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the same as though there were only p term effects
present. The effect of the diagonal terms in case 'S~, 'Dl
are the only phase shifts has the same angular depend-
ence. Combining its effect with that of Eq. (21.1) one
has

L&'P' ) -7('S, 'D )
= (9/4) sin0 cos0 cosy Im(Q, , iQo,*+28,*Q,, ,}. (21.2)

The presence of coupling between 'S~ and 'Di does not
affect the type of angular distribution which exists in
the presence of sSi, 'Di phase shifts. In Eq. (21.2), it is
understood that the terms Qs, i, Qs i may be modified by
coupling in the sense of Eqs. (1.5), (1.7), and (2). It may
be noted that the first form of Eq. (20.2) contains terms
in sin0Es(cos0)Pr, '(cos0) which all cancel, so that only
terms in sin0Pr, '(cos0) survive in Eq. (21), or the
equivalent second form.

Taking 'P2, 'F2 as the only states with coupling and
again starting with Eq. (20.2), one obtains

l) aL&'(~~) ~-7
=3 sin0 cos0 cosy Im(Bs* l, ('Ps, Fs). (22)

Here the cos0 in front of the Im sign arose as Pi(cos0)
which occurred alongside with terms in Ps(cos0). The
latter canceled out similarly to the disappearance of
terms in I's in Eq. (21). In both cases the coupling to
terms of a higher L, /+2, does not introduce in the cross
terms with the Qt t an angular dependence not contained
in the terms involving the Qt, ; alone. The first-order
effects of the nondiagonal elements of the coupling
matrix are thus not introducing higher orders of
Legendre functions, except through combinations with

Q s which arise in addition to the Qt, ;, as is the case for
example for Qt+2 t+1 Qt+2 t+2.
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A study of the nucleon polarization to be expected when nucleons are elastically scattered from nuclei is
presented. The polarization eRect is a consequence of the fact that the nucleon-nucleus interaction may be
represented as a complex spin-dependent potential. The existence of such a potential is suggested by the
nuclear shell model and the spin dependence of the nucleon-nucleon interaction. Qualitative arguments are
advanced to determine this potential in terms of the nucleon-nucleon interaction. Although the polarization
eRect is by no means con6ned to elastic scattering, it is in this case particularly useful, since the large dif-
fraction cross sections observed experimentally insure relatively high yields of polarized particles. A number
of theoretical studies have been carried out, for both neutron and proton scattering, which show that almost
full polarization can occur. The calculations have been carried out by using the W.K.B. approximation as
usually applied to the nuclear optical model. The method has been checked by carrying out an exact phase
shift analysis for a particular case. The results show that studies of nucleon polarization can illuminate
some aspects of nuclear structure, since the polarization depends on the particular nucleus used as a target
as well as upon the form of the interaction.

I. INTRODUCTION

'HE existence of a nucleon-nucleus spin-dependent
interaction is suggested by the fact that the

nucleon-nucleon potential is itself spin-dependent',
moreover, such an interaction is an essential feature of
the nuclear shell model.

Such an interaction should manifest itself in a
polarization of nucleons scattered by nuclei. ' Although
the polarization effect is by no means confined to the
case of elastic scattering, this process is particularly
interesting and useful since the large diffraction cross
sections found experimentally insure a relatively high
yield of polarized particles.

' N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953).
s E. Fermi, Nnovo cimento 11, 407 (1954); W. Heckrotte and

J.V. Lepore, Phys. Rev. 94, 500 (1954);B.J.Malenka, Phys. Rev.
95, 620 (1954); Snow, Sternheimer, and Yang, Phys. Rev. 94,
].073 (1954); R. H. Sternheimer, Phys. Rev. 95, 587 (1954).

The elastic scattering of nucleons by nuclei can be
described by treating the nucleon-nucleus interaction
as a complex potential. ' The imaginary part of the
complex potential represents the effect of all processes
not leading to elastic scattering. If, in addition to a
complex central potential, there exists a spin-dependent
potential, the elastically scattered nucleons will be
polarized.

For low-energy nucleon scattering one may expect
that the polarization will reflect the characteristics of
the spin-orbit potential of the shell model, but at high
energies it is certainly more sensible to expect that the
nucleon-nucleon potential is directly effective4 since the
incident particle can then "see" individual nucleons in

the nucleus.

' Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949).' R. Serber, Phys. Rev. 72, 1114 (1947).
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An estimate of the polarization eQ'ect for a spin-zero
nucleus can be made by assuming a complex spin de-
pendent interaction of the form

V(r) = V, (r)+V, (r)e L.

Here o and L represent the spin and orbital angular
momentum of the nucleon; U. and U, are in general
complex potentials depending on the nucleon coordinate
r. The parameters characterizing them should be chosen
to Gt the observed data on nucleon-nucleus scattering
as well as possible. The scattering cross section and
polarization to be expected from such a potential are
given by'

by the addition of a spin-orbit potential':

1.

V.(r)---V.(r),
r dr

(8)

V= V.+V,u. L.

U„ the central potential, is in general complex, and is
usually taken to be of some simple algebraic form which
is assumed to be proportional to the density of nucleons
in the nucleus. The functional form of U, can be con-
jectureds (by the analogy with spin-orbit potentials in
a number of other instances) to be of the form

and

do/d()= ((g+gg. n(s)= (g ~s+ [ g~ s

p(e) = H.
d~/dQ

(2)

(3)

(although in general V, is a complicated integral
operator). Rather than appeal to these analogous situ-
ations, however, one can show that a similar dependence
is a simple consequence of the nucleon-nucleon inter-
action.

Ke begin with the identity

A and 8 represent the amplitudes for spin independent
and spin dependent scattering respectively. The vector
n is the normal to the plane of scattering and is deter-
mined by

kXk =nk slilg (4)

where k and k' are the initial and final rnomenta,
respectively.

To make a crude estimate of P valid at small angles
for the case of carbon, U, will be assumed to be a real
square well of size 1.4A')&10 " cm and of 2 Mev in
depth. If 8 is estimated by the Born approximation it
is purely imaginary. As a consequence one need only
known the imaginary part of A. For small angles this
is approximately proportional to the total cross section
for nucleon-nucleus scattering:

Im A —ka r/4'. (5)

(P(5')
~

—40 percent, (6)

for 300-Mev neutrons incident on carbon. It is thus
clear that the spin-orbit potential need not be large
compared to the central potential to produce large
polarization at some angle of scattering.

II. NUCLEON-NUCLEUS INTERACTIONS

The nucleon-nucleus interaction for a spin-zero
nucleus must be linear in the spin vector o. Accordingly,
the usual optical model of the nucleus can be generalized

' J. V. Lepore, Phys. Rev. ?9, 137 (1950).
W. F. Ball, University of California Radiation Laboratory

Report —1938 (unpublished),

One may therefore use the known experimental valuese
for or and do/dQ in this formula and in the denominator
of Eq. (3). These values, or=0.288X10 '4 cms, and
(do/dQ) (5') =0.725X10 '4 cm' yield a polarization at
0=5',

1
Vpp ~t ke xdx't e

—rk rVppdr'
(2w)s~

where V is the optical model potential and Pp is the
wave function describing the elastic scattering of the
incident nucleon. U, in general, can be a differential or
integral operator. We assume now that the equivalent
potential of the nucleon-nucleus interaction —which
describes elastic scattering —the optical model potential—can be expressed in terms of the individual nucleon-
nucleon scattering process. That is, we write

f

Vfo(x)= e'"f'de Ie '"&'pC e(1, , )
(2~)s ~

Xg T„C'p(1, ,rig (rp)drpdri ~ dr„. (10)

Cp(1, ,rt) is the ground state nuclear wave function.
T„ is the transition matrix for scattering between the
incident and the I(:th nucleon. In a momentum repre-
sentation, T„has the form'

(k'
~
T„~k) =a(k', k)+ imp(k'Xk) b(k', k)

+ (terms containing e,). (11)

We will limit ourselves to spin-zero nuclei so that
terms of T„containing e„will drop out.

The equivalent potential as defined by Eq. (10) is
subject to two assumptions, the impulse approximation'
and a partial neglect of multiple scattering. " Subse-

7 For nonspin zero nuclei, one would expect terms in the
nucleon-nucleus potential like e I and I,.I where I is the nuclear
spin. These terms would not be expected to be as significant as
the e L term.

s W. Heisenberg, Tkeorse Des Atom7eerrses (Max-Planck-Institut
fiir Physik, Gottingen, 1951), p. 22.

'L. Wolfenstein, and J. Ashkin, Phys. Rev. 85, 947 (1952);
R. H. Dahtz, Proc. Phys. Soc. (London) A65, 175 (1952)."G. F. Chew, Phys. Rev. 80, 196 (1950).

"G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1954);
N. Francis and K. Watson, reference I.
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quent assumptions, which are necessary to reduce this
expression to a more tractable form, amount to a
complete neglect of the role of multiple scattering in
defining the potential.

To evaluate Eq. (10),we will assume that the nuclear
wave function can be represented by the independent-
particle model,

e,(1, ",I)= g(—) 4 i(ri) 4.„(r„). (12)

This specialization is not necessary but it simplifi. es the
formal manipulations. Introducing the I'"ourier trans-
forms @ „(k) and Pp(k) of p „(r) and fp(r) respectively,
Eq. (10) becomes

Vfp=
(zx)'"

e 'kr *dkr P'pa~*(ko+k —kr)4~. (k)

(zkr —kp —k kp k l
1,Xg o(ko) I I TI Idkpdk . (13)

2 2

Assuming that the functions a and b of Eq. (11) depend
only on the momentum transfer for a given incident
wave number, " the T matrix in the above equation will

be independent of k. Or, one might assume, since it is
presumed that ko»k, that it is safe to neglect the de-
pendence of the T matrix on k. In either case the above
integral can be rewritten as

where

e ok/ ~ xdk&e
—i (kf—kp) ~ rp (r)

(Z~s) ~

(2'—kp kp)
I
7'I —IA(kp)akp«(14)

2 2&

P(r) =Z-. I4- (r) I'.

Substituting Eq. (11) for the T matrix and letting
g= (kr —kp), one finds

Vi(x)=, expLsg (x—r) jP(r)~(g)&g«
(zw)-: ~

1
Vs(x) = expI ig (x—r))P(r)b(g)dgdr.

(zor)" ~

(17)

expl:sg (x—r) JP(r) I:~(g,ko)
(Z~)1 ~

+irrp' (gXko)b(g, ko) je'k'*jap(ko)dko (15)

The vectors g and kp can be replaced by gradients
operating on the appropriate exponential function.
Assuming in addition that the functions a(g, ko) and

b(g, kp) are independent of kp over the range of values
allowed by fp(kp), one obtains,

Vgo ——(Vi(x) —ie ~Vs(x) XV)fo(x), (16)

Since V& and V2 are radial functions, we may write

1d eL
V= Vi(x)+——Vs(x)

xdx 5

or
g or/E

8 or/kR, 8. zor/kR.

(2o)

Now, if a and b as functions of angle do not change
appreciably over this angular range, the. expressions
for the potentials may be approximated by

Vl= ~(0)p(r), Vs= f (0)p(r), (21)

where a(0) and b(0) are the values of a and b in the
forward direction. These equations are just the familiar
result expressing the equivalent potentials in terms of
the forward scattering amplitude. "

It follows that the radial dependence of the spin orbit
potential is indeed proportional to (1/r)(d/dr)V, (r).
However, this does not appear to be true in general,
but only to the extent of the validity of the assumptions
made in the derivation. At much lower energies (&100
Mev) where one would expect multiple scattering to
become quite important, this particular form of the
spin orbit potential is questionable. It should be noted
also that the coefficients of e„ in the scattering matrix

I Eq. (11)$ would enter into the definition of the
equivalent potential as a result of multiple scattering.

In most applications of the optical model, the coef-
ficients a(0) and b(0) are fixed phenomenologically for
a given radial dependence P(r), so as to yield the dif-
fraction and inelastic cross sections and the angular
distribution. However, the scattering at large angles
depends on the specific angular behavior of a and b,
and this is ignored in the usual applications of the
optical model.

» R. Jastrow, Phys. Rev. 82, 261 (1951);M. Lax, Revs. Modern
Phys. 23, 287 (1951);N. Francis and K. Watson, reference 1,

Thus, one sees that, within the limits of the assump-
tions made here, a nucleon-nucleus potential of plaus-
ible form can be derived from the nucleon-nucleon
potential.

We note that a(g) and b(g) can be expressed as
functions of angles in the nucleon-nucleon center-of-
mass system by the relation g= 2k, sin(8, /2), where k,
and 0. are the wave number and angle of scattering in
the center of momentum system. In the nucleon-nucleus
system, g=2k sin(8/2), where k and 8 are the wave
number and angle of scattering in this system. The rela-
tion between the two is

k=2k,
and

8 8,/2.

Now if the extent of the density distribution is R'
then the range of values over which a and b contribute
is given, from an examination of Eq. (17), by
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In the remainder of this paper the optical model mation yields a qualitative estimate of the amount and
potential will be written in the following form: character of the polarization phenomena. The fact that

the erst Born approximation yields a polarization is a

( +. ) ( )+ ( ) L (22)
consequence of the use of a complex central potential.yG21 d

r dr The scattered amplitude can be readily evaluated in
the Born approximation and is given by

(2m/k') f(8) =A(8)+~ nB(8),

A(8) = ~j s(gr)(u+iw)p(r)r'dr,

—sk sln8 t' ( pa d
j&(gr) I

—p(r) lr'«
g ~ ( rdrIII. CALCULATIONS

where I, m, and p are constants having the dimensions
of energy and a is a constant length. The radial de-

where
pendence of the central well is given by p(r), which is
normalized to unity for r=0. The sign of the spin orbit
potential is taken to be the same as for the spin orbit
potential of the shell model, assuming that p(r) is a
radially decreasing function. (28)

where k is the incident wave number. The wave function

P has the asymptotic form

0 = "'x +f( ) ""/ (24)

where x, is the spin function of the incident nucleon,
and f(8) is the amplitude of the scattered wave at
infinity. From simple invariance arguments f(8) must
have in general the form

f(8) =I A(8)+- »(8)7~'-, (25)

where n is the unit vector normal to the plane of scat-
tering. For an unpolarized incident nucleon, the dif-
ferential cross section and polarization are given by'

d~/do, =
t A f'+

J
BJ',

r= (Ax*+A*a)/(JA f'+ /a f').
(26)

For the case of polarized incident nucleons, do./dQ
becomes

do/do, = (fA f'+ iB[')Ll+PP. , n7, (27)

where P;, is the polarization of the incident nucleons
and n is dehned as before.

In general one cannot hope to obtain an exact or
explicit solution to this scattering problem. Accordingly,
solutions will be obtained on the basis of two approxi-
mations, the Born approximation and the W.K.B.
approximation applied to the evaluation of the phase
shifts. As will be seen, one must go beyond the first
Born approximation to bring out all of the features of
the polarization phenomena.

A. Born Ayyroximation

For high energies (~300 Mev) and for the lighter
nuclei it has been pointed out" that the Born approxi-

"E.Fermi, reference 2.

The one particle Schroedinger equation for the scat-
tering problem is

k' pa' d 4r L k'k'
~,'—(u+iw) (r)+ —(r) 4 = 4, (23)

2m r dr A . 2m

Here g is the momentum transfer and jo and j& are
spherical Bessel functions. Using the fact that

*'jo(*)=—E*'jt(~)7,
8$

and performing a partial integration on A(8), one can
show that

24rs ( k2pc2 p
f(8)=~ 1—4r nsin8 ~A(8).

O' E. u+iwi
(30)

The polarization is given then by

—2k'a'pw/(u'+ w')
I'= sin8.

1+k4a4p, ' sin'8/(u'+ w')
(31)

The polarization is thus independent of the shape of the
nuclear potential except that I, m, and p,u' must be
adjusted to yield the experimental total and absorption
cross section for a particular choice of the radial de-
pendence. This also predicts that the observed polari-
zation will be the same for all nuclei. '4 Since the result
depends on the Born approximation, this can only be
expected to hold for the lightest nuclei.

A similar calculation can be done in the Born ap-
proximation using the potentials as de6ned by Eq. (17).
We let

a(g) = a„(g)-iar—(g), (32)

where a„and al are positive numbers for small values
of g (or 8). The differential angular distribution and the

"S.Tamor, Phys. Rev. 94, 1087 (1954); W. Heckrotte, Phys.
Rev. 94, 1797 (1954).

1 f

A (8) = —— j&(gr) (u+iw) ——p(r) r'dr. (29)
g~ .dr

Except for the factor sin8, A(8) and B(8) have the
same angular dependence and the scattered amplitude
can be written as
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polarization are given then by

(k'/2m) f(8) = k~ (g)+iar(g) t'r—r n sin8k'b(g) j
where the lower limits are to be taken at the zeros of the
integrands. Assuming that V~+(&E and expanding the
radical, one obtains

r (1d
X (—1/g)~ j&(gr)

~

— p(r) —~r'dr, (33)
trdr

1 t
" (2m/fz') Vt+(r)rdr

2k "„[r'—y']l
(36)

—2k'ar(g)b(g)/Ia(g) I' .p= — sin0.
1+k4b'(g) sin'8/~ a(g) )'

This result is identical with Eq. (31) except that the
constants I, m, and pu' have been replaced by angular
dependent functions which will have the effect of
modifying Eq. (31) at large angles.

The polarization obtained with the Born approxi-
mation can be expected to hold only for forward scat-
tering angles. For larger angles, the angular dependence
of B(8) relative to A (0) changes sufficiently to introduce
large corrections to the Born approximation result for
the polarization, particularly in the region of the dif-
fraction minima. Thus, it is principally in these latter
regions that model-dependent features of the polariza-
tion can be expected to appear as will be shown by the
more accurate calculations of the next section.

B. W.K.B.Approximation

In this section, the scattering problem will be solved
in terms of the conventional phase shift expansion.
Since it is not possible in general to obtain closed ex-
pressions for the phase shifts, it is necessary to appeal
to approximate methods. The simplest and most ap-
propiate for, this case is the W.K.B. method.

The spin-dependent potential of Eq. (23) becomes,
when reduced to radial form referring to the /th partial
wave,

ky= (l+-',).

It has been pointed out by Fernbach, Serber, and
Taylor" that this expression is equivalent to their more
physical approach to the problem of high-energy scat-
tering from a complex potential well.

The expressions A (0) and B(8) from which the scat-
tering cross section and polarization are to be calculated
are given in terms of a phase shift expansion by'

Z

B(0)= ——PLexp(ibt+) sinbt —exp(i0t ) sinbt )Ptt.
k &=&

The various potential models which will be considered
and the expressions for the phase shifts obtained from
Eq. (36) are as follows:

1. Sqlare 5'eQ

p,C
V,+= —(u+tw) — 8(r—R)

R —(l+1)

1 u+iw tc (ka)'
(kR)St+ St '

2 E 2E kR

l

—(l+1) I

00

A (8) =—PL(l+1) exp(i5t+) sinbt+
k 1=0

+l exp(ibt ) sinbt $Pts,

p$2 d
Vt+= —(u+ iw) p (r)+ p(r) l, —

r dr

pQ2 d
Vt = —(u+iw) p(r) p(r) (l+—1).—

r dr

(34)

8)+=0, l& kR —~~,

l &kR——,
'

The superscripts (+) and (—) refer to the spin-up

(j=l+-', ) scattered nucleons and spin-down (j= l—rs)

scattered nucleons, respectively.
The /th phase shifts in terms of the potentials are

given in the W.K.B. approximation by the following
equation":

2m (l+-')' &

k' — ~)+— dr
J ks rs

2. Pgrgbolic 8'eLl

1u+iw 2 tt (ka)'
5t+= — (kR)Stsj S—t—

2 E 3 E kR —(l+1)
1 &kR—-,'

8)+=0, l &kR ——,
'

pl+
E=Pk'/2m, St= 1—

i

E kR)

2pa'
Vt+ ———(u+iw) (1—r'/R') — r (R

R' —(l+1)

"R.Langer, Phys. Rev. 51, 669 (1937);N. F. Mott and H. S. "Fernbach, Serber, and Taylor, reference 3; S. Fernbach,
W. Massey, Theory of Atomic Collisions (Clarendon Press, Oxford, University of California Radiation Laboratory Report-1382 (un-
1949), second edition, p. 127. published).
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TABLE I. Numerical values of the nuclear well parameters used in the calculations.

Square
well

Parabolic
well

Gaussian well
A 8

Coulomb
potential

N(Mev)
rs(Mev)
pa'(Mev-cm')
E(cm)
(1/o') (cm)

0
18

5X10~'
14A~X10 "

18
30

4.77X 10~6
1.6A~X10 "

0
89

9.85X10~'

(-,')IA&X10 "

53
76

17.6X102'

(-,')IA&X10 " 1.25A&X10 "

3. G+NssM, & We@

V)+= —(ss+iw) exp( —y'r') —2pasq'

Xexp ( y'r—')
l

—(l+1) I

1 sI+im f4/w) p (kgb )
I exp( —S~')+—~'q'I

2 E (2y) E (2q)

Xexp( —SP) —(l+1)

E= lssk'/2m) S(——(q/k) (l+-', ), l &2/q.

4. Coglomb Potential

V=Zes/r) r)R; V=Ze'/R, r(R.
&t'= ~i+rli,

(sZe'M ) kR (1+ST)"—S, ,
& as)

the shell model. " Unless the actual value departs
greatly from this, it should serve as a representative
value.

In calculating the Coulomb phase shifts it was
assumed that the Coulomb potential was constant for
distances less than the indicated radius, regardless of
the assumed nuclear well shape. This was done for
numerical simplicity and should yield representative
results.

The scattering cross section and polarization have
been evaluated by the above method and for the above
potentials for 290-Mev neutrons incident on carbon.
These results are given in Figs. 1 to 4. The scattering
cross section and polarization have also been evaluated
for 290-Mev neutrons and protons incident on alu-
minum" for a parabolic well shape. These results are
given in Figs. 5 and 6.

In addition to the above calculations, the scattering

I,O

rl~= (sZe'M/Ask) 1n(l+-,') Lcoulomb phase shift),

s- x

'& kR)

The values of n, ~, pu', and the radius or shape
parameter must now be picked for each we11 shape, so
that the calculated total and differential scattering
cross sections for a given well shape agree with the
experimental cross sections. Unfortunately, the meas-
ured neutron-nucleus cross sections at 300 Mev are not
suKciently extensive or precise to fix the potentials
unequivocally. The values of I, m, pu', and E. which are
used are consistent with the available data" and serve
as representative values. These are given in Table I.
The central potential for the square well is given by
Fernbach. " The central potentials and radii for the
parabolic and Gaussian wells have been determined by
a similar analysis for these well shapes. ' The values
of the spin-orbit potentials which are given correspond
roughly to the same volume as a square well of radius
3&(10 " cm and a depth of about 1 Mev. This is also
about the same strength as the spin-orbit potential of

"W. I'. Ball, reference 6; J. DeJuren and B.J. Moyer, Phys.
Rev. 81, 919 (1951).

"W. Hecltrotte, Phys. Rev. 95, 1279 (1954).
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FIG. 1.Differential angular cross section for unpolarized incident
neutrons elastically scattered from carbon if one assumes (A) a
square-well central potential and (8) a parabolic-well central
potential. The dashed line shows the experimental results for
290-Mev protons incident on carbon.

's J.H. D. Jensen and M. G. Mayer, Phys. Rev. 85, 1040 (1952).
~ We ignore the fact that aluminum has a spin.
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FIG. 2. Differential angular cross sections for unpolarized
incident neutrons scattered from carbon if one assumes a Gaussian-
well central potential for two different well depths (see Table I).
The dashed line shows the experimental results for 290-Mev
protons incident on carbon.

cross section and polarization were also evaluated for
290-Mev neutrons on carbon taking both central and
spin-orbit potentials as square wells. The potential
taken was

V (+—— —(0+i18)—2 Mev, r &R.—(3+1)

2' This choice of spin-orbit potential was dictated by the circum-
stances that the machine had only been coded for square-well
potentials.

This calculation, besides being done by the W.K.B.
method, was also carried out by an exact phase-shift
analysis" on the UNIVAC at the University of Cali-
fornia Radiation Laboratory at Livermore. The results
for the polarization are given in Fig. 7. The angle at
which the peak value of the polarization occurs is shifted
to the left by a few degrees by the approximate method.
Otherwise the two results are in essential agreement,
thus giving some idea of the validity of the %.K.B.
approximation in these calculations.

On the basis of these numerical results, a number of
qualitative features of the scattering process, which
reflect a dependence on the nuclear well shape and
associated parameters, become immediately apparent.
Aside from their bearing on the interpretation of the
experimental results, they are of some interest of them-
selves.

(a) Digerentiat angular cross section. Acomparis—on
of the calculated differential cross sections for the
square well, parabolic well, and Gaussian well shapes
shows the eGect on the angular distribution of rounding
oG the potential distribution. The rounding of the well
shape decreases the magnitude of the second maximum
relative to the first and moves it to larger angles. The
effect is most pronounced for the Gaussian potential.
It is of interest to note that the minima and secondary
maxima still persist with the Gaussian shape, since these
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FIG. 4. Polarization of neutrons scattered from carbon if one
assumes a Gaussian-well central potential for two diferent well
depths (see Table I). The crosses show the experimental results
for 290-Mev protons incident on carbon.

FiG. 3. Polarization of neutrons scattered from carbon if one
assumes (A) a square-well central potential and (8) a parabolic-
well central potential. The crosses show the experimental results
for 290-Mev protons incident on carbon.
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Fro. 5. Di6'erential angular distribution for unpolarized incident
neutrons (X) and protons (P) scattered from aluminum if one
assumes a parabolic-well central potential. The dashed line shows
the experimental results for 290-Mev protons incident on alumi-
num.

the polarization will be small only if the real central
potential is large compared to the imaginary central
potential. This situation does exist for nucleon energies
below 100 Mev and one would therefore expect the
measured polarization to be considerably smaller at
lower energies. "

The sign of the polarization is negative (excluding
the small region of the dip). This means physically that
an incident beam which is polarized perpendicular and
"upward" to the incident direction and plane of scat-
tering will be preferentially scattered to the left [Eq.
(27)j. If the sign of the spin-orbit potential is reversed,
the sign of the polarization will be reversed. The change
in magnitude and shape of the polarization curve will
be negligible.

The most striking feature of the results is the double
reversal in the sign of the polarization in the neighbor-
hood of the first diGraction minimum. This double
reversal of sign or dip is a consequence of the fact that
the functions A (8) and 8(8) in the scattered amplitude
have slightly different periods of oscillation. The dip
may be regarded as a diGraction phenomenon. A com-
parison of the results for the various potential shapes
show that if the real potential is zero (or sufficiently
small compared to the imaginary potential), the dip is
not eliminated by rounding oG the square well. If,

-IOO

A (0)&*(0)+A*(e)&(8)p~
A'(()) +Bs (0)

(37)

and the fact that the imaginary parts of A and 8 are
then the most important. Therefore, if these parts are
plotted as functions of the scattering angle, 0, the points
of intersection of the two curves correspond to angles
at which P is almost one (unless 8 =—0). One notes from
an examination of the Born approximation result that

eGects are absent in the Born approximation treatment
of this shape.

In addition, one notes that the troughs of the first
diGraction minima are relatively shallow as compared
with the usual calculations. This reflects the presence
of the scattering caused by the spin orbit potential,
which tends to fill up the trough of the minima. This is
of interest since these deep minima have never been
observed experimentally in the scattering of nucleons
from nuclei.

(b) Polarisatiots. The calcula—ted results show that
in all the cases considered large polarizations are ob-
tained. The magnitude of the polarization does not
reflect to any extent model-dependent features for
parameters in the general range of values chosen. Gener-
ally speaking, if the real part of the central potential is
smaller or equal to its imaginary part, large polarizations
always result even if the magnitude of the spin-orbit
potential is quite small. This follows from
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Fro. 6. Polarization of neutrons (1V) and protons (P) scattered
from aluminum if one assumes a parabolic-well central potential.
The crosses show the experimental results for 290-Mev protons
incident on aluminum.

~ H. Bradner and R. Donaldson (private communication) have
found that the polarization drops in magnitude sharply below
incident energies of 13S Mev. This corresponds to the energy
region in which the real potential is increasing with decreasing
incident energy (see R. Jastrow, reference 11).
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however, the real potential is increased sufficiently
relative to the imaginary central potential, the dip is
almost eliminated. Furthermore, for a given central
potential, the dip is made more prominent as the radius
is increased, as illustrated by the calculations for carbon
and aluminum using the parabolic well. It should be
noted that the inclusion of the Coulomb potential, so
as to describe the scattering of protons, decreases the
magnitude of the first maximum of the polarization and
widens the angular width of the dip. Thus, the dip is
more easily resolved with protons than with neutrons,
aside from experimental considerations.

IV. COMPARISON WITH EXPERIMENT
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The measured diGerential cross sections and polariza-
tions obtained by Chamberlain, Segre, Tripp, %iegand,
and Ypsilantis" for the scattering of 290-Mev protons
from helium, carbon, and aluminum are shown in Figs.
8, 9, and 10. These results are also included (without
noting the experimental errors) in the previous Figs. 1

through 6. The experimental angular cross sections
which are drawn as dashed lines in Figs. 1, 2, and 5
are the arithmetic average of the left and right scat-
tering; that is, the differential angular cross section for
an unpolarized incident beam.
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Fro. 8. (a) Differential scattering cross section verses left and
right scattering angles for 74 percent polarized 315-Mev protons
scattered elastically by helium. (b) Polarization of protons scat-
tered by helium versus scattering angle.
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23 Chamberlain, Segrh, Wiegand, Tripp, and Ypsilantis, Phys.
Rev. 93, 1430 (1954); 95, 1105 (1954); and University of Cali-
fornia Radiation Laboratory Report UCRL-2684 (to be pub-
lished).

Fxo. 7. Polarization of neutrons scattered from carbon if one
assumes a square-well central and spin-orbit potential. Curve A
shows the result of a machine calculation, and Curve 8 shows the
result of the approximate method used in the rest of the calcula-
tions.

One notes first the similarity between the polarization
for helium and carbon targets that exist out to an angle
of about 30'. This experimental result is in qualitative
agreement with the Born approximation result that
the polarization is independent of the target nucleus.

Aside from this qualitative agreement with the theory,
a detailed comparison of the experimental results with
the calculated results show rather signiicant dis-
crepancies, particularly for carbon. One notes, for
carbon, that there is neither a first diGraction minimum
nor a dip in the polarization. The second maximum for
the square and parabolic wells is larger than the experi-
mental cross section at the same angle, while for the
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FIG. 9. (a) Differential scattering cross section nersNs left and
right scattering for 64 percent polarized 290-Mev protons scat-
tered elastically by carbon. (b) Polarization of protons elastically
scattered by carbon versus scattering angle.

Gaussian well the calculated cross section falls below
the experimental cross section at the larger angles. The
question of the presence or absence of a dip in the
measured polarization for carbon can be put aside
because of uncertainties in the nuclear well shape and
associated parameters. The principal discrepancy with
respect to the polarization is at large angles where one
finds that the experimental polarization drops oG to
very small values, while the calculated polarizations
remain large except in the immediate neighborhood of
the dip. The latter situation also exists for aluminum,

where, although the dip in the polarization exists in
qualitative agreement with the calculated results, there

is a discrepancy at the larger angles similar to that for
carbon.

One can look for the origin of these discrepancies in
two possible directions. First, there are the experimental
difficulties associated with the large angle scattering.
Second, there is the question of the validity of the
assumed potentials for describing the scattering at the
large angles. These two points will be considered in
order.

Aside from the experimental difficulties imposed by
the low intensities and the requirements of angular
definition, that have been met in the data presented,
the principal difficulty exists in the separation of the
purely elastic scattering from the inelastic scattering
corresponding to the excitation of the low-lying nuclear
levels. The data as presented certainly includes some
amount of this inelastic scattering. In the forward
directions where the elastic scattering cross section is
large the inelastic scattering undoubtedly overs no
problem. At large angles (say &20') the two could
easily be comparable. " It is known that for the scat-
tering of 100-Mev nucleons from carbon'4 the differ-
ential cross section for exciting the low-lying nuclear
levels is comparable to the elastic scattering cross
section at large angles. If this is the case at 300 Mev,
the inclusion of this inelastic scattering with the elastic
might result in filling up the diBraction minima. "The
presence of the inelastic scattering would tend to
resolve the difference between the calculated and experi-
mental cross sections for the larger angles if one assumes
a Gaussian well shape. It is not apparent that this would
be so for the assumption of square or parabolic wells.
In addition, since the inelastically scattered particles
would not be expected to be polarized as much as the
elastically scattered particles, the inclusion of some
inelastic scattering would "dilute" the polarization of
the elastic scattering and possibly account for the
smallness of the measured polarization.

An observation which seems to contradict at least the
latter statement is the striking similarity between the
polarization obtained for helium and carbon targets.
The inelastic scattering from helium is negligible, which
(assuming the Born approximation result) leads one to
believe that the inelastic scattering present in the
carbon data does not change the polarization appre-
ciably.

The preceding discussion suggests that some of the
discrepancy between the experimental and calculated
results can be attributed to an inadequate representa-
tion of the nucleon-nucleus interaction. The discussion
in Sec. II pointed out that an arbitrary potential well

model will not be likely to describe the large angle scat-
tering accurately, since it must contain implicitly a
description of the nucleon-nucleon scattering. To the
extent that the Born approximation is valid, this is seen

s& K. Strauch and W. F. Titus, Phys. Rev. 95, 854 (1954).
"We wish to thank Dr. M. Ruderman for conversations re-

lating to this point.
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directly in Eq. (33). It is apparent that the angular
behavior of the functions a(g) and b(g) will modify
both the angular distribution and the polarization ob-
tained from a simple well model. The polarization, in
particular, will show this modification, since for the
lightest nuclei the angular dependence of the polariza-
tion is characterized entirely (except for the factor sino)

by the functions a(g) and b(g). These functions are
probably decreasing functions of the angle in the angular
range of interest here. The discrepancy between the
calculated and measured polarizations can probably be
ascribed to this circumstance. "Conversely, for a light
target such as helium, the measured polarization offers
a further condition on the nucleon-nucleon interaction
beyond that which can be obtained from nucleon-
nucleon scattering experiments.

The lack of a diffraction minimum and secondary
maximum for carbon and their rather minor character
for aluminum is probably more a reflection of the well

shape than the angular behavior of the functions a(g)
and b(g) From. these calculations no definite conclu-
sions as to well shape can be drawn, though they
certainly suggest the necessity of a long-tailed potential
well. The uncertainty introduced by inelastic scattering
is, of course, not to be ignored

The calculated polarization for aluminum is in quali-
tative agreement with the experimental result. The dis-
crepancy at the larger angles can be ascribed to the
same basic reason as before. Since, however, the Born
approximation has ceased to be valid for this case, the
angular dependence of the polarization is no longer
characterized by a(g) and b(g) alone. It should be noted
that for the particular parameter associated with the
parabolic well, the dip in the polarization is effectively
suppressed for carbon, but does occur for aluminum.
The fact that the dip in the calculated polarization
occurs at a somewhat smaller angle than is experi-
mentally observed may be a result of the approximate
nature of the calculation (see Fig. 7).

The calculated differentiaL angular cross section of
protons scattered from aluminum is larger than the
experimental cross section in the angular region 8' to
15, thus indicating that the real central potential used
is to large and should be reduced. (Changes in the real
potential have a small effect on the total cross section
at these energies. ) This would also increase the polari-
zation in the same angular range as above and increase
the width of the dip, thereby improving the agreement
between the calculated and measured polarization.

It should be noted that the Coulomb potential has a
substantial eftect on the polarization of protons scat-
tered from aluminum (and naturally for heavier target
nuclei also) for angles less than 15'. The interference
between the nuclear scattering and the Coulomb scat-
tering offers in principle a method of determining the

'6 The zero in the polarization for the helium target which
occurs at ~28' is certainly to be ascribed to a zero of the function
b(g).
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Fro. 10. (a) Differential scattering cross section versus left and
right scattering for 64 percent polarized 290-Mev protons scattered
elastically by aluminum. Typical errors are indicated. (b) Polari-
zation of protons elastically scattered by aluminum eersls scat-
tering angle. Typical errors are indicated.

s' $, Tamor, this issue LPhys. Rev. 97, 1077 (1955)].

sign of the polarization. However, neither the calcu-
lations nor the experimental results are suBliciently
precise as they stand to establish the sign of the
polarization.

In connection with the preceding observations, the
results of the calculations of Tamor" for the polarization
of nucleons scattered from spin-zero nuclei should be
noted. His calculation is done in the impulse approxi-
mation and thus his result is equivalent to that of Eq.
(33).He has in addition, however, expressed the transi-
tion matrix in terms of the nucleon-nucleon phase shifts
and used the numerical values for the phase shifts given
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by Qoldfarb and Feldman, and Swanson. ' The spin
dependence of the nucleon-nucleon potential is given by
a tensor force. Tamor's results are in qualitative agree-
ment with the experimental results and with our cal-
culations. One point of particular interest is the sign of
the polarization which he obtains, which is negative.
This agrees with the sign which we have obtained using
a spin-orbit potential of the same sign as the shell-
model spin-orbit potential. Accordingly, the tensor
force leads to the same sign of the spin-orbit potential
at these energies as that of the shell model. "A com-
parison of his numerical results with Eq. (31) also leads
to an estimate of the magnitude of the spin-orbit
potential. This can be simply done and yields a value
of the order of one Mev Lp 1 for a=3.10 " cm; Eq.
(22)7.

SUMMARY

The spin dependence of the nucleon-nuclear inter-
action must be of a spin-orbit form and it was shown
that the radial form of the spin-orbit potential is to a
first approximation proportional to (1/r) (d/dr) of the
central potential. This result was obtained assuming the
impulse approximation and neglecting the role of mul-
tiple scattering. In addition, it was pointed out that the
optical model potential must implicitly contain the
characteristics of the nucleon-nucleon scattering in
order to describe large angle nucleon-nucleus scattering.

The diGerential angular cross section and the polari-
zation of nucleons was calculated in the Born approxi-
mation and in the W.K.B approximation. To the
extent of the validity of the Born approximation, the
polarization is independent of the size and shape of the
nucleus. This result can only be expected to hold for
the lightest nuclei and for forward scattering angles.
The experimental results for the polarization of protons
scattered from helium and carbon are very similar out
to an angle of 30' and con6rm this result. The W.K.B.
calculations were made for square, parabolic, and
Gaussian well shapes. The parameters associated with
these well shapes were chosen to fit the measured total
and elastic scattering cross sections for 300-Mev neu-

' G. J. 3. Goldfarb and D. Feldman, Phys. Rev. 88, 1099
(1952); and D. R. Swanson, Phys. Rev. 89, 749 (1953).

ss It has been demonstrated by A. M. Feingold LPrinceton
University thesis, 1950 (unpublished)g, using a variational cal-
culation, that the tensor force leads to the correct splitting (i.e.,
sign and magnitude) of the J=-,', —,

' levels of Li'. This circum-
stance together with the above leads one to believe that the sign
of the polarization is indeed as predicted by Tamor.

trons. The strength of the spin-orbit potential was
chosen in every case to correspond roughly to a square
well of one-Mev depth and radius equal to that of
carbon. A large degree of polarization was obtained in
every case, so that the magnitude of the polarization
does not reflect model dependent features. The most
striking characteristic of the polarization is the double
reversal of the sign of the polarization in the immediate
region of the diffraction minima, and may itself be
regarded as a diffraction phenomenon. It was found
that the presence of the dip in the polarization depends
on the relative magnitude of the real and imaginary
central potentials and on the size of the nucleus. A
comparison of these calculated cross sections and
polarizations with the experimental results for carbon
showed in general a rather poor agreement. The cal-
culated polarization remains large at large angles except
in the neighborhood of the dips while the measured
polarization becomes quite small at an angle of 30'.
Although experimental uncertainties introduce some
ambiguity in the interpretation, the discrepancy at
large angles can undoubtedly be attributed to the
inadequacy of the optical-model potentials used. For,
as pointed out, the large angle scattering depends to
some extent on the details of nucleon-nucleon scattering,
which must therefore be incorporated into the optical
model potential. The experimental and calculated
results for aluminum show a somewhat better agreement
since a larger part of the elastic scattering is con6ned to
smaller scattering angles.

A comparison of these calculations with those of
Tamor's in which he utilized the calculated nucleon-
nucleon scattering amplitudes show that the tensor
force in the nucleon-nucleon interaction leads to a spin-
orbit potential at these energies of the same sign as the
spin-orbit potential of the shell model. A further com-
parison shows also that the magnitude of the spin-orbit
potential used in these calculations is consistent with
the nucleon-nucleon tensor interaction.
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