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It is shown that the first two terms in the expansion of the scattering amplitude of light by a system of
spin % in powers of the frequency can be simply expressed in terms of the macroscopic properties of the
system. The first term is the well known Thomson amplitude, and depends only on the total charge and
mass. The second term is found to depend only on the charge, mass, and magnetic moment of the system.

L. INTRODUCTION

T is well known that the scattering of zero-energy
photons by a charged system is given by the Thom-
son formula and hence is independent of the structure of
the system. In this paper it will be shown that not only
" the zero-frequency limit of the scattering amplitude but
also its first derivative with respect to the photon
frequency is determined by the static properties of the
system (charge, mass, and magnetic moment), at least
for a system of spin 4. Unlike the Thomson limit, which
appears as a consequence of gauge invariance in the
usual theoretical formulation, the new limit appears to
be a consequence of gauge and relativistic invariance.
The derivativation to be given here applies to sys-
tems consisting of spin-} fermions locally coupled to
spin-zero bosons, but could presumably be generalized,
if necessary, to almost any gauge and Lorentz invariant
system. The proof applies formally to all orders in
e*/fic (as well as to all orders in the meson-nucleon
coupling) provided the virtual photons are given a
fictitious rest mass A ; it may or may not be correct in
the limit A — 0, depending on whether or not the
derivative in question exists. Failure of the derivative
to exist would, of course, appear as an infrared
divergence. In our derivation such an infrared diver-
gence would be due to the existence of too great
a density of excited states of the scattering system
whose energy was infinitesimally close to that of the
ground state. We shall have to assume the scatterer
(proton, neutron, electron, etc.) to have a minimum
excitation energy with respect to which the photon
frequency can be measured. For protons and neutrons
this energy is of course u.c?, where u, is the m-meson
rest mass; the corresponding length with respect to
which the photon wavelength must be large is %/uxc.
Our method consists in showing that if the scattering
amplitude be expanded in powers of & (for Zick<Kuxc?)
the first two terms in the expansion can essentially be
expressed in terms of matrix elements of the charge
density, p(x), rather than in terms of the current den-
sity, j(x). Since S p(x)dx=e, the total charge, whereas
J3(x)dx has large off-diagonal components, consider-
able simplification is achieved: no excited states need

*Work supported in part by the joint program of the
Office of Naval Research and the U. S. Atomic Energy Com-
mission.

be included in the sum over states which determines
the scattering amplitude to this order in k. The diagonal
elements of p, as is well known, can be simply expressed
in terms of ¢, m and p (the static magnetic moment of
the system) for small momentum transfer. The first
term in the expansion, of course, turns out to be the
Thomson term; the second, which is linear in the spin
vector of the system, is somewhat more complicated,
except in the forward direction, where it must be a
multiple of 4o (e’X e)k; the multiple turns out to be
222! where \ is the anomalous part of the magnetic
moment.

The total scattering amplitude, correct to order %, is

H' = (¢®/m)e- ' — (ie/m) Qu—e/m)ka- (&' X €)
—2p¥io-[ (e X k)X (e'Xk)]/k—i(e/m)
Xu[(e-k)e'- (X k) /k— (e -k)e- (eXk)/F]2 (1.1)

Here e and €’ are the initial and final polarization
vectors of the scattered photon.

II. CALCULATION: GAUGE INVARIANCE

We shall work within the framework of a specific
theory: we calculate the scattering of light by a spin-}
system locally coupled to a scalar (or pseudoscalar)
meson field. The method of calculation will make it
clear that the result has a much wider range of validity.

The S matrix for scattering of a light quantum from
a state (kw,e) to a state (k'w',e’), where |k|=uw,
|k |=o, e-k=¢'-k'=0, is given by

S—=—[2i/ (4we)}] f O () (1)l )70 (e- )

[/ (o] [ PLi@-€, 5]

XeHvg—ikedydy,  (2.1)

where all integrations and coordinates are four dimen-
sional, ¢(x) is the charged meson field operator, P is

1 We use units in which A=c=1, &/4r=1/131.

2 The author has been informed that a result essentially equiva-
lent to Eq. (1.1) has been independently obtained by M. Gell-
Mann and M. Goldberger using a different method of proof. See
M. Gell-Mann and M. Goldberger, Proceedings of the Glasgow
Conference on Nuclear Physics, 1954 (unpublished); and Phys.
Rev., following paper [Phys. Rev. 96, 1433 (1954)]. The author
would like to thank Dr. Gell-Mann for communicating this
result to him.
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Dyson’s time-ordering operator, and j(x) is the current-
density operator. In our example

p(x) = e[ 1 ()2 (%) — o (w)m1 ()]

e el @)y () (@),
T3 0) = 9 (@) ae) — Ta (@) ()]
» Fidh (@)1 rv (@),

o= (b11i$2)/V2, ¢*=(d1—ig)/V2.  (2.3)
€ is the electronic charge, ¢¢/4r=1/137. The time de-
pendence of all operators is given by the Heisenberg
equations of motion for the scattering system. We may
rewrite Eq. (2.1) as follows:

(2.4)

S=— e/ejg,-j(4ww')“%,
where

gii=21€ fqb* (%) () et *—*2dxs,;

+ f PLjs(@),j;(5) Jewve ¥ =dudy.  (2.5)

For purposes of orientation we give g;; for Thomson
scattering :

gii(7) =08(2m)*i6 (AR, +Ap,)e*/m,

where ¢ and m are the total charge and mass of the
scatterer. Ap, is the 4-momentum transfer to the
scatterer.

The theorem which makes our calculation possible
is the following:

kf’gﬁkfwl“’f PLo(x),p(y) Je*ve=* =dxdy. (2.7)

(2.6)

Equation (2.7) is obviously a consequence of the gauge
invariance of the theory. It is valid for any gauge-
invariant theory in which the system interacts with a
scalarpotential V (x) through an interaction Hamiltonian
H,= fp(®)V (x)dx. This can be shown quite simply
and generally by considering the scattering of the
system by an arbitrary external electromagnetic field
and requiring the S matrix to be invariant under a
gauge transformation of the external field.

To prove (2.7) for our special example, we operate
on (2.5) with &;/. Thus:

kigii=2ikj e f ¢* () (x) e+ 2 dy;

1
+‘.f PL0ji(%)/0ms,5;(y) Je*ve* dxdy.  (2.8)
(2

The second term on the right may be transformed by
using the equation of continuity,

97:(%)/9x:= — dp(x) /30, (2.9)
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and the relation
1¢) d
p[_’@,j,. <y>]=——P[p (9,5;0)]
(9900 X0
—8(x0—y0) [ (x),75 () 1.

We find, after an integration by parts,

(2.10)

ki'gij=2iek{ f ¢* (%) (a) i +—*=dy;
1 .2 . .
—f——.fdxdye—wk :cezkya (xo_ y())[p(x)’j](y)]
)

o f dedye e PLp(), 5 ()] (2.11)

The first two terms on the right of Eq. (2.11) cancel
exactly as a consequence of the definitions (2.2) and
(2.3) and the canonical commutation relations. We now
multiply the remaining terms in (2.11) by %; and find
easily that

185;(y)
ki,gijka w'fdxdye—ik'xeikyp[p (x>’ —- ’ ]
(3 Gy]
dp (3/)]

(9370

wl
:_-fdxdy(;—ik’xeikyp[p (%),
P

o dethy
-2 dxdye~wx[ JP[p(x),p(y)]
1 9o

" f dudye ¥ PLp@)p()],  (2.12)

where we have made use of the fact that p(x) and p(y)
commute for xo=yo.

It follows from (2.12) that if we can obtain enough
information about the tensorial character of g;; from
other sources, we can use (2.12) to calculate g;; itself.
Let us look at the defining equation for g;;, Eq. (2.5).

The first term in (2.5) is a multiple of §;;, and, since
¢*¢ is a scalar, must be independent of the spin to
order %2. The second term can be rewritten in terms of
a sum over intermediate states with appropriate energy
denominators. The contribution g;® to the sum arising
from unexcited intermediate states can be explicitly
calculated to the required order in k. We shall perform
this calculation in Sec. IV. It turns out that k,g;;@k,;=0
so that g;;©® will give no contribution to (2.12).

In the sum over excited states, g;;‘®, there can be no
singularities as {kw} — 0, because of the minimum
excitation energy u.. The only tensors that can enter
2:;%® to order k are thus §;; and o5, where g12=g03, etc.

We may therefore write

8ii=8ij©+A8;j+Bo ;. (2.13)
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Substituting (2.13) into (2.12), we find
k' -kd+e- (K'Xk)B=w'wC,

where

c= f dudye# s P[p(x)p(y)].  (2.14)

We may now think of (2.14) expanded into a sum over
states. Those terms arising from excited states will con-
tribute at most of order %%, since S p(x)dx is a c-number,
the total charge. Thus to our order we may calculate
(2.14) using only unexcited intermediate states.

We proceed to rewrite Eq. (2.14) as a sum over
states (suppressing all excited states):

(ps| PLo(%),0 () 1] p2)
=g Ean(py| p () (3) | p) (0> 30)
= oiFrmg=im(pg| p(y)e™ M w0 p(x) | pi) (w0 <30),

so that

C=f dxoe?‘”'+Ef)I°<Pf
z0
= f dyoet H-Ei=w)vo f p(y)evdy

= f dyoei(E/—w)yo<pf

Yo
Xf dxoei(H——Ei+w')zofp(x)e—z‘k'.xdx
—0

fP ()i - xdxe=Hm
")
[otmeaye-imm
)
[oee=ix
o)+ (o [
Pz>]

(k—¥'|p| ko)(k,o|p|0)

E(k)—E(0)—w

(k=K'|p| =Ko}~ K'0[p|0)
E()—E(0)+o'

2
:_.5(w'+Ef—w—Ez‘)[<Pf
7

1
X——-—fp(Y)e“"ydy
H—E;,—w

1
Xeik'ydy———fp(x)e—ik"xdx
H—-Ei—l—w'

(2m)

1

ammﬂk»z[

J, (2.15)

where we have made use of momentum conservation
and set p;=0 in arriving at (2.15).

We may now find immediately the Thomson limit
from (2.15). Since S p(x)dx=e, (k|p|0)=(0]|p|0)=¢e
+~%2, so that as £#— 0 we have for the bracketed

LOW

quantity

2 1 | 1
) [E(k)—E(Q)—w ' E(k’)——E(O)—I—w']
= E(k)— E(0)+w'+E(k)- E(0)—w]
X[E(k)—EQ0)—w][E(F)—E(0)+w]™

2

z——e—[E(k’)—E(0)+E(k)—E(0)+E(0)~E(k’—k)]

we'

e [k'z 1 k? (k——k’)2] e k-k

=——— (2.16)

T
wo'l 2m  2m 2m m wo

whence the constant 4 in (2.14) is given by 4= — (2r)*
10(k,/ — ky+Ap,)e?/m which leads trivially to the Thom-
son formula (2.6).

III. RELATIVISTIC INVARIANCE

We return now to Eq. ‘(2.15), and investigate the
properties of {p2|p|p1).

The four vector (p:|j.|p1) must have the general
form, for a spin-} particle,
(2| jul Py =10 (p2)evuf ((A2)%)

- —owAp,g((ApN)H) Ju(py), (3.1)

where # and @ are the Dirac spinors for the momentum
states ps and p; and the 4’s and ¢’s are the well-known
Dirac matrices. Here f and g are functions of (Apy)?
only, and f(0)=1, g(0)=\, the anomalous magnetic
moment of the particle.

Using (3.1), we find

(p2] o] p1)= (1/1)(p2| jo| P1)
=u(p2)[Bef—osslpig Ju(py)
= efu*(p2)u(p1) +guw*(p2)Be- Apu(py).

Let us call the bracketed quantity in Eq. (2.15) Q:
(k—k'|p| k,o)(k,o|p|0)
o-g|
L E(l)—E(0)—w

L(k—k’lp[—k’,o><—k’,c|p10>] .
E()— E(0)+«' '

(3.2)

We wish to evaluate Q only to order k. Thus, the
numerator in (3.3) need be accurate only to order %%
Since (AE)*~k*, we may set (Apr)?= (Ap)? and since
the (Ap)? are the same in both terms of (3.3) (although
in opposite order), the f and g functions will be common
factors to both terms. Their Ap dependence may there-
fore be neglected in our limit, which considerably
simplifies the remaining calculation. We thus set f=1,
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g=g(0)=X\, the anomalous part of the magnetic mo-
ment. Equation (3.3) for Q becomes, if we insert pro-
jection operators for the spin sums over intermediate
states:

0= (k— k)[ [e+M8e- (~K)] Lo k-tm+E(R)]
B [E®—-EO)—o]  2E()
(e+NBa- k)

X (e+N\8e- k)4

LE()—E(0)+"]
[—e K'+Bm+E(%)]
2E(E)

[e+NBe- (— k’)]]u(O). (3.4)

All the terms of the form Be-k or e-k in (3.4) will
be of order k2/w, so that they may be evaluated to their
lowest nonvanishing order. The only term we have to
watch is the one with every e-k left out. Since 5#(0)
=u(0), and since £2— k*=~k*/m, this term is

[m+E®TF 1

*(k— K’ 2
G (=), u0))e 2E(E) LE®)—E©0)+o
1 & k-k N e kK
+E(k’)—E(O)+w’] I R

In evaluating the remaining terms in (3.4) we may set
E(k)=E(k)=m, o' =w everywhere. Since u(p)=(1+
«-p/2m)u(0), we have
o (k—K ))
2m

e/k'-k 1
Q=- —(f) +—“f*(0)(1+
m wWw w

—a-kK'+m+pm

2m

Kem +ﬁ)

X[ (e+Ba-k) ( ) (e—\Be- k')

~ i) (e300 |0

() ()
) () o

Here u is the total magnetic moment. Equation (2.45)
now becomes

) 5(APH+Aku)

C=

ek-K e e
x[___+w k’xk)——(Zu—-——)], (3.6)
e 2m

m ww
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and (2.14) informs us that
2m)* ¢
A=— #)—) (37)
m
and
2m)*t
B=——5(Aput-by )z—(zy——— (3.8)

The off-diagonal contribution to the scattering is thus
given, correct to order (k,w), by

(2m)*

3(AputAky)

e’ e e -
X [—— —0;+1w— ( ZM—"—‘)U'ijJ. 3.9)
m m 2m

Note that this term is exactly zero for a neutron.
In the next section we shall calculate g;;@©.

gii— 8V =

IV. DIAGONAL MAGNETIC SCATTERING

In complete analogy with the derivativation of Eq.
(2.15) for the quantity C defined by Eq. (2.14), we may
derive an expression for g;;® directly from the defining
Eq. (2.5). We find

(2m) (k—K'| 7s| k)(k| 7, 0)
.(0) —
8= )§l E(k)—E(0)—w
k—K'|j;| —K'M(—F'|j:
(k=K =R )(—F'] |0>]’ @)
E(E)—E(0)+o'
with

(p2| 7il 1) =71 (p2) Levif ((Ap2)Y)

—ouAp.g((Ap)D) Ju(py). (4.2)

Since v; and o;;Ap; vanish with £, we may disregard
cuAE and set f((Apn)D)=1, g((Apn)?)=\. With these
approximations

(p2|3] p1)=1*(ps)[ea—iNApX o Ju(p:)
= (¢/2m) (pat+p1)+i(e/2m~+N)oX Ap

= (¢/2m) (p+p1)+inoXAp, (4.3)

which is, of course, the current of a nonrelativistic
particle interacting with a magnetic field according to
the Hamiltonian
Hyxr'=—(e/2m)(p-A+A-p)—uoc-H. (4.4)
We may now verify the statement made in Sec. II
that &/g;;@k;=0. This is obvious for all those terms
involving the spin, since Ap is in each case the k with
which an inner product is being taken. For the spin-
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independent terms, we have

2m)*

g,-j(") | no spin=

e \?2
a<Ap,.+Aku)(—) z
2m/ w

i

X (ki'ki —kik;), (4.5)
which is manifestly orthogonal to k/k;. Furthermore,
since e-k=e¢’-k’=0, the spin-independent terms make
no contribution to the scattering matrix.

The contribution to the scattering matrix of g;©® is
thus

(27)

(4w'w)? 4

4
SO=— 3(Aput-Aky)

‘ e (eXk
=Hie/.kHeI.[aX(_k/)]“}m

—w

ie’-[oX (—k’)u]]

—i—{—ie-k’—}—ie-(cxk)y
m

w
1 (2n)t
= 0 (Apu_*"Aku)
(4o'w)t 1
24u? ieu
x| = LeXIOX (¢ XK T+
w )

X[(e-K)e - (oXk)— (e’ -k)e- (eXk)]}. (4.6)

The contribution to the scattering matrix of g;j— g;;@ is

ei'ej (27(’)4

S—SO=— 5(Ap,t-Ak,)
(4o'w)r 4 g :
¢ e e
X[—- —5ﬁ+'i¢7ijw—(2,u—"““ ],
m m 2m

LOW
so that in all

@2t 1
S:

1 (do'w)?

0(AputAky)

e e e

X[—e- e’ —i—wo- (e'Xe) (Z,u——)

m m 2m
21u? eut
——0- (eXk)X (e/Xk')——

w mw

X[(e-K)e: (eXk')—e'-ke: (eX k)]+~k2]. 4.7

The bracketed term is what we have called the
scattering amplitude, H’, in the introduction.

In the forward direction k=K', and (4.7) simplifies
considerably. We find for this case:

e e e
H=(e-e)—— —(Zu——)wc' (e'Xe)
m m 2m

+2up%(eXk)- €' (k-o)

e? e e

=—e- e +iwo (e'X e)[2p.2— —(Zu—h)]
m m 2m

= (e/m)e- ' +iwa- (e'Xe)2(u—e/2m)?

= (e/m)e- e'+iwN’e- (e'Xe), (4.8)
where X is the anomalous part of the magnetic moment.
In conclusion, we may make a few general remarks.
Our results depend primarily on gauge and relativistic
invariance,so that they should not be difficult to generalize
to cases of higher spin. They are valid for atoms, nucle,
and elementary particles. Unfortunately, experimental
verification seems almost out of the question since in
every case the coefficient of £ (which we have calcu-
lated) is anomalously small compared to the coefficient
of k% (Rayleigh scattering) which is known to be
structure-dependent in a nontrivial way.



