-
plied by the f-factors (74a) or (74b). The resulting
mass correction is

TCP'H'= Tcp-+= —2/.1 log(M/m), (75)
so that the total is
Top=—4ulog(M/m), (76)

in agreement!” with Eq. (44).

The term T'gp is obviously zero, in agreement with
Eq. (47), since only positive proton energy terms con-
tribute to T'cp, and these are reduced below the re-
quired order by the f-factor (—uk?/4M?) in Tgp.

6. THREE-DIMENSIONAL METHOD,
DOUBLE-PHOTON TERMS

We consider now the exchange between electron and
proton of two photons, transferring momenta k and k’
respectively from the electron to the proton. k’ again
represents the first of the two momenta absorbed by
the proton along its own world line. We treat these
processes by means of orthodox fourth order perturba-
tion theory, as in Sec. 5 of S. The operators H* and H?
(or their Pauli equivalents) each occur twice, and the
atom starts and finishes in the same state. There are
twelve such terms, differing from each other in the
temporal order of the emissions and absorptions. Since

-we are interested only in the range &,k >am, we can

again neglect the momentum spread in the initial and
intermediate states and break each term into its positive
and negative energy components by inserting projection
operators. The intermediate states are then given ap-
proximately by free-particle states of positive or nega-
tive energy, depending on which projection operators
occur. Neglecting the difference between % and %/,
which is of order am, the three energy denominators
can be approximated by expressions depending only on
k, but not on the indices of the intermediate atomic
states. We then apply sum rules to eliminate these
intermediate states.

Restricting our attention first to the Dirac part of
the proton moment, we can write each fourth-order
term AE.# in the form

AR = = (o) [ hipaty 00t o)
X Nofo(p")PF,  (77)

where ¢, is the momentum-space wave function for the
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initial state, 9.f is a product of four Dirac matrices
and two projection operators, and ®.f is the product
of the reciprocals of the three energy denominators
(Eintee— Einit). After averaging over angles and ne-
glecting p and p” relative to k, the expectation value
for proton and electron at rest of each positive energy
N, reduces to

(Mat) = eat (B/2M) (1—m/EF) (o*-0%),  (78)

where e, is =1 according as the electron interacts first
with the k or the k’ photon. Again neglecting p and p”
relative to &, ®.# is independent of p and p”, so that
the integration over these two variables can be carried
out immediately. This reduces AE,** to an expression
of form (29), where

T = (M2/2) f i dk(R/2M)(1—m/EF)e.®Ca*.  (79)

Summing over all orders of the emissions and absorp-

tions,
2a €aPutt= [(d_ﬁ)/‘;d][(a—}'by/a%zl
where a, b, and ¢ are given by Egs. (66), and where
d=E&—m~+k/2M+2k. (81)

(80)

It is easy to verify that the range am<<k<m does not
contribute to the required order; hence no loga terms
can arise. For m<<k<M, we can replace a, b, ¢, and d
by k, 2k, k, and 3k respectively, reducing 3 e,Patt to
(3/2k%). Using this approximation in Eq. (79), and
integrating only from m to M, we get

Tpptt=2%log(M/m). (82)
The terms contributing to Tpp** are all of the same
order, and there is no cancellation of large terms.

Taking account of hole theory, negative energy states
are treated by replacing (E;*—m) by (E/+m) for the
electron and #2/2M by 2M for the proton in Eq. (78)
and in the energy denominators @, b, ¢, and d. Also, k
and k' are interchanged for negative proton energy
terms. Since we neglect m compared with %, the ex-
pressions for (e®) and 7" are the same for positive and
negative electron energies.

For negative energy proton states, some of the
processes give contributions of a larger order of mag-
nitude than the total, which cancel to lowest order.

The negative proton energy totals are

TDD+_= TDD__-——— 1 log(M/m),
TDD=10g(M/m).

(83)
so that

These results are in agreement with Egs. (51) and (52).

If only one of the Dirac interactions is replaced by a
Pauli interaction, we must multiply the integrand by
twice the appropriate f-factor. Since there is no can-
cellation of large terms for positive-energy proton states,
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the positive-energy f-factor is needed only to lowest
order. We therefore use f=y, yielding

Tpptt=Tpp~—t= %ﬂ Iog(M/m) (85)

For negative-energy proton states, we use the
J-factors (74c) and (74d). Although f is small compared
to one, the large terms which previously cancelled now
have the same sign, and give a contribution of the
required order when multiplied by f. The result is

Tppt—=Tpp " =%ulog(M/m), (86)

giving a total of

Trp=2ulog(M/m), (87)

in agreement with Egs. (53) and (54).

If both photons interact with the Pauli moment, the
positive-proton energy terms are multiplied by pu?
whereas the negative proton energy terms are multiplied
by a factor of order u?k*/M?, which makes them negli-
gibly small. We have, therefore

Tpptt=Tpp +={u* log(M/m), (88)
Tpp+_= Tpp__=0, (89)
Tpp=ju* log (M /m), (90)

in agreement with Egs. (55) and (56).

We have now succeeded in deriving all the log(3/m)
terms by three-dimensional perturbation theory, and
in showing that they agree in detail with our previous
results from the covariant method.

7. NUMERICAL RESULTS AND DISCUSSION

In Secs. 2 to 4 we have calculated the total proton
recoil correction AE, of relative order am/M to the
Fermi formula (with the simple reduced-mass factor)
for the hfs splitting of S-states of the hydrogen atom.
We denote the ratio of this correction to the Fermi
splitting itself by (—F). Using up=2.79, it follows from
Eq. (29) that

F=—(a/mup) (m/M) Tiop=— (4.53X107) Tyot. (91)

Writing Tt as the sum of contributions 7', and T4
from single and double photon terms respectively, and
collecting all terms given in Egs. (35a), (40), (44),
(47), (51), (53), and (56), we have

T'sv=Tcp+Top+Ter+Tor
= —2(upt1) log (M /m) —8(Ee? — kaP) /ke?
—8(up—1) (Eo—ko)/ ko
+4 log[ (EoP+koP)/2ke" ]
+2(up—1) log[ (Eo+ko)/2k0]

—2(up—1)2 log[ (Eg+ko)/M], (92)
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and

To=Tpp+Trp+Trp
=1 (up+1) Bup—1) log (M /m)
+ 3 (up— 1) —log[ (E¢P+koP)/2ko"]
— 3 (up—1) Bupt+5) logl (Eotko) /2k0]
— 3 (up— 1) log[ (Eo+ko)/M].

In Egs. (92) and (93) we have cut-offs k¢ for terms not
containing any Pauli interaction and %, for terms con-
taining at least one Pauli interaction. E, stands for
(M*+Ee®)}, with a similar expression for EyP.

As was pointed out before, both T, and T, diverge
logarithmically if the Pauli cut-off approaches infinity,
and the divergences in the two terms do not cancel
each other. If we let k,° equal ko, and take the limit as
(ko/ M) tends to infinity, we get

To=—2(up+1) log(M/m)—2(up—1)* log (2ko/ M) (94)

(93)

=—57.0—(6.4) log(2ky/M), (95)
Ta= % (up+1) Bup—1) log (M /m)+5 (u,—1)
— i (up—1)* log (2ko/M)
=52.9—(0.8) log(2ko/ M), (96)
and
Tiov= % (up—3) (up+1) log (M /m)+5 (up—1)*
— (9/4) (up—1)* log (2ko/ M)
=—4.1—(7.2) log(2ke/M), (97)
so that
F=(1.86X10"%)4(3.26X107%) log (2ko/M). (98)

Note that there is an almost complete, but quite for-
tuitous, cancellation between the finite parts of T's and
T4, making the finite part of F much smaller than
(am/M) log (M /m)= (3.0X107%), which is the order of
magnitude one might have expected.

In this paper we have attempted to treat the proton
as a point particle with no internal structure and with
an anomalous magnetic moment exactly of the Pauli
type. In addition to the fractional mass correction (— F)
which we have calculated above, a consistent field-
theoretic treatment taking the meson field into account
would give an additional correction arising from the
internal structure of the proton. Such a consistent
treatment would presumably modify the behavior of
the proton at short distances, or large momenta, and
remove the divergence obtained in Eq. (98) with an
unmodified Pauli moment.

The divergence makes an unambiguous separation of
the correction terms into mass corrections and structure
corrections impossible. But, when a consistent theory is
available, one might be able to calculate the fractional
difference 6 between the values obtained for the hifs
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splitting with a point proton and with the correct
proton structure, using a cut-off k>>M in the same
manner as in this paper.® If we call §’ the sum of §
and the term in Eq. (98) involving ko, one would hope
that 6’ would approach a finite limit as ko approaches
infinity, and we would have

F+6=(1.86X10-%)+5". (99)

The structure corrections will presumably be neg-
ligible for photon momenta less than some value A4,
where m<KA<KM. For this reason, we give our results
integrated up to such a cut-off 4

- To(k<A)=—2(uy+1) log(24/m)~+8p,, (100)
Ta(k<A)=1%Bup—1) (up+1) log(24/m)
+3,—1)% (101)

If the structure corrections are really negligible for
k<A, the consistent theory may be able to use Egs.
(100) and (101) for this range, while making an ex-
pansion in powers of (m/k) for k> A.

At least a rough experimental determination of the
combined correction factors (F-68) is now available.
Fine-structure measurements,® whose interpretation is
virtually independent of nucleon structure effects, give
a value for the fine-structure constant of

1= (137.0365-£0.0012). (102)

Measurements of the hfs splitting in the hydrogen
ground state,? after applying the known radiative cor-
rections®? of orders @ and o? and the simple reduced-
mass correction to the Fermi formula, yield the rela-
tion ;2428

a~'=(137.03654-0.0006)[ 143 (F+8)].  (103)

A comparison of Egs. (99), (102), and (103) therefore
yields

= (F48)— (1.86X10-8) = (—0.24-2.0) X 105,  (104)

where the estimated error is the rms of the errors in
Egs. (102) and (103). »
The mean of this experimental value for &’ is muc
smaller than one might have expected. Taking a finite
cut-off ky=~%¢" in the calculations of this paper is
equivalent to including in a naive way some non-
relativistic structure effects, i.e., a crude smearing of
the total moment of the proton over distances of the
order of k¢l In fact, for kg <M, most of the cut-off
dependence of T, and hence of F, comes from terms

18 Of course, this might not be an unambiguous procedure, since
the cut-off was not introduced in a covariant way in this paper.

19 Equations (100) and (101) cannot be derived by setting %,
and ko? both equal to 4 in Egs. (92) and (93), since the latter
were derived by neglecting 4 in comparison with ko and %oP.

20 Dayhoff, Triebwasser, and Lamb, Phys. Rev. 89, 106 (1953).

2L A. G. Prodell and P. Kusch, Phys. Rev. 79, 1009 (1950).

2 N. M. Kroll and F. Pollock, Phys. Rev. 84, 594 (1951).

2 Karplus, Klein, and Schwinger, Phys. Rev. 84, 597 (1951).

2 N. M. Kroll and F. Pollock, Phys. Rev. 86, 876 (1952).

25 The stated error includes an estimate of the unknown radiative
corrections of order o,
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which represent the omission of momenta greater than
ko from the Fermi splitting itself. For ko= ko equal to
the w-meson mass, Egs. (92) and (93) yield a value of
(5.8%1073) for F (F=0.9X1075 for ky=M), which is
larger than the value of ¢’ given in Eq. (104). This
result merely emphasizes the prevalent feeling that a
crude nonrelativistic “spreading” of the nucleon bears
little relation to reality.
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A Hamilton-Jacobi formalism of classical relativistic field theory is developed. Both “time-independent”
and “time-dependent” formulations are given, and the relation between them is discussed. In the former,
the constants of the motion are identified with the “new” field variables, whereas in the latter they are the
values of the fields on a suitable spacelike surface. The explicit introduction of a Hamiltonian density is
avoided. As an illustration of the respective procedures, the classical Dirac and Klein-Gordon free fields are
solved explicitly. A perturbation method is formulated for the case of fields in interaction. The metric

tensor is not treated as a field quantity.

INTRODUCTION

HE purpose of the present paper is to serve as a
starting point for the extension of Bohm’s rein-
terpretation of particle quantum mechanics! to the
theory of quantized fields. It will be shown in a sub-
sequent paper that such an extension is indeed possible,
and can be based on a Hamilton-Jacobi formulation of
classical field theory. It was thought preferable to
develop the necessary Hamilton-Jacobi formalism in a
preliminary paper, so as not to break the continuity in
the argument of the subsequent paper, and also because
a Hamilton-Jacobi formalism for field theory may be of
some interest in its own right. The formulation in the
present paper actually goes beyond what is needed for
a causal presentation of the theory of quantized fields.
The usual particle Hamilton-Jacobi formalism? is
based on Hamiltonian mechanics. However, the essen-
tial features of Hamilton-Jacobi theory (i.e., the trans-
formation to “appropriate’” variables, which are essen-
tially the constants of the motion? transformation
theory, and the reduction of the entire problem under
consideration to the solution of a nonlinear first order
partial differential equation) can be based as well on a
Lagrangian formulation. In view of the greater adap-

* Originally reported at the 1954 Minneapolis meeting of the
American Physical Society.

1 D. Bohm, Phys. Rev. 85, 166 (1952).

2 See, e.g., C. Lanczos, The Variational Principles of Mechanics
(University of Toronto Press, Toronto, 1949).

3In some formulations of the theory, the momenta conjugate
to the “appropriate” variables are the constants of the motion.
Such formulations, while perfectly acceptable for particle dy-
namics, lead to difficulties in field theory.

tability of the purely Lagrangian approach to the
requirements of covariance,* it is used throughout. A
Hamiltonian density could be introduced explicitly, for
instance by carrying out the differentiation in the right-
hand side of (10). However, no useful purpose would
be served, as it is not desired to develop a Hamiltonian
formalism.®

In particle mechanics, the case of conservative
systems can be treated by ‘“‘time-independent” Hamil-
ton-Jacobi theory [H(q,08/dq)=E], whereas for
non-conservative systems, ‘‘time-dependent” theory
[H+0S/9t=0, which will be written L=d4S5/dt] is
required. The functions S and .S are not identical, but
for a conservative system, which can be treated by
either method, S can be obtained from S. From the
point of view of generality, one might think that the
time-dependent formalism should suffice. This is so
for particle mechanics, but not for field theory. It
might be impossible to express the Lagrangian L as a
function of the field variables and conjugate momenta
alone, but still possible to express suitable constants of
the motion in terms of these variables (these constants
of the motion playing a role analogous to that of H for
particle mechanics), in which case time-independent
theory is an indispensible tool. That is, in fact, what
happens in the case of the Dirac field. Aside from this
contingency, solutions of field Hamilton-Jacobi equa-
tions are usually quite difficult to obtain, and one or
the other method might prove more convenient.

4J. Schwinger, Phys. Rev. 82, 914 (1951); P. G. Bergmann,

Phys. Rev. 89, 4 (1953).
8 Such as that of R. H. Good, Jr., Phys. Rev. 93, 239 (1954).



