
E I SO YA M A KA

can be easily raised to the empty localized levels with
the absorption of light. Whether or not, in a case of
MgO, hole or electron conduction occurs cannot be
deduced since, at the moment, the experiments do not
clearly indicate the signs of the charge carriers. Al-
though it was found that the various peaks in the after-
glow are accompanied by the disappearance of the
absorption bands which appear in magnesium-colored

crystals, the determination of the electronic model of
the luminescent processes requires more experiments.
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Elastic Moduli of Tin at the Superconducting Transition
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A composite oscillator technique was used to measure the elastic moduli of tin in the normal and super-
conducting states. The experiments were performed on single crystals at about 50 kc/sec. A ditference in
moduli was observed, indicating that the velocity of sound is less in the superconducting than in the normal
state. At 3.7'K the relative change at the superconducting transition is about 4 parts in 10 for the longi-
tudinal modulus S11 and about 6 parts in 10' for the torsional modulus, 2(S44+S66). These relative changes
increase with decreasing temperature. At room temperature, the adiabatic modulus S11 was found to be
1.55)&10 "cm'/dyne, and 2(S44+S66) was 9.4X10 "cm /dyne.

I. INTRODUCTION
' ANY experiments have been carried out that indi-

~ ~ cate no change in elastic properties of tin at its
superconducting transition. ' ' Nevertheless, a change of
approximately one part in 10' is predicted by thermo-

dynamics. ' An experimental determination was under-

taken with sufficient accuracy to verify this change.
Tin was used as the superconducting material, and the
elastic moduli were determined by a resonant frequency
method. A precision of about one part in 10 was ob-
tained in measuring the diGerence in resonant frequency
between the superconducting and normal states. The
measurements show that the velocity of both longi-
tudinal and transverse sound is less in the supercon-
ducting than in the normal state. The magnitude of the
relative velocity change is dependent on crystallographic
orientation and on the temperature and amounts to
several parts per million near the transition tempera-
ture.

*Now at Snow, Ice, and Permafrost research Establishment,
AVilmette, Illinois.

t The work described in this paper, which has been presented in
partial fulfillment of the requirements for the degree of Doctor of
Philosophy, was carried out in the Institute for the Study of
Metals of the University of Chicago.

'W. J. de Haas and M. Kinoshita, Leiden Comm. No. 187b
(1927).

2 McLennan, Allen, and Wilhelm, Trans. Roy. Soc. Can. III 25,
13 (1931).' H. Hommel and J. L. Olsen, Phys. Rev. 91, 1017 (1953).

D. Shoenberg, 5ztperconzhzctioity (Cambridge University Press,
Cambridge, 1952), p. 76.

II. EXPERIMENTAL TECHNIQUES

The elastic moduli were determined by a composite
oscillator technique using a single-crystal cylinder of
tin glued coaxially to a piezoelectric quartz crystal. '
The resonant frequency of the composite was com-
pared with the frequency of a second quartz crystal
which served as a standard. By using similar quartz
crystals and by carefully adjusting the length of the tin
crystal, a small difference in frequency was obtained
between the standard and the composite. This difference
in frequency was measured in both the normal and
superconducting states. The change in the difference
frequency was used to calculate the change in the
elastic moduli of the tin. This method eliminated the
need for an accurate determination of the absolute
frequency.

A schematic diagram for the frequency measurement
is shown in Fig. 1. Both the composite and standard
quartz crystals were in a vacuum enclosure in the
helium cryostat. Each was connected to a separate
ampli6er immediately at the top of the cryostat. The
crystals served as 61ter elements' in the positive feed-
back loops of the amplifiers. The oscillators, thus
formed, operated at approximately the resonant fre-
quencies of the crystals. The two oscillator frequencies
were mixed and Altered to give the difference frequency,

s S. Quimby, Phys. Rev. 25, 558 (1925).
'W. G. Cady, Piesoelectricity (McGraw-Hill Hook Company,

Inc. , New York, 1946), p. 491.
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Crystal
Orientation (degrees)

(a axis about 1 degree from casting axis)

TABLE I. Orientation of the tin crystals. The angles are given
between the casting axis and the X, I, and Z directions of the
unit cell.
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which was measured by counting the number of cycles
in a given time with a sealer and clock.

Figure 2 is the circuit diagram for the oscillators. The
amount of positive feedback was controlled by a poten-
tiometer and during operation was adjusted to as low
a value as possible, still allowing oscillation. The mixer
was conventional, using a 617 pentagrid mixer tube.
The output was fed to a scaling circuit. The frequency
was measured by gating the sealer with an integer
minute signal. This signal was obtained by an appro-
priate relay system from an accurate pendulum clock.

Single crystals of tin were used for all experiments.
The tin was degassed in high vacuum and cast in 0.187-
in. i.d. precision bore Pyrex tubing and had a measured
purity of better than 99.99 percent. The crystals were
grown by lowering through a gradient furnace. Orienta-
tion was determined by x-ray analysis, using the back
reflection Laue technique. Data on the crystals used
are compiled in Table I. Crystals G1 and G5a were from
the same batch of tin but were grown individually.
G1u', G1b, and Gic were cut from G1 and therefore have
the same orientation.

Two sets of piezoelectric quartz crystals were used
(see Table II). Each set was made up of two crystals of
approximately equal frequency, one used as frequency
standard and the other as driver of the composite
oscillator. One set consisted of x-cut crystals vibrating
longitudinally at about 58.7 kc/sec, and the other set
consisted of y-cut crystals vibrating torsionally at
about 41.1 kc/sec. (These were relapped later to
42.45 kc/sec. ) The crystals were circular cylinders of
0.472-cm diameter.

The cryostat was of standard design, consisting of
coaxial helium and nitrogen Dewars (see Fig. 3). A

Crystal
set Mode

Longitudinal

Length
CDl

(
4.643
4.699

Approximate Frequency
frequency difference

kc/sec cps

58.7 10

TABLE II. The quartz crystals. The approximate frequency of
the crystal set and the frequency di6'erence between the two crys-
tals in the set are indicated.

FIG. 1. Block diagram for the frequency measurement.
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crystal holder isolated the crystals from the helium
bath. Thermal contact between the crystals and the
bath was obtained by use of about 0.1 mm Hg helium
exchange gas. A pair of Helmholtz coils in the nitrogen
Dewar provided a magnetic 6eld coaxial with the
crystals.

The Q, defined as usual as the ratio of inductive re-
actance to resistance, is a measure of the reciprocal of
the damping of a crystal. The Q's of the composite and
standard quartz crystals were determined by decay
time experiments and measurements of the crystal
currents at series and parallel resonance. T The high Q
necessary for good frequency stability was produced
by careful lapping, plating, cleaning of the crystals,
and operation at low temperatures and pressures. The
Q's obtained were about, 2X105.

The error in measurement of the change in elastic
modulus was composed of errors in the frequency and
temperature measurements and fluctuations in the
operating frequencies of the oscillators due to finite Q.
The error in the frequency measurement was due to
errors in timing and counting and with typical values
amounted to about 4 parts in 10'. The temperature was
determined by the vapor pressure of the helium bath
using the Shoenberg and van Dijk conversion scale. '
The error due to temperature measurement is less than
2 parts in 10'. Thus the total calculable error is less than
5 parts in 10'. The observed errors of about 1 part in 10'
are of the magnitude to be expected for a Q of about
2)&10'. The limiting factor in the accuracy, therefore,

2'

Torsional

Torsional

4.77
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4.595
4.654

41.22
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FIG 2 Oscillator circuit

T A. W. Lawson, Phys. Rev. 60, 330 (1941).
s D. Shoenberg and H. van Dijk, Nature 164, 151 (1949).
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(1) The Change in the Elastic Moduli

The relationship between the resonant frequency of
the composite and that of the tin can be specified and
becomes quite simple under the experimental conditions
used. The resonant frequency of the tin crystal is re-
lated to the resonant frequency of the composite oscil-
lator and the quartz driver frequency by the equation4

M,f, tan(zrf, /fz)+M, f, tan(rrf, /f, ) =0, (1)

92cm

60cm

'-- -—~R
S

Fro. 3. The cryostat. (A) To Kinney pump and helium return
line. (B) Kovar-glass terminals. (C) Helium transfer tube inlet.
(D) High vacuum. (E) 2-in. i.d. Cu —Ni. (F) 2-in. i.d. Cu. (G)
se-in. brass plate. (77) Nitrogen dewar (J) R. ose's Metal joint.
(K) Cu-glass seal. (L) Helium Dewar. (M) zr-in. Cu —Ni pumping
tube. (Ã) Brass can. (0) Radiation trap (P) Ko.var-glass termi-
nals. (Q) Rose's Metal seal. (E) Helmholtz coils. (S) Cu-glass
seal. (T) Crystals. (It) Crystal holder.

is assumed to be due to the finite Q, and the indicated
errors were calculated from the observed deviations.

The error in the absolute elastic moduli was intro-
duced by uncertainty in the orientation of the tin
crystals and amounted to about one percent.

III. THEORETICAL CALCULATIONS

(a) The Elastic Moduli of Tin

Tin has a tetragonal structure, and its elastic proper-
ties can be specified by six elastic moduli Sij.'" If
%ooster's notation" which differs from Voigt's" by a
factor of four for moduli having indices 4, 5, and 6 is
used, S~~ is the appropriate modulus for longitudinal
sound along the tt axis, and 2(S4z+Sss) is appropriate
for transverse sound. For arbitrary directions in the
crystal various other moduli are involved. The effective
longitudinal and transverse moduli for tin crystal G1
and the eRective longitudinal Inodulus for GSa are
shown in Table III. Bridgman's" values for the moduli
can be found in Table IV.

'R. Wycimii, Crystal Strlctlres (Interscience Publishers, Inc. ,¹wYork, 1948), Vol. 1, p. 13.
"W. A. Wooster, A Textbook ozz Crystal Physzcs (Cambridge

University Press, Cambridge, 1938), p. 243.
"See reference 10, Chapter III.
"W. Voigt, Lehrbzzch Der Krzstallphyszk (B. G. Teubner, Leip-

zig, 1928)."P.W. Bridgman, Proc. Nat. Acad. Sci. U. S. 10, 411 (1924).

AS/S = 2(1+M,/M, )Af—,/ f,.

(c) The Thermodynamics of the Transition

An estimate of the change in compressibility at the
superconducting transition can be made using thermo-
dynamics and some previously measured quantities.
Along the transition curve, the Gibbs free energy per
mole G' in the superconducting state is equal to the
free energy G" in the normal state. The diRerence in
free energy for II=0 is"

G"—G'=AG= (1/Szr) V HP,

TABLE III. Effective moduli for the tin crystals.

Crystal Modulus

2 (54z+Szz)

511

EGectlve modulus

0.9915zz+0.001(544+See}
+0.007513+0.013S44

0.996&(2 (544+Szz) —0.014544
+0.007(Szz+Szz —25zz}

0.652511+0.016(544+566)
+0.668566+0.342512+0.00851g

'4 L. Balmuth, Phys. Rev. 45, 715 (1937), p. '716, Eq. (14).
"See reference 4, p. 73.

where M is the mass, f the resonant frequency, and
t, q, and c refer to the tin, quartz, and composite,
respectively.

The resonant frequency of the tin crystal is related
to its length I, its density p, and the appropriate elastic
modulus 5 by

fz= t:2-L(pS)'j '.

A change in the frequency of the tin could be attributed
to a change in either modulus or length. It can be seen
from Eq. (8) (using the values in Table IV) that the
change in volume at the transition is less than one part
in 10r. Since the observed change in resonant frequency
is greater than several parts in 10', the size effect can
be neglected, and the cause of the change can be at-
tributed to a change in the modulus.

Under the conditions of the experiment, the com-
posite, tin, and quartz frequencies are approximately
equal, and all changes are small. Combining Eqs. (1)
and (2) and neglecting small terms, we find the relative
change in modulus to be related to the change in com-
posite frequency by
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where H, is the critical magnetic field and V is the
molar volume. The critical field is related to the tem-
perature, to good approximation, by H, =H s(1—ts),
where Bo is the critical field at absolute zero and
t= T/T, is the reduced temperature. Equation (4) be-
comes

AG= (1/Sw) V H, s(1—ts)'.

Modulus

S11
2 (5'zz+5'ez)

Absolute temperature
3.7 78 194

1.34 1.37 1.45
5.79 6.0

295 Bridg man

1.55 1.73
9.4 9.6

TABLE V. The adiabatic eIastic moduli. The units are 10
cm'/dyne. The Bridgman values are for room temperature.

where some very small terms have been neglected.
It can be shown from the electron theory of metals

that the specific heat in the normal state contains a
term linear with the temperature. ' Its coefficient y
is proportional to V *." Identification between y and
the linear term in Eq. (6) is made. In what follows this
assumption amounts to neglect to the pressure de-
pendence of the effective mass of the electrons. Equa-
tion (5) can be rewritten

AG= (1/4)7T '(1—t')' (7)

The diGerence in volume, expansion coefficient o., and
the isothermal compressibility xz, can be calculated
from Eq. (7). Near t=1, the following hold approxi-
mately:

6V = (1/2)yT.P (1—t');

The dift'erence in the specific heats per mo~e, calculated
from Eq. (5), is equal to

AC„= (1/2 srT, ') V Hes(T 3T'/T.—s),

P= (dT./dP) r.
At t = 1, these reduce to

AU=0,

An = —2pP/V

Ax.= —2''/V-.
Similar results could have been obtained directly

from Eq. (5) by neglecting certain of the derivatives.
Using the values from Table IV we find the change in
isothermal compressibility at t=i to be Axz ———1.9
X 10 "cm'/dyne.

A calculation based on a formula of Zener's" shows
that the moduli of tin are essentially adiabatic at the
frequency and temperature used. The change in adia-
batic compressibility should therefore be calculated and
compared with the experimental results. The relation-
ship between the two compressibilities is"

Acr = 2yPP/V „;— (9) xs=xr ~'TV /G, . (11)
and

Axr = —(1/2V-) v9'(1+3t')
+T, (1 t') (d'T, /dP—') r]; (10)

By making use of the above equations and values in
Table IV,"""~ it is found that the adiabatic com-
pressibility at t=1 is less in the normal than in the
superconducting state by Axs —4.1——X 10 "cm'/dyne.

Quan-
tity Value Remarks

TABLE IV. Thermodynamic values for tin.

Refer-
ence

(d) The Effect of Damping on the Resonant
Frequency of the Tin

C2
Cg

gS
S11
S83
S44

S»
S13
S66
Vnz

C

a

0.0053 cal/mole/deg
0.0078 cal/mole/deg

10» cm2/dyne
1.85 X10 12 cm2/dyne
1.18 X10» cm'/dyne
1.42 X10» cm2/dyne

—0.99 X10» cm2/dyne—0.25 X10» cms/dyne
3.38 X10» cm' fdyne
16.3 cc/mole
3.72 deg K
5.6 X10 8 deg '

5.7 X10 8 deg 1

dHo/d T —147 gauss/deg
dTc/dI 3.3 X10 11 deg/(dyne/cm2)

1.4 X104 erg deg 2 mole 1

Normal state at To
Superconducting state
at Tc
Estimated at To
Bridgman's isothermal
Values for room
Temperature using refer-
ence 13
Wooster's notation

From this experiment
Calculated from Grunei-
sen's law. n and C& from
reference 21
Calculated from Eq. (9')
At Tc
Revaluated to 95 kg/cm2

a See reference 20.
b See reference 13.
o See reference 21.
d See reference 22.' See reference 23.
f See reference 17.

'e F. Seitz, The iVodern Theory of Solids (McGraw-Hill Book
Company, Inc. , New York, 1940), p. 152.

'z F.London, SzzPergzzids (John Wiley and Sons Inc. , New York,
1950), Vol. 1, p. 24.

The resonant frequency of a circuit is dependent on
the degree of damping. It is necessary to show that the
observed change in frequency of several parts in 10' is
larger than that to be expected from any possible change
in damping, which could amount to, at the most,
several percent.

Two effects due to change in damping are considered.
The smaller effect is the change in resonant frequency
of the tin. For a Q of 2X10', a five percent change in

damping causes a change in resonant frequency of

'z C. Zener, Elasticity and inelasticity of Metats (University of
Chicago Press, Chicago, 1948), p. 90."E. A. Guggenheim, Thermodynamics (North Holland Pub-
lishing Company, Amsterdam, 1949), p. 100, Eq. (4.24.6) and
p. 102, Eq. (4.26.6).

"W. H. Keesom and J. A. Kok, Leiden Comm. No. 221e
(1932).

"International Crztical Tables (McGraw-Hill Book Company,
Inc. , New York, 1933), Vol. 1, p. 104."E.Maxwell, Phys. Rev. 86, 235 (1952).

2'G. J. Sizoo and H. Kamerlingh Onnes, Leiden Comm. No.
180b (1925).
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FIG. 4. Iosthermal experiments, I. The difference in frequency
between the composite oscillator and the standard longitudinal
quartz crystal is shown for tin G5a. Below T, values for the normal
state were obtained by use of a sufficiently strong magnetic field.

about one part in 10".The second effect is in connection
with change in operating point of the oscillator. Because
the amplifier and crystal leads introduce a phase shift,
the crystal oscillates sufficiently oG resonance to make
a total phase shift of zero. The further the crystal is oG
resonance, the more the frequency changes for a given
change in damping. A calculation of this eGect shows
that a five percent change in Q leads to a relative fre-
quency change of 2&10 '. One would not, therefore,
expect damping eGects to contribute appreciably to
the observed change in frequency.

(b) The Change in Moduli at the Transition

IV. EXPERIMENTAL RESULTS

(a) The Absolute Moduli

The absolute values of the elastic moduli were calcu-
lated from the resonant frequency of the composite
oscillator, using Eqs. (1) and (2). In Table V, the ex-
perimental values of Sii and 2(S44+S66) are given and
compared with the results of Bridgman. The moduli
measured in these experiments are adiabatic while those
of Bridgman are isothermal. A correction of 6.6 percent
was subtracted from Bridgman's S~~ to make the results
comparable at room temperature Lsee Eq. (11)j. For
the torsional modulus the correction is zero.

I

0 ~—-- 4-~
284.8 284.9

I

285.0 285. 1 285, 2
DIFFERENCE FREQUENCY (cps)

magnetic field at constant temperature. At tempera-
tures below the superconducting transition, the differ-
ence frequency had two values, depending on the state
of the tin. Therefore in an isothermal experiment below
the transition temperature a change in diGerence fre-
quency was produced by magnetic fields of su%cient
strength to change the state of the tin. Above the
transition temperature, of course, no change was ob-
served. Figures 4 and 5 show the experimental values
of the diGerence frequency for two of the tin crystals.
Each point is the average of the number of measure-
ments indicated in Table VI.

At a given temperature, changes in the magnetic
field did not alter the diGerence frequency except in the
neighborhood of the critical field. A typical example of
the difference frequency as a function of 6eld strength
is shown in Fig. 6. Above the transition temperature,
the frequency was not affected by fields as high as 150
gauss.

The frequency diGerence between the longitudinal
quartz crystals was compared from 4.2 degrees to 3.0
degrees. No change was observed to within the experi-
mental error of 3 parts in 10' per degree.

Isothermal experiments were performed for five tin
crystals. At each temperature, a number of measure-
ments were made in both states. The diGerence in fre-

Fzo. 6. Isothermal experiment. The difference in frequency
between the composite oscillator and the standard longitudinal
quartz crystal is given as a function of magnetic Beld at 3.190
deg K for tin G5u

Most of the experimental results were derived from
isothermal measurements where the difference in fre-
quency between the composite oscillator and the
standard quartz crystal was measured as a function of
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FIG. 7. The change in
elastic moduli at the
superconducting transi-
tion.

FiG. 5. Isothermal experiments, II. The difference in frequency
between the composite oscillator and the standard torsional
quartz crystal is shown for tin G1a'.

t l i i f

3.0 3.2 3A 3.6 3.8
TEMPERATURE DEGREES K



ELASTI C MODULI OF Sn

quency was converted into change in elastic modulus by
use of Eq. (3) and the results are given in Table VI
and Fig. 7. The indicated error is the square root of the
sum of the squares of the average deviations in the two
states.

Several measurements were made on the change in
moduli in a zero-6eld transition, and the results agree
roughly with those obtained isothermally. Because of
the time delay necessary to establish temperature equi-
librium, these results are probably not as reliable as
those obtained isothermally.

In all cases the moduli were greater in the super-
conducting than in the normal state.

For longitudinal vibrations the oscillator voltage
increased by about thirty percent as the composite
was brought into the superconducting state. This effect
was characteristic of the tin only and indicates a de-
crease in damping in the superconducting state. Abso-
lute determinations indicated no change in Q within
the experimental error of about 6ve percent. Calibration
showed that the oscillator voltage increased about ten
times as fast as the Q under typical feedback conditions.
The voltage change of thirty percent could be accounted
for by a change in Q of about three percent in the longi-
tudinal mode.

V. CONCLUSIONS

(a) Comparison with Thermodynamics

The observed changes in moduli at the superconduct-
ing transition cannot be compared directly with the
thermodynamic predictions since an insufficient number
of moduli were investigated to obtain an experimental
value for the compressibility.

For the longitudinal modulus in tin crystal Gic, the
observed relative change at t= 1 is ASrr/Srt~4X10 '.
This is close to the predicted change in compressibility
of Axs/xs —4.1X10 '. For the torsional case, the
adiabatic and isothermal moduli are equal. However,
since the compressibility does not involve the torsional
modulus, the derived results do not apply to the ob-
served results for tin G1u'.

It should be noted that tin GSa, although excited
longitudinally, has a relatively large change in modulus
(see Fig. 7). This can be accounted for by the high
percentage of S66 present in its effective modulus, thus
making its behavior more nearly like G1a'.

(b) General

A number of arguments and experiments have been
introduced to show that the observed change in differ-

TAsI.F. VI. The change in moduli at the transition. n refer to the
normal state and s to the superconducting state.

Date

10-25-52
11- 1-52
12-16-52

4—4—53
4-11-53
4—26—53
5- 9—53

Tln
crystal

Gib
G1c
G1c
G5c

Quartz
crystals

Long.
Long.
Long.

TOI'.
Long.
Long.
Long.

5—19—53 G1c Long.

6—29—53 Gic' Tor.

Tem p.

(H= 0)
(H= 0)
3.685
3.556
3.668
3.676
3.660
3.708
3.596
3.407
3.190
3.669
3.495
3.110
3.714
3.497
3.300
3.112

(hSjS) X106

7.4~6
6.4~4
6.8~2.2

10 +4
.16 ~6
5.6~3.0
5.2~ 1.6
7.2~0.3

12.9~1.6
22.6~1.2
28.6~3.0
4.2~ 1.0
6.9~1.4

13.4~1.4
7.2~1.4

26.6~0,8
33.0~1.6
36.6~2.4

Meas-
urements

10 10
5 5
6 10
2 7
8 6
7 17

23 26
3 3
4 6
3 4

4
3 3
3 5
3 4
6 6
6 6
6 6
6 6

ence frequency is indeed due to a change in the elastic
modulus of tin at the superconducting transition. To
recapitulate, it was found that, without the tin crystal,
no change in difference frequency was observed, and
with the tin a change at a given temperature was pro-
duced only by a critical magnetic 6eld. It was shown
that changes in damping and physical size did not cause
the eGect. Added credibility is given by the agreement
of the change in modulus in zero 6eld and that obtained
isothermally near the transition temperature. The mag-
nitude of the change is in good agreement with the
thermodynamic prediction. The results were consistent
for several crystals with similar orientation and were
reproducible over long periods,

That there is a change in the velocity of sound at the
superconducting transition is in accord with the elec-
tron-lattice theories. '4" The lowering of the velocity
in the superconducting state is in agreement with
%entzel's prediction. "However, due to the relatively
large observed change in the torsional modulus, it ap-
pears that a complete theory of superconductivity
must include the interaction of the electrons with
transverse as well as longitudinal lattice vibrations.

The author wishes to express his gratitude to A. W.
Lawson for his constant guidance, to L. Meyer and E.A.
Long for advice pertaining to the cryogenics, and to
J. K. Hulm and M. Cohen for helpful discussions.

'4 H. Frohlich, Phys. Rev. 79, 845 (1950)."J.Bardeen, Phys. Rev. 80, 567 I,'1950).
"G. Wentzel, Phys. Rev. 88, 168 (1951).


