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It is shown that by the use of 3-dimensional Feynman diagrams an equal-time two-particle wave equation
can be written down. The procedure is the same one as Bethe and Salpeter used in deriving the 4-dimensional
two-body equation. In this way all the terms of the new Tamm-Dancoff method of Dyson, in the form of the
Lévy-Klein expansion of the interaction function, can easily be recorded.

The connection between the Bethe-Salpeter and Dyson equations is discussed. The spurious energy
denominators of the fourth order interaction, in the adiabatic limit, can be eliminated by including all the
contributions to the fourth order term arising from the 4- and 5-particle amplitudes that are coupled back
to the two-particle amplitudes. The potential derived in the adiabatic limit to the fourth order term of the
interaction operator is the same as the Lévy-Klein potential derived from the old Tamm-Dancoff method.

The Appendix contains a discussion of the Bethe-Salpeter equation and a simple method of derivation
of equal-time equations from the 4-dimensional theories.

I. INTRODUCTION

HE field-theoretical investigations of the nature
of nuclear forces received great impetus as a
result of Lévy’s' extension of the Tamm-Dancoff
method to include nucleon pair effects in the inter-
mediate states and higher order meson-exchange
processes. The theory as used by Lévy was not fully
relativistic. This had the consequence that renormali-
zation was, in effect, not possible within his formulation
of the theory. Furthermore, the use of the non-inter-
acting vacuum state, in the definition of the Tamm-
Dancoff amplitudes, introduced additional difficulties
connected with the vacuum self-energy. It has been
pointed out by Gell-Mann and Low,? and more recently
by Dyson,® that most of the difficulties encountered in
the old Tamm-Dancoff method can be avoided by
defining the amplitudes with respect to the interacting
vacuum state.

The observation that no vacuum self-energy appears
when the amplitudes are defined with respect to the
interacting vacuum state was, essentially; the starting
point of Dyson* in his formulation of the new Tamm-
Dancoff method.

In Dyson’s formulation of the new Tamm-Dancoff
method, just as in the 4-dimensional Bethe-Salpeter
formalism, the wave function contains positive as well

_as negative energy parts. Actually, the statement of
“negative energy” in the Bethe-Salpeter formalism has
quite a different meaning: it is the energy of the “pair”
which is positive. In Dyson’s equal-time formalism
pairs are mixed with the negative energies, which is a
consequence of dealing with the equal-time amplitudes
right at the starting point of the theory.

* Supported in part by the joint program of the Office of
Naval Research and the U. S. Atomic Energy Commission.
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In the adiabatic limit the weak-coupling forms of the
new and old Tamm-Dancoff methods do not differ
substantially; the adiabatic limit of the new Tamm-
Dancoff method is understood to include the statement
that all the components of the two-particle wave func-
tion not referring to positive energy states of the par-
ticles vanish. It is hard to justify such an approxima-
tion, but the rejection of those components of the wave
function referring to negative energies seems to be a
necessity. It is known that there are some difficulties
involved in the use of the interacting vacuum state as
a boundary condition, but with the aforementioned
approximation the vacuum difficulty does not arise.
The vanishing of ¥4, ¥, and ¥ _ components of the
wave function is not meant to be connected with the
fact that the vacuum should be the state of lowest
energy. The cancellation of the so-called spurious diver-
gences in the second and fourth order interactions takes
place only in the adiabatic limit. In the nonadiabatic
form of the interactions they are not cancelled.

In this paper we have extended Dyson’s formulation

" of the new Tamm-Dancoff method to include higher

order amplitudes. In principle, it corresponds to Lévy’s
method of including the effects of the higher order
amplitudes on the lower ones, as applied to the new
Tamm-Dancoff method. Theoretically one considers an
infinite number of linear integral equations for all the
particle amplitudes. The use of the infinite set of equa-
tions in the elimination of all the Tamm-Dancoff am-
plitudes, except the amplitude for the two-particle
state, if carried to completion, leads to a linear integral
equation for the two-particle wave function.

We have carried out this procedure to the fourth
order in the coupling constant G by assuming that the
amplitudes of all states involving 5 or more particles
should vanish. In Sec. II the most general form of the
two-nucleon equation is first written down from the
analogies using the methods of Bethe-Salpeter® and
Lévy-Klein® in the derivation of the 4-dimensional and

5 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951).
6 A. Klein, Phys. Rev. 90, 1101 (1953).
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the old Tamm-Dancoff equations, respectively. The
relation between the Dyson and Bethe-Salpeter wave
functions is discussed briefly. Section III contains a
derivation of the fourth order interaction operator
together with its adiabatic limit leading to the deriva-
tion of the fourth order potential. The Tamm-Dancoff
equations are given in Appendix A, and in Appendix B,
we give a simple method of derivation of the old Tamm-
Dancoff equation for two nucleons from the Bethe-
Salpeter formalism.

II. THE SECOND ORDER INTERACTION

In this section we discuss the most general form of a
3-dimensional covariant equation for two nucleons. For
this purpose it is convenient to represent the kernel of
the equation in terms of 3-dimensional Feynman
diagrams. In such a diagram a nucleon line will repre-
sent (initial and final states included) both positive
and negative energy states. A second order graph, e.g.,
can be considered as the sum of 4 sub-graphs consisting
of minus and plus particle states. There will be a single
time-co-ordinate for any number of nucleon lines. If
one of the nucleons emits a meson to be absorbed by
the other nucleon or by itself, then, in the intermediate
state, the energy of the emitted or absorbed meson is
to be added to the energy of that nucleon with which
it later interacts. The resulting expression can assume
both positive and negative signs, according as they are
plus or minus particles, respectively. By using this
prescription we can write down all the terms of the
interaction operator in the form of an infinite series in
powers of the coupling constant G. We have verified
the above rule by actual calculation with the new
Tamm-Dancoff equations given in the Appendix A.

The two-nucleon equation used in this paper can be
written as

[H.(p)+H:(—p)—ENW(p)
- f o' ENG)dy, (IL1)

where H(p)=ea-p+BM, E is the total energy in the
center-of-mass system, and ¢(p) is the two-nucleon
component of the Tamm-Dancoff wave functions. The
word wave function is not used in the strict sense of a
probability amplitude.

The first term Zo(p,p’,E) of the interaction operator
I(p,p’; E), which was already given by Dyson, consists
of the four diagrams shown in Fig. 1. The first diagram
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F16. 1. Three-dimensional Feynman diagrams contributing to the
second-order interaction of two nucleons.
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(which is repeated with labels in Fig. 2) represents the
matrix element:

2

T#[1a(p) (Ep+wppr) +m(—p")E,)/—E]'Te,

(278 205y

where . ’
Te=(iBvs)at®, a(p)=Ha(p)/E,.

This matrix element can easily be understood in terms
of the prescription outlined at the beginning of this
section.

We have not succeeded in deriving Eq. (II.1) from
the Bethe-Salpeter equation. However, we shall now
discuss its relation to the Bethe-Salpeter theory. In
Dyson’s theory, for a state ¥ of one proton and one
neutron in interaction, we singled out the 3-dimensional
two-particle wave function ¢(p) satisfying Eq. (IL.1).
The function y(p) is the lowest component of the
Tamm-Dancoff wave functions. The 4-dimensional
wave function x(p,) satisfies the Bethe-Salpeter equa-
tion. In Bethe-Salpeter theory one also defines an
equal-time wave function ¢(p) by

o(p)= f x(,0)d0. (L.2)

If any relation exists between the Dyson and the Bethe-
Salpeter theories it should be one that relates the func-
tions ¢¥(p) and ¢(p). Originally the function ¢(p) was
not defined as a Tamm-Dancoff wave function, but it
is reasonable to hope for the possibility of deriving the
Bethe-Salpeter equation from a 4-dimensional for-
malism analogous to the Tamm-Dancoff method. In
this case it is natural to expect a correlation between
the functions ¢(p) and ¢(p). We have been able to
verify that ¥(p) and ¢(p) satisfy the same equation if
only one fermion’s second order interaction is taken
into account. In the fourth order we obtain different
equations. For the two-particle case we do not know
whether further transformations of the interaction and
the equations would bring the two expressions into
agreement. The similarity is, certainly, not apparent
in the present form of Dyson’s theory. The investiga-
tions were made for both one- and two-nucleon systems.
Especially in the former case, the result may be con-
siderably modified by renormalization which is not
obvious for the 3-dimensional equation.
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To show the connection between y(p) and ¢(p), let
us first consider the one-particle Bethe-Salpeter equa-
tion for a particle interacting with itself, which in
momentum space is

G?

x(p)=———S¥(p2) f YsriSr (b 4')

(2m)
XysTiArp (;b,/)d“ﬁ'x (1’#)

G? 1 1
N (2m)* H(p)— po f I13‘1 (p—p")—potpd
ap'x (pu)
Z(wp' — ) (0t p0)

Now, a one-particle, 4-dimensional wave function in
momentum space can be defined by

x(pw)=x(p)8(po—E), (I1.4)

where E is the energy of a proton of momentum p,
including self-energy. On substituting (II.4) in (I1.3)
and integrating both sides of the resulting equation
with respect to po, we get

G2 d3p’
[Hp)—Ex(p)=— | —

8n?
X Pi["? (P_ p’) (E%p'"*'wp’) - E]—IPiX (P) .

This equation is identical with the one Dyson derived
from his new Tamm-Dancoff method.

The two-particle Bethe-Salpeter wave function is not
separable according to (IL.4) and, therefore, the above
method cannot be carried through. It is of interest,
however, to record the result that can be obtained for
the second order interaction. The Bethe-Salpeter equa-
tion for the one-meson interaction of two nucleons in
the centimeter system is given by

(I1.3)

20

(IL.5)

G?

X (1’#) = SFa(%Ku'*'PM)SFb (%Ku—“ Pu)ﬁaﬁbpiar‘ib

(2m)*

X f Ar(pu— (). (IL6)

The integration of both sides of (I1.6) over the relative
energy variable po can be effected in accordance with
the hole theory (see Appendix B), giving the result

[Ha(p)+Hy(—p)—E]e(p)
G p d¥pdpd

{L [0 (p) (Eptwp—p)

B ; 20 p—p’
—3E— POI]—IFia+Pia[ﬂb(— p) (Eptwppr)

—3E+p/ T x(p'po).  (IL7)
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It was not possible to find a suitable ansatz for the
function x (p’,p¢’) on the right-hand side of the equation,
so the integration over p¢' had to be left as it is.
The comparison with Dyson’s theory shows some
similarities, but they disappear in the fourth order
where some curious energy denominators of the form
(Ep+Ep~+wp )~ show up which are independent of
$o’. The energy denominators of that form also arose in
the derivation® of the old Tamm-Dancoff two-nucleon
equations” from the Bethe-Salpeter theory and were
among the differences between the original Tamm-
Dancoff method used by Lévy and the one derived from
the Bethe-Salpeter equation. There is, however, one un-
expected result that can be obtained from (I1.7). If we
use the ansatz (5) of Appendix A with the total energy
E having a small negative imaginary part, in Eq. (IL.7)
we obtain, after the po’ integration, Dyson’s second
order equation for two-nucleons. This is a mixture of
hole and one-particle theories. It is not possible to
derive a general conclusion from this result, but it
certainly is not accidental.®

A complete correspondence, to the second order,
between the positive energy parts of the wave functions
¥(p) and ¢(p) can be established if we assume that
(i) the po-dependence of the Bethe-Salpeter wave
function has the form (see Appendix B)

1
X (p,PUI) = ) _[:SFG(%K#_*_PM) Bat+Sm (%Ku-' Pﬂ) 517:]@(1)) H
e

(ii) all components of the Dyson wave function vanish
which do not refer to positive energy states.

Under these assumptions one easily obtains the
relation

Y (p) =244 (p),

where the function ¢, (p) satisfies the old Tamm-
Dancoff equation of second order. The approximation
(ii) eliminates, to second order, the complications re-
lated to the vacuum being used as a boundary condi-
tion. For higher order terms of the interaction operator,
the condition (ii) is not enough to eliminate the spurious
energy denominators, but in the adiabatic limit to the
interaction it is a sufficient condition. The last state-
ment has been verified only for the fourth order inter-
action. A general method of elimination of the spurious
denominators of the two-nucleon equation is not
known; if this can be done consistently, then one
expects to get the results of the old Tamm-Dancoff
except for small deviations.

III. THE FOURTH ORDER INTERACTION

It has been observed by Bethe, on the basis of the
perturbation theory, that the fourth order interaction

7 A simpler derivation is given in Appendix A.

8 We were not able to explain this curious result, but one thing
is clear: it does not arise in the derivation of the old Tamm-
Dancoff equation from the Bethe-Salpeter equation.
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term needs to be included in the ps— ps theory. There
are, at present, no definite conclusions concerning the
behavior of the whole series of interactions. The con-
vergence of the adiabatic nuclear potential, without
renormalization terms, has been discussed by Klein.? In
the following we discuss the fourth order term in the
interaction operator of Eq. (II.1). The aim of this
investigation is to see in what way the qualitative
features of the ys-interaction are altered in the fourth
order, by a 3-dimensional covariant theory. The fourth
order terms which are radiative corrections to the
second order interactions will not be included. There
exist about 30 of these corrections that may con-
tribute significantly, even in the adiabatic limit. The 12
no-pair terms of the old Tamm-Dancoff method, with
a different interpretation, constitute part of the inter-
action kernel. In the new Tamm-Dancoff method only
12 of the 24 one-pair terms of the old Tamm-Dancoff
method appear and the 12 two-pair terms of the old
method do not arise; this is a consequence of the use of
the interacting vacuum state and the covariance of the
theory. In this case the creation of three particles out
of the vacuum, proceeding in the same time direction
at a given vertex, is not allowed. This is the reason for
the non-appearance of the aforementioned terms in

/
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F16. 3. The set (A) of fourth order diagrams contain the main
spurious divergences in Dyson’s new Tamm-Dancoff method. The
sets (B) and (C) do not contain terms proportional to (2M)72.
Because of the time ordering of the interaction, all the diagrams
in the Tamm-Dancoff method can be divided into pairs. Of the
above 12 interaction terms one need only calculate the 6 cor-
responding matrix elements. The remaining six can be obtained
by a reflection of time. As an example, we give in Eq. (ITI.1) the
matrix element that corresponds to the diagram labeled (1a).

9 A. Klein, Phys. Rev. 92, 1017 (1953).
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the new Tamm-Dancoff method and precisely this has
been verified by actual calculation. Altogether one is
left with 24 interaction terms. A detailed discussion of
these points for the one-particle case is given by Klein?,
and therefore they will not be elaborated in this paper.

First, we shall consider the 8 irreducible interactions
and those that follow from the iteration of the second
order interaction [Figs. 3 (A), (B), and (C)]. Of the
set shown in Fig. 3(C) we shall include only those con-
tributions arising from the pair processes in the inter-
mediate states. The argument for the contribution from
positive-energy intermediate states is the same as given
by Klein.®

The prescription given in Sec. II is not complete for
writing down the matrix elements corresponding to the
set shown in Fig. 3 (C). It has to be amended for those
interactions which contain one or two mesons in the
intermediate states and also for those in which one of
the nucleon lines is bent. In this case we can state the
rules for writing down the interaction terms as follows:

(i) If the emission (absorption) of a meson is the
earliest event in the diagram, then the latest absorbed
(emitted) meson is either in the state ¥ or in the state
¥y and is absorbed (emitted) by the second (first)
nucleon in a positive (negative) energy state, respec-
tively.

(ii) The energy of the remaining meson is to be
added to that nucleon energy with which it interacts
later. The sum can take both positive and negative
signs. In the above, for convenience, we assume that
the mesons are always emitted and absorbed by the
first and second nucleon, respectively.

As an example we give the matrix element corre-
sponding to the diagram (1a) of Fig. 3(A) (see also
Fig. 4):

G 7 %k
| [ s rE—n ) (Bt
[81r3] wakapﬁp'_k + ) Byt

= (=P ~K) Ep 11 1T LE—14(p) (Eptw,)
—m(—p")Eptwr T LE—m(—p)Ep
=+ (Epprtor) A5 (p'+k)I e, (TIL1)

In calculating the adiabatic limit we shall assume, as
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mentioned in (II), that the components ¥, (p),
¥ (p), ¥——(p) of the wave function y(p) vanish. Thus,
the unit operators 7,(p), 7(—p), 7.(p") and 7(—p’) in
the matrix elements, with the appropriate projection
operators, will be replaced by their 41 eigenvalues.
This corresponds to the fact that the nucleons in the
initial and final states are in positive energy states. The
remaining #’s can take both +1 and —1 eigenvalues.
In this way each graph corresponds to 4 terms according
as the two remaining »’s in the interaction function take
the values +1 or — 1. In connection with the calculation
of the matrix elements of the sets (A), (B), and (C)
of Fig. 3 with respect to positive-energy free-particle

(P; _P|I4(1) (p:p,:E) lp—q—k: "P+(I+k>
1 1

1 [ (o-qo-k)s
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Dirac wave functions, we use the relations
7(p)A+ (p) =n(p)[3+31(p) 1=A+ (D),
1(p)A-(0) =n(p)[3—31(p)]=—A_(p),
and the identity
[A+(p)+A-(p) JLA+ (— @) +A(— Q)]s
=A(D)A (— @) +A(p)A(—q)
+A (AP (—q)+A*(pA P (—q)=1.

The matrix element of the integrand of (III.1) in the
adiabatic limit is given by

=(3—2% ‘)

(0-qo-k)a ]

(2M)? 4wy (wr—wg) I (2M)3|,4wkwq2(wk—wq) 4w i (wrwq)
L[ (arRuao B @ o Rt @-ge k= [o-po- (@01 [o-po- (a+0)]

' M )4l. B 403202 (wrtw,)
where

q=p—p'—k.

The terms associated with (23)~° and higher are
neglected. The adiabatic limit includes also the ap-
proximation of replacing the terms [2M —w, ]! and
[2M 4w It by [2M 1. This is equivalent to cutting
off the high-energy contributions of the virtual mesons,
so that the resulting potential is not valid for all . The
sets (B) and (C) do not contain terms proportional to
[2M ]2 The largest contributions come from the set
A).

Apart from the sets (A), (B), and (C), we also have
to consider the coupling of the 4-fermion amplitudes
back to the 2-fermion wave function ¥(p). If one neg-
lects 5-particle amplitudes of the new Tamm-Dancoff
method, then there are only two more terms con-
tributing to the fourth order potential. They are shown
as the two upper diagrams [set (D)] of Fig. 5. The
first diagram (1.3) in Fig. 5 represents the matrix

+ -

F16. 5. These diagrams
N P contain spurious interac-
tions with signs opposite to
those arising from the pre-
vious interactions. There

n .
+ + o+ (F +  are8more of thesediagrams
and they contribute in a
P ~~ manner similar to the ones
P shown here.
7
~. 7
\\~ //
+ + 4 +

4wrwsg(wr—wq) ]}, (IIL.2)

element:
G2 )2 d3k
ol oz
8l 2012w, =
T E—Ep—mn(—p+k)Ep ibwi ] 7T
XA_° (p’-f-k)[E—- Ey—Ep—Epy
— (= p+K)Ep i J T2 [E—Ep—m(—p+k)
X (Ep-ttwg) 1T 2.

(II1.3)

In the adiabatic limit it contains a term that is infinite.
This is similar to the situation that arises in the study
of the terms (C), but in the present case such terms,
when combined algebraically before the adiabatic
limit is taken, cancel out. The remaining part con-
tributes a term of the form

(=255 (o o @i (o g ). ]
2M)2witws ’

where the second term corresponds to the contribution
of the second diagram.

If we were to confine ourselves only to the 2-, 3,
and 4-particle amplitudes, then the above 14 diagrams
are all that would need to be included. There are
actually other contributions to the fourth order poten-
tial arising from the coupling of the five-particle am-
plitudes back to the 2-fermion wave function.!®

10 This point was communicated to the author by A. Klein.
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We also have to include interactions of the type that
include 4 fermions and one meson in the intermediate
states. The new Tamm-Dancoff equations in Appendix
A do not include 5-particle amplitudes, but the method
of writing down the matrix elements for any inter-
action term is now quite easy. The prescription given in
Sec. IT can be generalized in all cases.!!

Two typical interactions involving 5 particles in the
intermediate state are shown in the two lower diagrams
of Fig. 5. There are altogether 10 diagrams of this type.
We shall write down the matrix element corresponding

1695

to the first one as
G &k
[gr;] f 2012w, E
LT E—E,—m(—pF+K)Epidtwe ] TP
X[E—Ep— Ep—wkw T #A_(p'+k)
X[E—Ey—2Ey— Eys—w T #.

(II1.4)

Its contribution to the fourth order potential in the
adiabatic limit is

1T
2M)? l4wkwq(wk+wq) l 4wpwq (wr— wg)

3=2%0 1 1 ]_(c-qc~k)b(3—2=a~vb)[ 1 1 ]
@my

l dwRw,(wrtw,)  4wdw(wr—w,)

| 3=270-m)[Lo-po- (q+K) ] +-[o-po- (q+K) ], — (0~ qo-k)o— (0~ go-K),

emye L

 Lo-po- (q+K) J4-[o- po- (q+k) J— (0~ go-K)o— (0 qo-k)s

Aaorwg (witwg)

The number of interaction terms contributing to the
fourth order potential are thus 24 in all. Each inter-
action consists of 4 terms so that one must include
altogether 96 interactions. When summed, the spurious
divergences of the type (wi—w,)™* cancel out and the
result is the same as the one obtained by Klein from
the old Tamm-Dancoff method. The one-pair terms
also give a spin-orbit coupling term with the same
coefficient as obtained by Klein from the old method.
We note that the cancellation of the spurious divergence
of the type (wr—wg)™* occurs only in the adiabatic
limit adopted in this paper. A nonadiabatic cancellation
of such interaction terms does not occur. In the sense
of the adiabatic approximation the role of the inter-
acting vacuum state in the definition of the new Tamm-
Dancoff amplitudes is reduced to the one played by
the non-interacting vacuum state. The last statement
is, of course, verified only up to the fourth order interac-
tion. However, it is quite reasonable to conclude that
in the adiabatic limit the new Tamm-Dancoff method
will not differ from the old one in higher orders.

IV. CONCLUSION

An attempt to study the entire series of interactions
in the new Tamm-Dancoff method, even without renor-
malizations, would certainly be an ambitious enterprise.
The inclusion of the renormalizations would make the
whole problem next to impossible. In any case, the

11 More general rules of writing down the matrix elements for
the one-particle case has also been discussed by A. Klein, Phys.
Rev. 95, 1061 (1954).

]. (IILS)

4wrwq (Wr—wq)

problem of renormalization in this theory is not well
understood, and from this point of view the old Tamm-
Dancoff method as derived ‘from the Bethe-Salpeter
equation is in a better situation.

It is very unlikely that in the near future we shall
know much about the complete series. We are, therefore
forced to base all our arguments on the fourth-order
interaction which, of course, does not do justice to the
theory. However, if we attribute a special place to the
fourth order interaction, then our results show that the
extreme nonrelativistic approximation to a relativistic
theory does not lead to sensible results. If the Tamm-
Dancoff method of approximation is to be maintained,
then it is necessary to abandon the adiabatic approxi-
mation to the kernel of the equation. The same con-
clusion is implied by the work of Klein.®

An important problem is, now, the investigation of
the nonadiabatic terms. It may well be that the non-
adiabatic parts will contribute effectively near the core
and change the sign of the interaction that was repulsive
in the nonrelativistic region without the nonadiabatic
terms. We have no reason for assuming that the non-
adiabatic terms in a ps—ps theory are small. This
aspect of the problem is being investigated for the
second order equation.

The author wishes to express his gratitude to Pro-
fessor H. A. Bethe and to the Laboratory of Nuclear
Studies for their kind hospitality. He would also like
to thank Professor Bethe and Dr. A. Klein, Dr. R. H.
Dalitz, Dr. E. Power, and Dr. S. S. Schweber for many
stimulating discussions on this and related topics.
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APPENDIX A

In this Appendix we give the coupled set of integral equations mentioned in the introduction to this paper, and
we shall use the notation of Dyson.? The Schrodinger equation for the new Tamm-Dancoff amplitudes was derived
by Dyson as

EWFC(N)AWNYT)=[TI(N)II(N) T 3T o*[C(VN)A(N), Hi+-H']¥).

The new Tamm-Dancoff equations for a state ¥ representing two nucleons in interaction with, at most, four
fermions at a given time can be obtained by calculating the commutators,

[b,4d",H' ], [bpivdian,H'), [bprvdfasi*H'], [bpsd’ aras,H'), [bpi*'dg”ar*as,H'],
[bp——kwsu’dqv,a~k*a~s*7H’]7 DV (b%kudqus*wdlwsz) :H/]’ [ZV (bp——kubs*wbk+squv7H,]-

In the last commutator; V stands for the normal product of the 4 operators. We shall use the following definitions
in arranging the various commutators according to the number of particles that take part in the interaction:

2 wrysu=0, 3. wu(p)f.=A+(p),
) (bp*ubq”>0= (1—01,,)5,“,5;@, (bpubq*v>0=0u5uv5pq:
where
1 for proton states

u

0 for anti-proton states.

The notation is the same as in Dyson’s paper. We assume that all Tamm-Dancoff amplitudes which contain five
or more particles vanish. In the actual case this assumption was not made in calculating the fourth order potential.
Since our aim is to derive general rules for writing the matrix elements, there is no harm in the above assumption.
In this case one obtains equations that involve the wave functions ¥(p,q), ¥+(p—k, q, k), ¢y~ (p—k, q, k),
¢H(p—k, q—Ss, k; S), ¢_+(p——k7 q-s, k; S), ¢—_(P“k, q-—s, ka S)’ ¢p(p__,k, -, k+S, q)a ¢N(p_k7 q, —S, k+S),
for two and four fermions (in states ¥ or ¥,) and one and two mesons in the states ¥ and ¥, as plus or minus
particles. The four-fermion wave function is defined as

¢7(p—Kk, —s, k+s, Q)= T [Wo*N (0p—1"bs* brss°d?) ¥ Juvw*z,

uvzw*

¢ (p—k, q, —s, k+8)= 3 [Wo*N (bp_1d,?ds*?d 1 2) Y Jurw*s.

The integral equations satisfied by the first six wave functions are given by
LE—1a(p)E»—m (@) E, ¥ (p,q)
=G 2 (2wo)Hy Yt (p—s, q, 8)+¢~(p—s, q, 8) B +{v’[¥"(p, a—s,8)+¢¥(p, a—s,9)]}. (A1)
LE—na(p—K)Epi—m(q) E;— w0 W (p—k, g, k) _
=G (21wr) LA+ (p—K)v¥ (p, @) +A (@) (p—k, g+k) ]4G 3, (200,) iy (p—k—s, q, 5, k)
+y+(p—k—s, q, 5, K)+v* @ (p—k, q—s, s, k)+y 7 (p—k, q—s, 5, K)) ]
+G(2v)~ Z[v¢?(p—k, —s, k+s, )+7’¢"(p—k, g, —s,k+s)], (A.2)
LE—1.(p—K)Epr—m(@) Eq+w ¥~ (p—k, q, k)
=G (2v) (A (p— k)" (p,@) +A (V¥ (p—k, q+K) ]+G X (2vw) [y (¥ (p—k—s, ¢, k, 5)
+y—(p—k—s, ¢, k, 8))+v* @ (p—k, q—s, k, s)+¢y—(p—k, g—s,k, 5))]
+G(2vr)~t Z[v'¢7(—s, k+s, p—k, ) +7%¢"(p—k, —s,k+s, q)], (A.3)
[E—na(p—k—DEpir—m(Q) E;—wx—w, W+ (p—k—r, q, K, 1)
=G (2ve) " [A(p—k— 1)y H (p—1, q, D+AL (VY (p—k—T, g+, 1)]
+G (20,) A2 (p—k— vy (p—k, ¢, ) +A 2 (@)vy (p—k—1, q+1, k)], (A4)
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[(E—na(p—k—D)Epir—m () E;— it W (p—k—1, q, 1, k)
=G (2w A (p—k—1)y¥~(p—r, q, N +A (VY (p—k—1, g+k, 1)]
+G (2uw) A2 (p—k— 1)y (p—k, 0, ) +A (@t (p—k—r1, g+1, )] (AS)
[E—na(p—k—1D)E) = m(Q) E,torto W~ (p—k—r1, ¢,k 1)
=G (2uor) A(p—k—1)y¥~(p—1, ¢, )+A (VY (p—k—1, ¢k, 1)]
+G (2v0) A (p—k—1)vy~ (p—k, ¢, )+A (v~ (p—k—r1, g+, K)].  (A.6)
The equation for the wave function ¢?(p—k, —s, k-+s, q) follows from a careful study of the commutator,
LNV (bp—rtbs*biys2d ), H ]
= 4G (2vwp) 3 (z%y*w) (1—0,) (ar+ 0% b p—1d* — G (2v0r) 4 (z¥y*w) (1—6,) (ax+a—i )b p—ri"dy?
+G (200 1—) " (WY W)00 (@ st G prir )b’ — G (200 1—s) 1 W) 00 (@ p—t—s 0 prots™)Diss"dy".

There are only 8 possibilities for the signs of the energies along the proton line. It is easy to see that if %, w, and
z represent positive or negative energy spinors simultaneously, the right-hand side of the above equation vanishes.
Therefore the ¢, .? and ¢___? components of the wave function must vanish. The sum of the remaining six
components of the wave function satisfies the equation

¢*(p—k, —s, k+s, @)= —G(20wi) A2 (k+8)A*()[E+na(p—K) Epi— EctEpers—m(Q) E, T
Xy @t (p—k, ¢, k)+¢~(p—k, ¢, k) +G (2rwr) A1 (k+8)A* () LE+na(p—K) EpitEo— Errs—m (0 £
Xyt (p—k, ¢, K)+¢¥~(p—k, ¢, k) =G (200, 1—o) A *(p—K) A2 (8) L EA-1a(k+8) Evs— Ep i+ Es
—m(Q)E, T v @t (k+-s, g, p—k—8)+¢~ (k+s, g, p—k—9))+G (2uw, 1) A _*(p—k)A_*(s)
XLEA+1a(k+8) ExyotEpi— Ec—m(QE v (0" (k+s, ¢, p—k—s)+¢~(k+s, q, p—k—s). (A.7)
In a similar way the function ¢V (p—k, q, —s, k+s) satisfies the equation
¢"(p—k, ¢, — 8, k+5) =G (200) A (k+ )AL () E—na(p—K) Epit Ee— Epystm () E I
XYWt (p—k, q, k) +¢7) — G (200) AP (k+$)A () LE—na(p—K) Epi— Lot By omo (Q Eo I
X2 Wt (p—k, ¢, K)+¢~(p—k, q, k) +G (2r0—o) A (AL (8) [E—1a(p—K) Epi— EstEg+m (k+8) By I
Xy @t (p—k, k+s, q—s)+¢~(p—k, k+s, 4—5)) — G (2vw—o) AP (@A (S) [ E—na(p—K) Eps+E,
—Egtm(k+8) B I (W (p—k, k+s, q—s5)+y7).  (A8)

We have, thus, completed the derivation of the new Tamm-Dancoff equations. In carrying out the first Born
approximation to these equations the radiative correction terms can easily be recognized and dropped from the
interaction. This leads to the sets (A), (B), and (D).

APPENDIX B

In connection with the elimination of spurious plane wave solutions of the Bethe-Salpeter (integro-differential)
equation we can introduce a transformation of the two-body wave function x(12):

1 .
x<12>=—[ [snavpsai+ [ spb<22')ab¢<1z')dz'] (B.1)

21

where the physical meaning of the spinor function ¢(12) is not directly obvious. A simple interpretation for the
function ¢(12) can, however, be found in some special cases. .
Now, the momentum space transform of (B.1) in the center-of-mass system can be written-as

1 1 1
u) =—— - b (Pu)- B.2
x(2) zfi[pr)—%E—po Hb<—p>—%E+po] @) -2
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In general there are two cases of interest: (¢) we substitute the expression (B.2) in the Bethe-Salpeter equation
and obtain an equation for ¢(p,), ’

GZ

1
CH )+ ()~ Elp(p) =~ xere [ Am—m')[

: | e @3
(2m)" H () —3E—p Hi(=p)—3E+p/ ]

When the particles interact instantaneously (po=p0’ in Ar), the kernel of (B.3) is independent of po so that the
function ¢ (p,) does not depend on the relative energy variable po. Equation (B.3), after the po-integration on the
right-hand side, reduces to

G? ap’

[H.(p)+Hy(— p)— EJa(p) =—T#T' f
g

A (@)e(p), (B.4)

Wp—p’
where a(p) is the wave function of two instantanedusly interacting nucleons and
At (p)=A.*(p)A+*(—p) —A-(p)A>(—p).

In the nonrelativistic limit, for the a4, (p)-components, the wave equation (B.4) reduces to the usual Yukawa
form of the ps—ps theory. Thus, in the above special case the physical meaning of ¢(p,) is clear.

(b) Let us now assume that the system first propagates as two free particles and then the interaction takes
place in a time-ordered way. We use an equal-time wave function ¢(p)=/"x(p,po)dpo and the ansatz of replacing
¢(p.) in (B.2) by a function ¢(p) independent of pq, viz.,

<p>—i[ L : ]¢<> (B.5)
O Ho o) = 38— o Ho(—p)—3Titpol '

The function ¢(p) will not describe the system in a fully relativistic way, since its ¢, and ¢_ components will
not appear in the resulting 3-dimensional equation. This can be seen by integrating both sides of (B.5) with
respect to po,

o(p)= f x(2)dpo=bss () —b——(p) (B.6)

so that
e+—(p)=o—+(p)=0.

This is one of the reasons that the definition (B.5) cannot be used as an ansatz in the Bethe-Salpeter equation
to derive Dyson’s equation.

In deriving an equal-time formalism from the Bethe-Salpeter equation the operation of integration over the
relative energy variables must precede the use of the ansatz (B.5); namely, we must first integrate both sides of
the Bethe-Salpeter equation with respect to po to include the contributions from the free particle states. In this
case the function ¢, (p) can be identified as a Tamm-Dancoff wave function.

We now proceed to the discussion of the 3-dimensional wave function ¢4 (p). The Bethe-Salpeter equation for
one-and-two meson interactions of two nucleons is

X (Pn) =—Sra (%Kn“"Pu)SFb(%Ku— Pu)ﬂaﬁb ﬁaﬁb[12 (Pmpu, 5 Ku) +1, (Pm?ﬂ, 3 KM)]X (P#,) d4P,; (B7)

where I»(p,p.; Kp) and I4(pp,pu’; K,) represent the ladder and crossed diagrams given by

2

:8a$8b[2(17m17ﬂ’; KM) = PiuI‘ibAF(pu’“lbu’): (B'S)

(27

2

2
ﬁaﬁbLi(PmPnl; Ku)z[ J fAF(Pu" Pu,*ku)AF(ku)

(2m)*
XT [ Ha(p'+K)—3E—po’ — ko] T T L Hy(— p+k) — S E+po—ko ] 'T'Pd*%.  (B.9)
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In order to derive an equation for ¢, (p) we replace x(p,) in (B.7) by the expressions

1 24,
) =— o) , A,=E -—lE, : B.10

X++(P) i (Ap—?o)(Ap-l-j?o)WH(p) » P2 ( )
leading to
1 24, A2 (p)AL(—p)
— bi (D)= — fﬁaﬁ[l( 23 KL 1413 K
2mi (Ag—po) (Aptpo) Ay Ayt pey TP (w2475 K]

24,

X b1 (0)dp'idPY. (B.11)
2mi(Ay— o) (Aptpo) '

Because the po-integration has to precede the use of the ansatz, the factors (4 ,— po)™, (44 po)~* on both sides
of the equation (B.11) will not be cancelled out. The 3-dimensional equation can, now, be obtained by integrating
both sides of (B.11) with respect to po,

24 ,d%p’
2mi (A p—PO) (A p'{"Pﬁ) (A T PO,) (A p’+POI)
Xﬂaﬂb[12(ﬁmlbul ; K +14 (PmP/ 5 Ku)]‘bH (p’)dj)o’idpo'. (B.IZ)

In this equation the first term to be integrated with respect to po and po’ is

¢4+ (p)=—A*(p)A(—p) f

& 1 * 24 pdpodpo’
2= —I'e ibf 4 . . (B.13)
(27")4 27 — (4 - PO) (4 p+?0) (4 T POI) (4 »’ +P0l) (wp—p’ - ?0+POI) (“’p—-p""?o"' POI)

Usually one carries out the integration over po in the complex plane of o and the resulting expression can then
be integrated over po’ in the complex plane of po’. This is a long and tedious business. Actually, we can accomplish
both integrations simultaneously if we note that, because of the small negative imaginary parts in 4,’s and wp—p,
the expression (B.13) can be written as

2

Mo=

('I/) “I‘,ﬂI‘,-”f d[?odpo’f dadﬂd'ydédpdVZA p’ exp[— ia (A — Po) _ 16 (A ,,—I—Po) -_ 1:"/ (A p Po’)
[}

(27") 8 —o

—i8(A pr+po’) —in (wp—p'~i’o+1>o')—i"(w}»—z-'*i—PO"J?o')],
2

= ey fo 24y dadfdydodudy expl —i(at-8) A ;=i (r+8) 4 =i (u++)p ]
X3(B—atu—r)d(y—d+u—v), (B.14)

where q, 3, v, 8, u, and v are positive parameters. From the two §-functions we have two linear algebraic equations,

B—atp—v=0, y—étu—r=0. (B.15)

The positive character of the parameters , 8, v, 8, 4, and » does not allow an arbitrary elimination of two of them
from the integral in (B.14). Let

B—a==+a, y—0==xb, p—rv=-=g,

where @, b, and ¢ are also positive. The signs for the set @, b, and ¢ can be fixed by considering the 8 possible signs

for the set @, b, and ¢. There are only two possible combinations that are consistent with the positive character of

the 6 parameters, namely the combinations (4++—) and (——+). The two solutions of (B.15) are, therefore,
@): B=a+te, y=dé+a, v=p+ta, (i): a=B+a, é=v+a, p=vta. (B.16)

Other solutions are thus excluded. By using the solutions (i) and (ii) in (B.14), we obtain the matrix elements
2

My=— 2§;I‘,~“I‘ib (i)4f 24 pdo'dB'dy'ds’ exp[—ia’ (24 ;) —iB' (24 ) — 7' (2wp—p) — 8" (Apt+ Ay +wpp) ]
0
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Hence
G? 2 '
M2= I‘i“I‘f’ . (B.17)
8’ (2Ep—E)2wp—p) (E—Ep— Ep—wp_p)

The second order equation is, therefore, given by

G b4t (p))dp’
(E—2E)é1+ ()= —As* (p)A(— p)T 4T f s .
8 Wpp (E—Ep—Ep—0wp )

(B.18)

For the fourth order case we use the Casimir projection operators in the second term of (B.11). We have alto-
gether 4 terms to be integrated in the integrand of the second term, the first one of which is

G2

21
M4(1) =[ ] 2— sz pIO(p, p’ ; k)dskdﬁodp()'dkg
™

(2m)*
1

X
(A p—p0) (A pFp0) (A pr— po") (A pr 4 po’) (A pr4 15— Do’ — ko) (A pit po— ko)
% 1
(wr— ko) (@itFo) (@p—pr—i— Potpo’+ ko) (@p—pr—i+po— po' — ko)

(B.19)

where

O(p,p"; k) =A*(p)A2(—p) Thy (' +K)T)a (T AL (— pF+K)T ).

As before, the integrations over po, po’, ko can be effected in accordance with the hole theory, so that (B.19) can
be written as

G 2 () ®
M,® =[ ] SL—)— fZA 2»0(p,p’; k)d3kdpodpo’dkof dadBdydéded\dudvdpdo exp[ —ia(A ,— po)
@2m)4) 27 0
—1B(A ptpo) =iy (A pr— po) =18 (A prFpo’) —i€(A prr— po’ — ko) — iN (A p—ic+ po— ko) — dp (wr— ko)
—ig (wk+k0) —ip (wp—-p’—k‘}‘fo_ PO"— kO) —iy (wﬁ—p’—k+P0,+k0_ PO)]
or

G2 2 ©
M4(1>=[§—3] (i)loff 24, 0(p,p’; K)d®kdadB- - -do exp[ —i(a+B)A ,—i(v+8Y4 p—i(p+0)wr
7r 0

—i(pFv)wpprr—1€d prpr—1IAA pi 10 (—a+B+AFp— )5 (—y+6— e—pt+ v)
X8(—e—A—u+v—p+o). (B.20)

We have to eliminate 3 of the 10 parameters in the expression (B.20) by using the 3 linear algebraic equations
for 10 unknowns,

e=(@—1)+(—n), A=(@=B+0—u), (@=B+E@E—1)+(—0)+(—n)=0. (B.21)
We put

a—f=2a, 6—y==4b, p—o==c¢, v—u=-d,

and then consider the 16 possible signs for the quantities a, b, ¢, and d. The only sets of signs consistent with the
positive character of o, 8, v, 6, u, », \, € p, and o are 6 in number and are given by the combinations (+-4—-),

++-—-), (—+—+), (——++), (=——++), and (+——++), leading to the solutions:

@ (i) (iii) (iv) (v) (vi)
a=B4a, a=B+N+ta, a=pf+a, B=a+ta, B=a+e+ta, B=a-+ta,
d=v+Db, d=v+eta, y=06+0, d=v+0b, y=6+A+a, y=246+10,
g=p+at+b+tc,  o=pt+etrta, o=p+eta, o=p+A+d, p=0+a, o=p+tc,
v=p+tc, p=v+a; v=p+et0b, v=p+N+ta, v=p+et+Nta; v=p+a+b+c,
e=b+c, A=e+a+b; e=N+a+b; A=b+c,

A=a-tc; e=a+tc.



TAMM-DANCOFF METHODS AND NUCLEAR FORCES 1701

On using these in (20), we obtain M,® as a sum of 6 matrix elements:

M,O= [ & ]2 1 f O<p1p17k)d3k
' 2E,—F

8w 2wi20 p—p'—k

1
X[ (EptEpitwr—E)(Ep+Eptor—E)(Epypt+Epitortwppr—E)
1
% (EstEp +wpp—itwi—E)(Ept Ep i+ wi— E)(Ep+ Epr i 4+ wip— E)
1
% (Ept+Epitor—E)(Ep+Epitwp pi—E)(Ep st Epyitortwppr—E)
1

% (Ept+Epiitwppi—E)(Ep+Epyitwr—E) (Ep s+ Epiitwppitwr—E)

1 1
(Eyt Eytwpy—i-tar—E) Ey+Epstopyi—E) (Ey+Epstop yi—E)

1

+ . (B.22)
(Ep+Ep’+k+wp—p’+k_ E) (Ep’+Ep—k+°-’p—p’—k - E) (Ep—k+Ep’+k+wk+°’p——p’—k_ E)]

These are just the no-pair terms of the old Tamm-Dancoff method, so that each of the above solutions corresponds
to a Feynman diagram.

The remaining 3 terms of the second term of (B.10) can be treated in the same manner, each giving 6 matrix
elements. Altogether the crossed diagram corresponds to 24 Tamm-Dancoff diagrams. The method can be applied
to the iterated ladder and the results will come out in the form of reducible and irreducible terms. Finally, we
note that the above method of integration can be generalized to more complicated cases.



