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Polarization in High-Energy Elastic Nucleon-Nucleus Scattering
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The proposal to explain the comparatively large polarization observed in high-energy elastic proton-
nucleus scattering by means of the spin-orbit interaction used in the shell model of the nucleus is examined.
Three simple examples are considered in erst Born approximation. The approximate magnitude and the
approximate location of the maximum polarization for 340-Mev nucleons on carbon is in rough agreement
with experiment. However, regions of negative polarization also seem to be predicted by the theory. Finally,
an approximate method to calculate the polarization for high energy and small scattering angle is suggested.

I. INTRODUCTION

EVENT experiments' ' in the double scattering
of high-energy protons by a nucleus indicate a

considerably larger amount of spin polarization in the
emerging proton beam than is observed in proton-
proton scattering. These experiments also seem to
indicate that the largest asymmetry occurs in the range
of energy and scattering angle where the scattering
can be expected to be mostly elastic. ' In a previous
communication, 5 the author suggested that these results
might be explained by means of the spin-orbit inter-
action used in the shell model of the nucleus. This
suggestion also has been advanced independently by
other authors. '~ Some of the consequences will be
elaborated here.

In the nuclear shell model, ' ' it has been shown that
the observed shell structure of nuclei can be explained
by introducing a relatively strong spin-orbit interaction
in the potential well model of the nucleus. We make
the additional assumption that for elastic nucleon-
nucleus scattering essentially the same spin-orbit force
that acts on a bound nucleon also acts on the nucleon
being elastically scattered by the nucleus. Since the
strength of this interaction depends on the spin orien-
tation of an incident nucleon relative to its orbital
momentum, the scattered nucleon beam will be spin-
polarized. For an unpolarized incident beam, the double
scattering experiments referred to above which measure
the right-left asymmetry of the second scattered nucleon
beam are used to determine the amount of polarization.

We therefore suppose that the nucleus exerts a
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potential H' on the incident nucleon. This potential is
of the form

H'=(1+is) Vo(r)+V, (r)-', e rX(—i)~7, (I)
where the parameter e is introduced to take account of
nuclear absorption. " At 100 Mev, the value of e is
around —,

' and apparently slowly increases with higher
energies. " The Vo(r) is a central potential well and
Vi(r) describes the radial dependence of the spin-orbit
interaction. The magnitude of Vi(r) should be adjusted
so that it gives the correct order of doublet splitting
when calculated by bound state perturbation theory, "
that is,

AE=Ei+,*—Ei;——(/@i(r), V&(r)PE, i(r))(l+-', ), (2)

where P~, i(r) is the radial part of a bound state wave
function for the unperturbed central nuclear potential
well. According to Mayer, ' hE should be roughly
about —2 Mev for large l, say l about 5.

For an interaction given by (1), we assume that we
can express 1 he elastic scattering amplitude in the form"

where n is a unit vector defined by

&oXk= nk' »ng,

where ko and ir are the initial and final nucleon propa-
gation vectors. For an unpolarized incident beam, the
polarization is then

s TrLf t(0)&'nf(8) j fo*(0)fi(0)+fo(0)fi*(0)
&(0)=, (5)s»fft(8)f(0)3 I fo(i)) I'+

I fi(|i) I'

where the trace is taken over the spin space. With this
definition of n, P(8) &0 corresponds to more nucleons
with spin up being scattered to the left and P(0)(0
more with spin down being similarly scattered. We
note that the diGerential cross section for single elastic
scattering which is just the denominator of (5) depends
on the sum of the absolute squares of the scattering
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amplitudes, whereas P(0) is sensitive to their relative
phases and accordingly can have negative values.

From the shell model, we know that Vs(r) is some
modified square well extending a distance of the order
of the nuclear radius. The depth of this well appears to
be in the vicinity of 30 Mev, although current optical
model calculations seem to indicate that for high-energy
elastic nucleon-nucleus scattering, the effective well

depth may be considerably reduced. " However, the
radial dependence of Vr(r) is not as well determined
since several functions of r will yield approximately the
right order of doublet splitting in (2) when the magni-
tude of V, (r) is suitably adjusted. The forms suggested
so far for the radial dependence either assume an
approximately uniform effect, " in which case Vr(r) is
itself some sort of modified square well, or represent
an estimate the effect of a core acting on a nucleon, ""
in which case Vr (r) approximately has the form
r 'dg/dr, where @(r) characterizes the collective action
of the core. The resulting form of the second category
also includes a generalization of the relativistic Thomas
eGect which when unmodified gives a doublet splitting
which is too small. "Here V, (r) would be proportional
to r 'dVs/dr.

II. BORN APPROXIMATION

Since the range of energies used in the polarization
experiments are relatively high and since the absorption
parameter e at these energies is larger than ~, we can
expect a 6rst Born approximation calculation of the
scattering amplitudes to give approximately quantita-
tively correct results for the polarization. j'

For this approximation, we can use Eq. (5) directly.
However, in many cases, it becomes convenient to
make the rearrangement

f.(0) = (1+' )f'(0), (6)

fr(0) = i-', )1'0' sin0f '(0) (&)

where X is the nucleon Compton wavelength, and where
fs'(0) and fr'(0) are now real scattering amplitudes
which are calculated in first Born approximation from
the real potentials Vs(r) and 'Ur(r) = —)t 'J'rVr(r)dr.
The latter potential is obtained by partial integration
in fr(0). The expression (5) for P(0) then becomes

et'k' sin0fs'(0) fr'(0)
Ps(0)=, . . . (8)

(1+c')Lfs'(0)7+x')t'0' sin'0L fr'(0) 3

In this form, it can be readily shown that Ps(0) reaches
its optimum value for the scattering angles, eo, which
satisfy the equation

(1+es) [fs~(0s)y= r $4@ sjns0L jr~ (0s)y

The maximum and minimum values of Po(0) are then

Pp(0p) =we/(1+e') l,

provided that 80 exists in the interval from 0 to x.
The effect of also including a shielded Coulomb

interaction would be to add the Coulomb amplitude

f, (0) to fs(0). Since this amplitude is real, it will only
enter in the denominator of Ps(0). It can be easily
verified that except at very small angles, the contri-
bution of the Coulomb term is comparatively quite
small, so that neglecting it will not essentially alter
any of the results presented in this paper.

As an elementary example of a uniform spin-orbit
effect, we consider the potential defined by

Vp(r) = —Up, Vr (r) = —Ur = —npUp, f&R,

Vs(r) =0, Vr(r) =0, r&R. (11)

The resulting expression for Ps(0) is then

en, kR cos-', 0j&(2kR sin-', 0)js (2kR sins0)
Ps(s) (0)—

(1+e') jrs (2kR sin-', 0)+-,'o.esca'R' cos'-', 0jss (2kR sin-', 0)
(12)

where j& and j& are regular spherical Bessel functions.
In Fig. 1, we have plotted Ps&'&(0) for carbon at

340 Mev using a nuclear radius X=3.2X10 "cm. The
value of the absorption part of the well, eUo, was taken
to be about 16 Mev which is consistent with an optical
model determination of this term from the sum of Np

and pp total cross sections. We also took Us to be

about 27 Mev to facilitate comparison with reference 6.
This gives e=0.6 and from (10), a maximum polariza-
tion of approximately 51 percent. Finally from (2) and
reference 12, we estimated U~ to be about —,

' Mev and
hence o.o= 0.02.

If we consider a generalization of the relativistic
Thomas effect, in first Born approximation, we find
that we can permit Vs(r) to be any potential well where

"J.Keiison, Phys. Rev. 82, 759 (1951)."J.Hughes and K. J. LeCouteur, Proc. Phys. Soc. (London)
63, 12j.9 (&95i)."B.H. Flowers in Progressie ENclear Physics, Editor, O. R.
Frisch (Academic Press, Inc. , New York, 1952), Voj 2, p. 271.

f We might note that at high energies the magnitude of VI(r)
decreases and e increases. However, as long as their product is
smaller than the incident kinetic energy, the 6rst Born approxima-
tion can be expected to be valid, and for large e, contain the
principal contribution to the polarization.

V, (r) = —o.r t'- Vp (r)—
r dr

Then 'Ur(r) =arVs(r) and fr'(0) =nrfs'(0), so that

6AyA k sing
Ps"'(0) =

1+e'+ -,'nrs)t4k4 sin'0

(13)
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giving a polarization that is independent of the shape
of Vp(r). This expression for Es "& (8) agrees with that
obtained by Fermi' for a square well. The Ps&'&(8) of
(14) is plotted in Fig. 2 for an estimated n, =15.

Finally, we consider a simple example such as might
be associated with the eGect of a nuclear core interacting
with a single nucleon. Here we again let

and take

Vs(r) = —Up, r&R

Up (r) = 0, r) R

X' d
Ui(r) = ———Ui(r),

(15)

where

'Ui(r) = —nsUs, r&bE.,
'Ui(r) = crsUs(bR/r—)e &&" '~i r)—bR

(17)

The resulting J's(g) is

eb ns)t k singer (2kR sin isa (k,bR,g)
P'0(~)—

(1+e')j '(2kR sinsg)+rb'n 'X k' sin'g'(k bR,g)

(»)
where

f(k,bR,g) = ji(2kbR sin-,'8)

+ (libR) '$1+ (2k/p)s sinstg] '

&& Lsin (2kbR sin-,'8)

+ (2k/fi) sin-', 8 cos(2kbR sinsr8) j. (19)

The behavior of (18) is plotted in Fig. 3 for crs=15,
p '=1.4)&10 "cm and b=0.7.

Of the three examples considered, Ps&'& (8) and Ps'" (8)
appear to best fit the data of Chamberlain et al.' which
indicate a maximum polarization at about 10'. The
Ps&'&(8) has its first maximum at about 20'. The suc-
cessive maxima in Ps"&(8) and Ps&" (8) would not be
too readily detectable by present methods since they
occur at the larger angles where the assumed unpolar-
ized inelastic collisions become important and eGectively
reduce the observable asymmetry. A characteristic of
this theory seems to be the presence of regions of
negative polarization following the first maximum, the
exception being the first Born approximation of the
Thomas-like interaction where the fs'(8) and f,'(8) are
proportional to each other, but presumably even here
a more exact calculation would show regions of negative
polarization. ' The data referred to in this paper do
not show any change in sign of polarization. However,
since the experiments do not completely cover the
regions where Ps(g) can be negative, this possibility
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Fn. 1. The polarization as a function of scattering angle
as plotted from Eq. (12).

FrG. 2. The polarization as a function of scattering angle
as plotted from Zq. (14).

cannot be ruled out. In general, increasing the incident
nucleon energy tends somewhat to compress the graphs,
towards the lower angles and decreasing the energy
stretches them, so that at higher energies the regions
of negative polarization may be in the more observable
range of the lower scattering angles although the width
of these regions may possibly become narrower. $

The relative magnitudes n of the spin-orbit interac-
tion were only estimated approximately. However, the
condition for stationary n is just Eq. (9) for determining
Pp(gp) so that small changes in n will leave the location

'~ A phase shift calculation shows that this is indeed the case.
E. Fermi (private communication), and Snow, Sternheimer, and.
Yang, Phys. Rev. 94, 1073 (1954).

f It is also possible that the experimental resolution is such
that narrow regions of negative polarization cannot be readily
detected. In this respect, we note that a more exact calculation
which rounds off the potential wells involved also makes the
regions of negative polarization considerably narrower as has
been demonstrated by W. Heckrotte (private communication).
For heavier nuclei, it may be possible to eliminate the regions of
negative polarization altogether; R. M. Sternheimer (private
communication).
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of optimum polarization relatively unchanged. The
magnitude of the maximum polarization is ~of the
proper order, but the figure of 51 percent is 'not too
significant and rather is an approximate lower limit on
the maximum polarization. Actually, some of 'the cur-
rent optical model calculations mentioned" above seem
to indicate an &=1.2 for carbon at 340 Mev. This
would increase the optimum polarization for Ps(0) to
about 77 percent.

III. SMALL-ANGLE APPROXIMATION

In an attempt to 6nd an approximate treatment more
accurate than the first Born approximation, yet less
laborious than a phase shift calculation, we again notice
that the high-energy elastic polarization experiments
are carried out predominantly at relatively small scat-
tering angles. A procedure which takes advantage of
these properties for calculating the scattering amplitude
has been suggested' and is essentially followed below.

The exact scattering amplitude may be written
symbolically as
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f(0) =
2xAv~

exp( —ik r)l r H'
1—GH' ) Fn. 3. The polarization as a function of scattering angle

as plotted from Eq. (18).

Xexp(iks r') (dr) (dr'), (20)

L1—GH'] '= 1+GH'+GH'GH'+ (21)

where 6 is the free nucleon Green's function. If we use
the expansion

~00

fs(e)=ik pdpL1 —e ' 'cos([Klp5i)gJe(lk —kelp),
Jp

(24)

zP 02m

f(0) =— dy pdp expl —i(k—kp) 97
2m~p ~ p

where
)& (1—expl:2&~a(p)+'i~i(p)o" 9+Kl) (22)

~.(p) =-1+is p"
~ V, (Q'+s')1)ds,

(23)
po0

~i(p) = —— l'i(Lp'+s'j') ds
O'V& p

The expression for f(8) can be regarded as a modification
of the optical model to include the spin-orbit term
provided that a suitable averaging over spin-space is
understood. We can write Eq. (22) in the form of Eq.
(3) by making use of the commutation properties of the
0- and subsequently carrying out the angle integration.

"R.J. Glauber, Phys. Rev. 91, 459 (1953)."See Appendix.

then f(8) is expressed in terms of the Born series. Using
cylindrical coordinates with the s axis parallel to
K=-', (ks+k) and evaluating each term of the Born
series in the approximation of high energy and small
scattering angle, "we find that the sum can be written
in the form

fi(e) =i~ pdpe"" »n(III p~i) Ji(lk —kelp))
~ ~

where
l
K

l

= s l
ks+k

l

= k cos-,'8 and
l
k—kol = 2k sin-'8.

If we keep only terms linear in bp and B~, we obtain the
first Born approximation scattering amplitudes such as
were used to obtain the results of Sec. II. Presumably,
using the scattering amplitudes of (24) instead of a
first Born approximation in Eq. (5) would enable us to
obtain a better approximation for P(0), although as
yet, no completely satisfactory estimate of the errors
involved in this approximation has been carried out.

The author wishes to take this opportunity to thank
K. Strauch for numerous conversations about the
current polarization experiments and R. J. Glauber for
several interesting discussions.

APPENDIX

The summation of the Born series of (21) is carried
out by employing an approximate free particle Green's
function'P for high energy and small angle propagation.
To do this, in the usual form of the Green's function

1
I

expl ip. (r—r')]
G(r, r') =

I (dp),
(2')'~ P' —(k'+is)

~ This treatment follows the unpublished work of reference 18.
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we make the substitution y= K+q where K= s (ks+k). and taking the z axis parallel to K, we obtain
Then

G(r, r') =exp[iK (r —r')]
(2s.)'

exp[iq (r—r')]
Xl (dq). (A.2)

a E'+q'+2K q—k' —ie

G(r, r') =exp[iK (r—r')]
16vr'k

I
exp[iq (r—r')]

X) (dq) (A.4)

and when evaluated in cylindrical coordinates for
positive &~0, this becomes

At high energies, by assuming that

E'—k'= k'(cos'-,'0 —1)= —k' sin'-', 0= —q'

G(r, r') = ,'ik -' exp[i~ Kt (z —z')]8(9—9'), z)z',
(A.3) G(r, r') =0, s(s'. (A.S)
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Ionization Chamber Measurements at 10 600 Feet of the absorption of the
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A detector consisting of a lead-shielded ionization chamber with Geiger counters above and below the
chamber is described. The charged E component of energy of several tens of Bev is detected.

The absorption of the charged E component in carbon is much smaller than that predicted from the
absorption in air. This phenomenon may be explained by the fact that 7i- mesons or other unstable particles
which are produced in nuclear interactions can give rise to further nuclear interactions.

Approximate values for the interaction mean free path of E rays in carbon have been obtained. These
values depend on the number of shielded counters below the ionization chamber which are struck. For zero
counters discharged, the mean free path is 136+12g cm 2 and seems to decrease as the requirement on the
number of shielded counters struck is increased. The interaction mean free paths in carbon are compared
to previous results in lead.

The absorption of the E component in oil indicates a cross section of the hydrogen nucleus much smaller
than that corresponding to the range of nuclear forces.

Events with large pulses from the ionization chamber or with multiple discharge of shielded counters
below the chamber are more likely to be associated with the nucleonic component of extensive air showers.

I. INTRODUCTION

'HE results reported here were obtained in a
continuation of previous experiments' ' per-

formed with a lead-shielded ionization chamber and an

array of Geiger-Mueller counters above the lead shield.

The time coincident pulses of the ionization chamber
and of the Geiger counters recorded the arrival of
penetrating ionizing particles which could produce
ionization bursts below the lead shield. In a preceding
paper' (referred to in what follows as I) we were able

to separate the total burst rate recorded by the detector
into two parts: one which arises from electromagnetic

~ This work was supported in part by the joint program of the
U. S. OfBce of Naval Research and the U. S. Atomic Energy
Commission.

t Now at Lincoln Laboratory, Massachusetts Institute of
Technology, Cambridge, Massachusetts.

' Bridge, Rossi, and Williams, Phys. Rev. 72, 257 (1947).
s Bridge, Hazen, and Rossi, Phys. Rev. 73, 179 (1948).
'Bridge, Hazen, Rossi, and Williams, Phys. Rev. 74, 1083

(1948).
'H. Bridge and B. Rossi, Phys. Rev. 75, 810 (1949).
e McMahon, Rossi, and Burdett, Phys. kev. 80, 157 (1950).
e H. Bridge and R. Rediker, Phys. Rev. 88, 206 (1952).

interactions of JM mesons, and another which arises
from nuclear interactions of the so-called Ã component
of cosmic rays.

The reader is referred to I for a discussion of the
processes by which the bursts are produced. From the
latitude eGect observed with similar apparatus' and
from correlation of the observed counting rate with
the energy spectrum of the producing radiation, the
mean energy of the detected radiation is determined to
be about 10' ev. This is in agreement with the energy
transfer necessary to produce the smallest detected
ionization burst (see I).

In the experiment described in I, we measured the
absorption in air and in lead of the X component
responsible for the detected bursts. We also obtained
information about the collision mean free path for
this radiation in lead.

In the present experiment, performed at 10 600 feet,
we have extended the results of I to carbon and hydro-
carbon absorber s. We have also investigated the
absorption of the S component associated with ex-
tensive air showers.


