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An analysis has been made of the experimental angular distributions of negative pion—hydrogen scatter-
ing between 120 and 217 Mev. The usual assumptions of charge independence, and contributions from §
and P waves only, are used and the six phase shifts determined as a function of energy by means of the
Los Alamos MANIAC. The resulting phase shifts are used to predict positive pion—hydrogen scattering in
this energy region. Comparison with the experimental data on positive pions enables one to exclude some
of the sets of solutions obtained from the negative pion data.

Essentially three acceptable sets of solutions are found. Arguments are given why one of these is likely
to be the physically correct one. Its characteristics are that the predominant phase angle with T'=3/2,j=3/2
passes through 90° at about 195 Mev, that none of the other phase angles shows a resonance in our energy
region, and that the 7'=1/2 phase angles are all small.

1. INTRODUCTION

N the preceding paper Fermi and Metropolis! re-
ported on an analysis of = meson-hydrogen scatter-
ing data in terms of phase shifts. The present paper
continues to make the basic assumptions® used by
Fermi and Metropolis that (a) nuclear forces are charge-
independent and (b) only .S and P waves contribute to
the scattering. While the latter assumption is in some
doubt?® we shall still make it for the sake of simplicity.
Our analysis concerns the energy region between 120-
and 217-Mev meson energy.

The experimental data (which are discussed more
fully in Sec. 2, where references may also be found)
consist of both transmission and angular distribution
measurements. The total negative cross section (sum
of the direct and charge exchange scattering?), or(77),
is very well known from transmission measurements in
our energy region. It shows a broad maximum from
about 150 to 200 Mev (Fig. 1). The most recent trans-
mission measurements of or(7t) by the Carnegie In-
stitute of Technology group also show a definite maxi-
mum in the same energy region and of the same shape
but much higher in magnitude (Fig. 2). Older measure-
ments, by both the Columbia and the Brookhaven
groups, indicated considerably lower cross sections.
However, the Carnegie transmission measurements are
far superior in energy resolution and in statistical
accuracy so that we propose to use them to the exclu-
sion of the older measurements. The angular distribu-
tions for direct #~ and charge exchange scattering are
fairly well established between 120 and 217 Mev. On

1 Fermi, Metropolis, and Alei, preceding paper [Phys. Rev. 95,
1581 (1954)].

2H. L. Anderson et al., Phys. Rev. 91, 155 (1953).

3 M. Glicksman, Phys. Rev. 94, 1335 (1954) has recently found
that the angular distribution for #~—# ™ scattering at 217 Mev can
best be fitted by including a fair amount of D wave in addition
to S and P, although a reasonable fit is still obtained by .S and P
waves only.

4 The radiative absorption correction is negligible at our high
energies.

the other hand, the angular distribution of = scattering
is not known very well and we prefer to use it merely
as confirmatory evidence, while considering the 77~
and 7——~° angular distributions as primary data.

In principle the knowledge, at a given energy, of any
two angular distributions (in our case == and
7% of the three scattering processes involved
enables us to solve for the six phase shifts,® as, a1, ass,
as1, i3, a1, However, as was anticipated, particularly
by Ashkin and Vosko,® and as we shall verify presently,
there is actually a multiplicity of such sets of phase
angles in our high-energy region. We shall find that
some decision between solutions is possible on experi-
mental grounds, but to a large extent we have to rely
on theoretical discussions concerned with the physics
of the situation.

The simplest physical argument concerns total cross
sections. Both or(rt) and or(7~) show a maximum;
of these, or(rt) is especially suggestive of a resonance.
Hence a solution which shows a resonance in the pre-
dominant phase angle would look more plausible than
one that does not. Moreover, comparison of the recently
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Fic. 1. The variation of e7(r~)—the sum of the total cross
sections for direct and charge-exchange scattering of =~ from
protons—versus energy. Only transmission measurements are
shown. The curve is from interpolation (b) of Sec. 7.

5 Our phase shift designation is identical to that employed by
Fermi and Metropolis in the preceding paper
6 J. Ashkin and S. H. Vosko, Phys. Rev. 91, 1248 (1953).
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obtained or(7*) transmission data by the Carnegie
group with or(z~) shows that or(zxt)=3er(x™) be-
tween 130 and 200 Mev; this suggests strongly, just
as at the lower energy, that there is little contribution
from the T'=1% states. Next we argue that phase shifts
which were small and well behaved at low energy will
not suddenly become very large at higher energy; then
as3 is the natural candidate for a resonance, and it also
gives the correct magnitude for the resonance cross
section.

Apart from the considerations just mentioned, we
naturally prefer a solution which shows the smoothest
and least steep variation of phase shifts. If necessary,
in order to make a decision between solutions, we can
also ask which of them resembles more closely the
behavior to be expected from a purely theoretical
strong-coupling calculation of phase shifts along the
lines of the Tamm-Dancoff method.”

2. EXPERIMENTAL DATAS®
a. Total Cross Section

The quantity or(7~) has been well established, to
about #=2-3 mb, between 133 and 258 Mev by trans-
mission measurements at the Carnegie Institute of
Technology.? We show their values at 133, 157, 179,
194, 195, 215, 236, 240, and 258 Mev in Fig. 1. Also
shown are selected transmission measurements of
or(7™) of the Chicago and Brookhaven groups. In par-
ticular the values are due to the following authors.
At 112 Mev: Anderson ef al.;° 120 and 144 Mev:
Anderson et al.2 169 Mev: Fermi ef al.;'* 209 and 220
Mev: Glicksman;? 265 Mev: Yuan ef al.® It will be
noted that the Brookhaven 265-Mev point appears
somewhat out of line with the lower-energy data.

Good values for the positive cross section or(7t)
are available only from transmission measurements.
Figure 2 indicates transmission measurements by means
of a solid line and integration measurements by means
of a broken line for the individual limits of errors. The
transmission measurements are due to the following
authors: at 110 Mev: Anderson et al. 2 at 135, 152, 156,
166, 171, 185, and 196 Mev: Ashkin et al.;® at 150,
180, 210, and 280 Mev: Yuan ef al.®®

Integration values are shown at 151, 188, and 225
Mev in Fig. 2. Those at 151 and 188 Mev are from
photographic plate work; the 225-Mev measurement

7G. F. Chew, Phys. Rev. 89, 591 (1953); and Dyson, Ross,
Salpeter, Schweber, Sundaresan, Visscher, and Bethe, Phys. Rev.
(to be published).

8 This section is not a complete survey of experimental data.
In general only the most recent and more accurate results are
quoted here.

9 Ashkin, Blaser, Feiner, Gorman, and Stern, private communi-
cation from J. Ashkin.

10 H. L. Anderson e al., Phys. Rev. 85, 934 (1952).

11 E, Fermi ef al., Phys. Rev. 92, 161 (1953).

12 M. Glicksman, Phys. Rev. 94, 1335 (1954).

BL. C. Yuan and S. J. Lindenbaum, Proceedings of the Fourth
Annual Conference on High Energy Physics, Rochester (Uni-
versity of Rochester Press, Rochester, to be published).
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F16. 2. The variation of or(7*)—the total cross section of the
scattering of #* from protons—uersus energy. Experimental points
shown by a solid line are transmission measurements, those shown
by a dotted line are integration measurements. The curve is from
interpolation (b) of Sec. 7.

was by means of a diffusion cloud chamber. The value
at 151 Mev was obtained by Grandey and Clark! by
combining their data with those of Homa et al.,’s at
that energy (a total of about 100 tracks). That at 188
Mev is due to Homa e al.'® (a total of about 40 tracks).
The 225-Mev point, measured at Brookhaven, is due
to Fowler ef al.,'® and is based on 116 tracks.

Examining the o7 (7") measurements due to different
experimenters we note that the results of Ashkin ef al.
have the greatest experimental accuracy. Not only is
the statistical accuracy superior to the Brookhaven
results, but also the energy definition is much better.
In particular, it is about 46 Mev for the Carnegie
experiments whereas it is about 425 Mev for the
Brookhaven experiments. Thus, it is perhaps not too
surprising that the Brookhaven transmission measure-
ments miss the rather sharp maximum in o7 (zt).17

An interesting comparison may be made between
or(wt) and or(7™) as follows. It can easily be verified!s
that

3or(r)=or(at)+207(T=%), 1)

where the last quantity in Eq. (1) denotes the scattering
due to a pure state of isotopic spin %. Thus 3or(z™) is
an upper limit to the value o7 () may reach. In actual
fact, we see that the measured values of Ashkin reach
this upper limit within experimental error. The Brook-
haven measurement for or(a*) is again exactly three
times the value of o7(7~) as read off from Fig. 2. Thus
we believe that or(7=%) and hence a1, a3, and ay

4 R. A. Grandey and A. F. Clark, Phys. Rev. 94, 766 (1954).

18 Homa, Goldhaber, and Lederman, Phys. Rev. 93, 554 (1954),
as corrected in a private communication to the authors.

16 W. B. Fowler e al., Phys. Rev. 92, 832 (1953). The authors
have recently corrected their reported mean energy from 260
Mev to 225 Mev.

17 L. C. L. Yuan, remark at the Fourth Annual Conference on
High Energy Physics, Rochester (University of Rochester Press,
Rochester, to be published).

18 See Egs. (5)-(13).
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Tasie 1. Experimental data concerning the nine coefficients in Egs. (2)-(4).

Mev . A B, Cy
110 0.25+0.05 —0.34:£0.06 0.53-+0.14
135 0.35:&832 —0.63:|:8.2§ 1.60:!:0.6(3)
+0. _ +0.2 +0.9
151 0'72_{__8'2; 0.36_8‘35 1.46_0'73
.9 _ +0.33 +1.38
188 1327093 0.5417033 1157138
225 0.78 0.44 3.8
Mev A_ B_ C- Ao Bo Co
120 0.0384-0.009 0.0264-0.013 0.094-0.03 0.054-0.03 —0.154-0.04 0.254-0.13
144 0.09 +0.02 0.08 +0.03 0.1740.05 0.1240.05 —0.214-0.05 0.43+0.22
169 0.07 =-0.02 0.05 +0.03 0.3540.07 0.21+0.08 —0.0740.07 0.4940.26
194 0.15 40.03 0.09 +0.05 0.3940.11 0.234-0.11 —0.014-0.10 0.79+0.35
217 0.13 +0.02 0.12 40.03 0.372-0.06 0.204-0.03 0.1940.04 0.75+0.11

are small in our energy region, a fact we have already
stressed in the introduction.

The Carnegie data enable one to draw a smooth
curve from the maximum around 200 Mev to the
Brookhaven values®16 at 225 and 280 Mev and beyond.
We have made use of this situation in our analysis.

b. Angular Distribution

Turning now to the differential cross section, we
may write it, assuming only S and P waves, as'®

A2do (rr—nt)/do= A+ By cos9+Cy cos, (2)
A 2o (r—n~)/dw=A_+B_ cosf+C_ cos®d, (3)
x2do (77" /dw= Ao+ Bo cosb+Co cos®.  (4)

The available experimental data concerning the nine
coefficients in Egs. (2) through (4) are shown in Table
I. The positive coefficients, 44, By, C4, have been
measured at 110 and 135 Mev by counter work at
Chicago,? the measurements at 151 Mev,® 188 Mev!®
are from photographic plate work, and that at 225
Mev? was obtained by means of a diffusion cloud
chamber. While the reported spread in energies is
only =7 Mev at 151 Mev and =48 Mev at 188 Mev, the
last point has an energy spread of 4-45 Mev. In addi-
tion, the Brookhaven data are not very well fitted by
a formula of the type (2): either the point at 135° will
fall below or that at 165° above the curve. If the latter
is disregarded, a larger value of B, is indicated. In
any case, the error in 44, B;, and C; at 225 Mev is
quite large, just how large is difficult to estimate.
Therefore, we give the 225-Mev values in Table I
(and on Fig. 6) without showing limits of error.

The negative and zero coefficients of Egs. (3) and
(4) have been measured by counter work at Chicago.
In particular the authors are, at 120 and 144 Mev:

¥ In Egs. (2) through (4) X is the wavelength of the incident
meson in the center-of-mass system.

20 Combined results of Grandey and Clark (reference 14), and
Homa et al. (reference 15).

21 W, B. Fowler et al. (reference 16). The resolution into 44,
B,, C, was not performed by the Brookhaven group; therefore,
the numbers quoted in Table I are our fit of Eq. (2) to the data.

Anderson et al.;* 169 and 194 Mev: Fermi et al.;'* 217
Mev: Glicksman.'? Of these, the 217-Mev point is the
most recent and accurate one. One check on the ac-
curacy is a comparison of the total cross sections: at
217 Mev one finds that integration of the Chicago
differential measurements yields a total cross section
for #—~ of 56 mb, in excellent agreement with the Car-
negie transmission value of 55.5 mb at 215 Mev. At
169 and 194 Mev on the other hand, the agreement
between integration and transmission value is only
good to about 10 percent.

3. METHOD

As noted in Sec. 2, the direct negative and charge
exchange data are better known than the #t—zt data
in our energy region. This has led us to a phase shift
analysis in which we regard A_, B_, C_, Ao, B, and
Co as primary data; the six phase shifts are deduced
and the resultant 44, By, and C; are checked against
the available positive pion data.

Before discussing the method proper, we list the
formulas for the coefficients in terms of phase shifts
for easy reference.?

Ay=i(la]*+]c]?, ®
B, =}(ab*+a*D), (6)
Co=%1(10]"— ], ™
A_=(1/9)-i(|=|*+ 2], ®
B_=(1/9)-%(xy*+a*y), ©)
C_=(1/9)-(Iy]*~ 2], (10)
o= (2/9)-1(1p1*+ 7, (11)
Bo=(2/9)-1(p7*+1"0), (12)
Co=(2/9)-1(lq[*—|7]?, (13)

2 In our notation the scattered amplitudes ¢, b, ¢, %, ¥, 2, p, g,
and 7 are lower case letters where Ashkin and Vosko (reference 6)
use upper case letters. Conversely our coefficients in the angular
distribution are denoted by upper case letters where they use
lower case letters. Some authors (including the following paper
by Martin) use @, b, ¢ to denote X24,, X2B,, and X2C,; we do not
follow this practice but reserve these symbols for use as shown in
Egs. (5)-(7).
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where®
a=¢de3—1, (14)
b=2¢¥as|-glien—3 (15)
c=¢2iass— gliaal (16)
x=a-+2¢¥—2, ¥)
y=b-4etimsf gpion 6, (18)
z= 4 2e¥ims— Qgrion | (19
p=3a—4, (20)
q=3b—33, eay)
r=%c—3z. (22)

Our method is in general similar to that used by Fermi
and Metropolis for the work reported in the preceding
paper. However, while they operate with nine differen-
tial cross sections (three for each of the three processes)
we use the nine coefficients 4, B, C in Egs. (2)-(4).
For details of the computer method we refer to the pre-
ceding paper.

In the present calculation the MANTAC is provided
with the six input data 4, B_, C_, Ao, Bo and Co at a
given energy, including the errors as shown in Table I.
Each of these coefficients is dependent upon the six
phase shifts as given in Eqgs. (8)—-(13). A given set of
six starting phase angles is then varied by the MANIAC
so as to minimize the least squares quantity,

e x(exp) —x(theor) )2. 23)

e(x)

Explicitly, in the first term in Eq. (23), A_(exp) is the
mean value of A_ as given in Table I, A_(theor) the
value obtained from Eq. (8) with a particular set of
six phase angles, and e(4_) the experimental limit of
error on A_ as given in Table I. If the result is M =0,
then the corresponding phase angles solve our six
equations exactly.

As has been pointed out repeatedly, particularly by
Ashkin and Vosko,? the system of Eqs. (8) through (13)
has in general far more than one solution for one and
the same set of six coefficients at a given energy. Thus
the first task is to find all the solutions at a given energy
resulting from the mean values of the six coefficients
given in Table I. This is done by picking a random set
of six phase angles (generated by the MANIAC) and
asking the computer to minimize Eq. (23). Repeating
this procedure many times will lead to a number of
different solutions with M so close to zero that in
essence these are the different solutions for one and the
same set of A_, B_, C_, Ao, By, and Co.

After the different solutions at various energies have

FA—,B——.C—|A0,BO.CO(

2 For nt—r* scattering the nonspin flip amplitude is propor-
tional to (a+b cos8), the spin flip amplitude to ¢ sinf. The other
quantities are similarly the appropriate ones for »~—#~ and
7 —n? scattering.
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Tasre II. Solutions at 217 Mev.
Solu-
tion a3 a1 ass ast a1z an A, B, Cy op(nr?)
1 20 4 73 14 -7 7 086 096 346 160
2 21 2 50 117 1 —1 098 092 335 167
3 —67 0 40 37 4 -—11 085 093 3.51 161
4 19 6 35 73 ~—16 12 047 1.07 3.52 131
5 -2 15 125 -3 11 30 0.64 0.06 2.13 107
6 —65 0 165 -—15 19 36 0.82 090 0.60 81

been found, we face the task of proper selection. The
first criterion is the or(rt)=47A%(4,.+C./3) pre-
dicted by the solution. The second criterion is to com-
pare the predicted A4, B, C, of a solution with the
experimental data, insofar as this is possible with the
poorly known w+—#t angular distributions.

4. SOLUTIONS AT INDIVIDUAL ENERGIES
a. Multiple Solutions at 217 Mev

Let us pick the 217-Mev point and examine the
different solutions found. In Table IT we exhibit the
six solutions, and the resultant values of 44, By, Cy,
and or(rt). In all cases M [Eq. (23)] is low, so that
all solutions arise from the same set of input coefficients,
namely that given as the mean in Table I.24

It should be pointed out that while the relative signs
of the six phase shifts are fixed within each solution, all
signs of a given solution can be reversed and the re-
sulting solution will still satisfy Egs. (8) through (13)
and lead to identical values for 4, By, and C. More-
over, any integral multiple of 180° can be added to any
particular phase shift.

We should now like to make a selection between the
solutions in Table IT on the basis of the »* data. It is
noted immediately that the first three solutions give
nearly identical results also for =+ scattering so that
with any experimental accuracy now foreseeable for
«t scattering, a distinction between these three will
not be possible. The solutions 4, 5, and 6 differ sub-
stantially from solutions 1, 2, and 3 in the predicted
wt scattering, both in total cross section and in angular
distribution. From the available data on or(z*) we
can definitely exclude solutions 5 and 6 as giving too
low values for or(z). We cannot be quite so definite
about solution 4 because the lower limit of the experi-
mental cross section at 225 Mev is just about 130 mb,
the predicted cross section from solution 4. However,
a smooth interpolation between the measured cross
sections up to 200 and at 225 and 280 Mev indicates a
value of about 160 mb at 217 Mev and thus makes
solution 4 rather unlikely.

We now turn to the #* angular distributions pre-
dicted by our solutions 1 through 4. The resulting 4.,
By, and C. of solutions 1 through 3 are very close to
each other. The comparison with the experimentally
measured values may be seen by inspection of Table I

% In Sec. 6 we discuss to what extent the solutions are sensitive

to changes of the input coefficients, within the limits of the experi-
mental error on each listed in Table L.
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Fic. 3. The coefficient C;. of Eq. (2) as a function of energy.
The curves are interpolations discussed in Sec. 7.

and Fig. 3. 4, of solutions 1 through 3 fits reasonably
well with the experimental values of Table I. Cy agrees
within experimental error with the Brookhaven 225-Mev
measurement, but the mean of the 188-Mev Columbia
measurements is far out of line with any reasonable
interpolation between our theoretical point (solutions 1
through 3) at 217 Mev and the lower-energy points.
However, the very large limit of error of the 188-Mev
Columbia point should be noted. The value of By in
solutions 1 to 3 seems high compared with the Brook-
haven point at 225 Mev, and very high compared with
the Columbia point at 188 Mev. However, it should be
noted that if the 165° value of the Brookhaven data is
disregarded, a larger value of B, is indicated at 225
Mev than we have chosen to give in Table I.

Note that solution 4 has a distinctly lower value of
Ay than solutions 1 through 3. In fact it seems quite
low compared to the experimental evidence of Table I.
We have already noted that solution 4 gives rather too
low a value for o7 (7). Thus, while we cannot definitely
exclude solution 4, we shall nevertheless choose to ex-
clude it from our discussion because of its =+ predictions.

The fact that 44, By, and C; of solutions 1 through
3 are very close is a phenomenon which we shall find
to be true of the groups of acceptable solutions at
energies other than 217 Mev as well. This is con-
firmatory evidence for the statement made in the
introduction that the T'=1/2 contributions are not
very important compared to the T'=3/2 ones. There-
fore, we believe that one can carry through much of the
analysis by using the resulting 44, By, and C; only.
As a case in point, let us examine first why there are
three acceptable solutions at 217 Mev.

For this purpose, it is very convenient to use the
graphical method of Ashkin and Vosko® as applied to
the =+ angular distribution. In particular, we choose
Ay, By, and C; of solution 1 and plot the Ashkin
diagram. Then, as Ashkin and Vosko have pointed out,

2 See reference 6, and also Sec. 9 of this paper.

DE HOFFMANN, METROPOLIS,

ALEI, AND BETHE

we find two complex points ¢ [Eq. (14)7], which we
denote by ¢; and as. Ashkin has pointed out that in
certain energy regions a; is excluded. The condition
that a, is acceptable is that

| (e+b+3)—a| <3. (24)

The quantity (e-+bd) is given by experiment. At 217
Mev one finds both a; and a; acceptable. Each of these
points ¢ leads both to a Fermi and a Yang solution
(see Sec. 8, and Ashkin and Vosko®). By construction
the point a; corresponds to |as| =20°. One of the sets
of as3 and a3 resulting from point a; is, again by a prior:
construction, solution 1. The other is roughly solution
2, as far as the T'=32 phase shifts go. That it should
not be exactly solution 2 is not surprising; after all,
A, and C; of solution 2 do in fact differ slightly from
that of solution 1. Putting it another way, solutions 1
and 2 could only be expected to be exactly corre-
sponding Fermi and Yang type solutions if ay3=a1:= 0.2

In the present case a; is exactly three units away
from the point (a-+b-+43); hence it just barely satisfies
Eq. (24) and consequently leads to one and not two
sets of ass and as; and thus to only one extra solution.
In fact the solution it gives is very closely solution 3 of
Table II as far as the T=% phase shifts are concerned.
Solution 3, it should be noted, is the same as the “first
solution” found at 216 Mev by Fermi and Metropolis’
during the summer of 1953.

b. Solutions at 120 and 144 Mev

At 144 Mev the computer found a total of seven
distinct solutions. However, four of these resulted in
values of or(rt) in the range from 38 to 103 mb; we
feel that these are excluded by the experimental data
shown in Fig. 2. The other three solutions are given in
Table III. Their or(7%) seem acceptable, although that
of solution 3 seems rather low. Of these solutions, 1 is
of the Fermi type, and 2 and 3 are of the Yang type.

The question now arises how the solutions at 144
Mev are connected to solutions at another energy. In
particular, we would like to connect the 144-Mev solu-
tions with those at 120 Mev and those at 217 Mev
(just discussed in Sec. 4a). One way of establishing
some connection between solutions at different energies
is the method of “tracking.”” By tracking between, say,
144 and 120 Mev we mean the following procedure:
interpolate the six input coefficients linearly between
144 and 120 Mev in small energy steps (3 Mev in this

TasrLe III. Solutions at 144 Mev.

St‘i)v!)lxll- az @1 a3 a3t o1 a1 Ay By Cy or(nr?)
1 —13 14 46 S 3 —5 049 —-0.38 1.84 143
2 —12 12 21 60 —6 9 042 —-036 191 136
3 -9 12 23 54 5 —16 029 —0.33 2.02 124

26 This has been shown by H. A. Bethe (unpublished).
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case). Then start the computer at 144 Mev with a par-
ticular set of angles corresponding to one of the solu-
tions. The computer then finds a new set of phase
angles at the energy (144-AE) Mev to fit the six linearly
interpolated input coefficients. Eventually 120 Mev is
reached in this fashion. We are fully aware that physi-
cally a linear interpolation of the input coefficients need
not be correct. In actual fact, however, it is likely to
be not too far from the truth in the energy region from
120 to 144 Mev since the experimental data seem rather
smooth. In any case we believe that, while intermediate
energy results should not be trusted, the procedure of
“tracking’ does provide an insight into which solutions
are related at 120 and 144 Mev. The tracking pro-
cedure is not likely to be as good when applied from 144
Mev upward in energy since there is little reason to
believe that the six input coefficients vary linearly
over energy intervals as large as 25 Mev in this region.

As to actual results of the tracking between 144 and
120 Mev, we find that all three solutions of Table IIT
track vary smoothly, with M very small at all inter-
mediate energies, down to 120 Mev. The resulting
values at 120 Mev are shown in Table IV. It is seen
that the #* data deduced from solution 3 are signifi-
cantly different from those obtained from solutions 1
and 2 which agree between themselves. In the first
place, solution 3 gives a value for o7 (r+) which appears
too low in comparison with Fig. 2. But much more
striking is the discrepancy of 4. ; the directly measured
values at 110 and 135 Mev interpolate to give 4,=~0.27
at 120 Mev which is compatible with 4,=0.20 as
deduced from solutions 1 and 2 but certainly not with
A,+=0.04 deduced from solution 3. Hence solution 3 is
excluded at 120 Mev and by continuity, therefore, we
also reject solution 3 at 144 Mev. Solutions 1 and 2 at
120 Mev are both acceptable in terms of the resulting
=t data; solution 1 is the Fermi and 2 the Yang type.
Note that we have assigned the over-all signs of the
phase shifts such that as is negative and e, is positive.
This agrees with the choice of sign necessitated by the
extensive low-energy experiments between 40 and 78
Mev.?” Hence there is no ambiguity in over-all sign at
120 or 144 Mev.

Thus we are led to believe that at 144 Mev only
solutions 1 and 2 of Table ITI are acceptable. Just as
at 217 Mev, the two solutions which we accept at 144
Mev have almost identical 44, B, and C,. To under-
stand this more fully, it is advisable to draw an Ashkin

TaBLE IV. Solutions at 120 Mev.

Solu-

tion a3 @i a3 a3l a1z il Ay B, Cy ap(n®)
1 —12 8 30 6 2 —4 020 —-036 1.04 87
2 —12 8 14 37 -3 4 020 —-036 1.05 87
3 —11 8 20 24 5 —13 004 —-035 1.19, 69

27 For a detailed discussion of these see the forthcoming book,
Mesons and Fields, Vol. I, by H. A. Bethe and F. de Hoffmann.
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TaBLE V. Sélutions at 169 Mev.
Solu-
tion a3 a1 a3z @31 a1z aul Ay B Cy op(m?)
1 -4 7 64 3 -1 7 077 -=0.11 253 177
2 —4 7 32 96 0 6 078 —0.11 252 174
3 —42 7 49 12 1 2 081 -—0.12 250 176
4 -3 9 32 8 —4 10 069 —0.08 264 168
5 —2 6 58 10 —8 14 0.54 -—0.04 278 156

diagram from the Ay, By, Cy of, say, solution 1. We
then find that now only one of the complex points a
[Eq. (14)7 is acceptable, viz., a;. The other, as Ashkin
and Vosko have pointed out, is unacceptable because
the inequality Eq. (24) is violated. The acceptable a
leads to two sets of P phase shifts for T'=3$, one of which
is by construction identical to solution 1 (Fermi solu-
tion) while the other is very close to solution 2 (Yang
solution).

c. Solutions at 169 and 194 Mev

The solutions at 169 and 194 Mev were again ob-
tained by starting from different random sets of angles,
as described in Sec. b. The method of “tracking” de-
scribed in Sec. 4b was used to obtain the connection of
sets at different energies, and also turned up some addi-
tional solutions.?® For instance, solution 3 of Table II
was tracked starting at 217 Mev and led to a solution
at 194 Mev not previously found by the random angle
method.

By these means solutions at 169 Mev were found;
the acceptable one as far as =+ predictions are con-
cerned are tabulated in Table V. At 169 Mev we re-
jected the three other solutions found which yielded
or(nt) between 77 and 126 mb.® All solutions given
in Table V have an M value close to zero. As explained
in Sec. 3, the MANTAC computes A, B_, C_, Ao, By,
and C, from the six phase angles of the particular solu-
tion and compares them with the mean experimental
values quoted in Table I. Hence, M close to zero means
that A_, B_, C~, Ay, Bo, and Cy given by the solution
are essentially identical with the mean experimental
values.

Table VI gives the “acceptable” solutions at 194
Mev. We rejected one solution which yielded or(7t)
=124 mb. We might also reject solutions 7 and 8 as
giving too low or(w*). This time it should be noted
that all but solutions 2 and 3 have M values not close
to zero; in particular all other solutions give Cy about
0.76 instead of 0.79 as given in Table I (of course, this
is well within the experimental error) while the other
input coefficients do correspond to the mean values of

28 This method was also used at 144 and 217 Mev to ascertain
that the maximum acceptable solutions are found.

# Even the accepted five solutions give lower values for o7 (x*)
than the transmission values, 190-200 mb, of the Carnegie Insti-
tute of Technology group. Also the o7 (n~) obtained by integration
of the 169-Mev differential cross sections is too low. This may

throw some doubt on the accuracy of the 169-Mev results at
least as far as absolute values are concerned.
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TaBLE VI. Solutions at 194 Mev.

Solu-

tion a3 at @33 a3t a3 an Ay B, Cy op (=%)
1 —-13 -~-14 94 -—14 1 8 096 039 343 191
2 =22 7 67 143 —4 —11 1.08 0.40 331 199
3 —43 1 58 23 5 -—19 080 0.25 3.81 189
4 —-13 -—14 82 =22 -1 2 099 0.23 346 195
5 —13 -—14 86 -—18 0 3 099 0.28 346 195
6 14 15 60 133 —4 -2 097 043 3.39 192
7 16 17 30 74 =22 4 055 0.84 292 139
8 13 14 33 72 =22 9 046 0.67 3.19 140

Table I. Note how many acceptable solutions exist at
194 Mev; we shall have occasion to understand how
critical an energy region this is in'Sec. 5. This leads us
to believe, for instance, that the differences between
solutions 7 and 8 are not truly significant, and also
those between solutions 1, 4, and 5.

5. CONNECTION OF SOLUTIONS AT
DIFFERENT ENERGIES

The most difficult task is to decide which solutions
at a certain energy are in reality connected to solutions
at another energy. The first attempt in this direction
is our method of “tracking” (Sec. 4b) with the input
coefficients linearly interpolated between two energies
‘at which measurements have been made. We should
emphasize again that in fact there is no reason for the
coefficients to vary linearly between, say, 169 and 194
Mev. However, if the phase shifts vary smoothly on a
track from one energy to another, then we believe this
to give an indication of a likely connection. This linear
tracking indicates the existence of the following ap-
parent tracks:

Track T1: Solution 1 at all energies.

Track Tla: Same as Track T1, except Solution 5 at
194 Mev.

Track T2: Solution 3 at 120 Mev and 144 Mev,
Solution 2 at 169 Mev, Solution 6 at 194 Mev,
Solution 2 at 217 Mev.

Track T3: Solution 3 at 169 Mev, 194 Mev, and
217 Mev.

Track T4: Solution 2 at 120 Mev and 144 Mev,
Solution 4 at 169 Mev, Solution 7 at 194 Meyv,
Solution 4 at 217 Mev.

Let us now examine the behavior of the phase angles
as a function of energy for Track T1. In particular we
focus our attention on the biggest phase shift, namely,
ass. We notice that between 120 and 194 Mev as; rises
smoothly from 30° to 94°. However, at 217 Mev solu-
tion 1 of Table II gives as;=73° which reverses the
smooth upward trend of the curve. However, we are
at liberty to reverse the sign of all angles in solution 1
at 217 Mev and to add 180° where desirable. In this
way, we can replace as; by as’=180—73=107° so
that now as; continues to rise smoothly up to 217 Mev.
This modification has the advantage that the reversal
of sign of the other angles also makes them fit better
to the lower energy results.
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There is, however, one difficulty; if we actually
track from solution 1 at 194 Mev to solution 1 at 217
Mev by the method described, then the relative signs
as given in Tables IT and VI are definitely specified; in
particular, a; which starts at a negative value goes
through zero and then becomes positive. The question
arises why the solution of opposite sign is not found by
the MANIAC. The explanation may be given most
easily in terms of the behavior of the point @ on an
Ashkin graph of the positive coefficients.

The first steps in construction of the Ashkin diagram
are the determination of |a+b5| from the forward
scattering and Re(a+5) from the total cross section.
This means that the point (¢4b) is determined in the
complex plane except for the sign of its imaginary part.
Now it can easily be verified from Egs. (14) and (15)
that

Im(a+b) =sin2as+2 sin2a3;+sin2as;. (25)

Thus, at energies below 120 Mev the quantity Im(a-+5)
is seen to be positive and the point (¢-+5) must be
chosen in the upper half of the complex plane. (This
in turn determines the sign of a3 which will result from
the construction of the Ashkin diagram.*®) Now assume
that there is in fact a resonance in ass, i.e., this quantity
passes through 90°, and assume further that the other
two phase shifts are small (as indeed they are for
Track T1). Then expression (25) has to change sign
and becomes negative above the resonance; the imagi-
nary part of (a+b) has to go through zero at some
energy. Now, experimentally, this imaginary part is
determined from. the difference, D, of the squares of
|a+b| and Re(a+0),

D=Im?(a+b)=|a+b|>—[Re(a+8)P, (26)
or

iD= (A4+Bs+Cy)— (A4+35C)% 27)

Both terms on the right of Eq. (27) are large quantities
compared to D near the point where D itself is close
to zero. Now the two quantities on the right are ob-
tained from interpolation of inaccurate experimental
data at any given energy. Hence, it is very unlikely
that D goes exactly to zero at a given energy with input
values used in the MANTAC. It is possible that D will
either go negative when the energy is increased by a
certain energy step and remain negative for a certain
energy range or else D remains positive all the time.
In the former case there is then no solution at all in
the interval in which D is negative; in the latter case
the imaginary part never goes exactly through zero.
With the actual observations (interpolated) the latter
is realized ; in fact, the lowest value of D is about

D=0.006(a-+b)%. (28)
The computer following the experimental values of D

3 Choosing the other point (¢+b) thus simply reverses the sign
of a3 as obtained from the graph.
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has no opportunity to reverse the sign of Im(a-bd)
and therefore keeps this imaginary part positive.

A ‘“mistake’” in the imaginary part of (a+8) is

equivalent to a reversal of sign of all phase shifts.
Hence, above the resonance the computer will give the
incorrect sign for all a’s.

Now in actual fact the primary input data into the
MANTAC are not the positive but the negative and
zero coefficients. The argument can be rephrased easily
in terms of these. The relevant Ashkin diagram then
involves x [Eq. (17)] and y [Eq. (18)]. The quantity
which is analogous to D is then given by

D'=|x+y|*—[Re(x+9) . (29)

Since we find that in our energy region the 7'=% phase
shifts are small, the quantities « and y are not very
different from @ and b. Therefore, just as in the positive
case, Eq. (29) has difficulty in going through zero and
the argument carries through in the same way.

These considerations show that the phase shifts
near 194 Mev are extremely sensitive to the experi-
mental data. The sensitivity is further increased if o1
and aj; are also permitted to be different from zero.
Thus, the multiplicity of solutions found in this critical
energy region is not very surprising.

Based on this sensitivity at 194 Mev, we decided in
particular not to distinguish between Track T1 and
T1la, which are identical except for a small difference
around 194 Mev. Instead we shall henceforth speak
of a Track I, where an average of solutions 1 and 5 of
Table VI is chosen at 194 Mev and where the signs at
217 Mev are reversed as discussed and as indicated in
. Table VIL. A track of type T1 has been found inde-
pendently by Glicksman® who made an analysis under
the assumption that as=aiz=a=0.

Examining Tracks T2 and T4 with respect to over-
all consistency, we note that Track T2 starts with an
unacceptably low o7 (7t) at 144 Mev and ends up with
a very acceptable o7 (7") at 217 Mev. On the contrary,
Track T4 starts with a very acceptable solution at
144 Mev and ends up with a somewhat low cross sec-
tion at 217 Mev. Closer examination of the entire
behavior of the two tracks shows that the respective
phase angles come very close together in the inter-
mediate energy region. Therefore the connection be-
tween the high and low energy end is not clearly estab-
lished and a slightly different interpolation of 4_, B_,
C_, Ao, Bo, and Cy may easily lead to a different result.

TaBrLE VIIL Track I.

Energy

(Mev) a3 a1 @33 ast a13 all
217 —20 —4 107 —14 7 -7
194 —13 —14 90 —16 0 5
169 —4 7 64 3 -1 7
144 —13 14 46 S 3 -5
120 —12 8 30 6 2 —4
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TasLE VIII. Tracks IT and IIa.
Track II
Energy
(Mev) as a1 sy st 13 ail
217 —21 -2 130 243 —1 1
194 —22 7 67 143 —4 —11
169 —4 7 32 96 0 6
144 —12 12 21 60 —6 9
120 —12 8 14 37 -3 4
Track Ila
Energy
(Mev) a3 a1 @33 as1 13 ail
217 21 2 50 117 1 -1
194 14 15 60 133 —4 -2

We have, therefore, switched the connection at 169
Mev. Furthermore, at 194 Mev solutions 2 and 6 are
very similar with regard to the large phase shifts ass
and a3 and with regard to A4, By, C+. Hence we con-
sider solution 2 equally acceptable as solution 6. We
therefore adopt a Track IT which uses solution 2 at all
energies except that at 194 Mev it may use either solu-
tion 2 or 6.

At low energies Track IT is the Yang solution. As
will be shown in Sec. 8, the Yang solution which is the
counterpart of the Fermi solution represented by
Track I is characterized by a very rapid increase of the
phase shifts, particularly of @ in the neighborhood of
200 Mev. Being the counterpart of Track I, it yields
an as whose behavior is essentially the same as for
Track I. Therefore we choose at 217 Mev to reverse
the signs of all phase shifts of solution 2 in Table II.
Since this makes as=—21 at 217 Mev and az=—4 at
169 Mev, we find that now solution 2 at 194 Mev fits
in better than solution 6, and we therefore select it.
Then, in order to maintain a monotonic increase of a3
and as;, we add 180° to the former and 360° to the
latter to the values quoted in Table IT with signs re-
versed. This yields the data listed in Table VIII for
Track II.

The very rapid increase of as; from 169 to 217 Mev
is apparent, and the increase of e is even more rapid.
It is evident, however, that the interpolation from 169
Mev up and the choice of signs and multiples of 180°
is to a large extent arbitrary for Track II. It would be
entirely possible to choose a less rapid increase of the
phase shifts, for instance as shown in Track Ila in
Table VIII in which we have chosen solution 6 at 194
Mev, chosen the signs at 217 Mev as in solution 2 of
Table II, and omitted the addition of multiples of 180°.
From 169 Mev down, Track ITa agrees with Track II.
Unlike II, Track Ila shows a maximum in both ass
and a3; instead of a monotonic increase.

It will be noted that T3 ‘“‘disappears” below 169
Mev. In fact, performing the linear tracking between
169 and 144 Mev, the track seems to disappear at
about 146 Mev. The detailed behavior is indicated in
Table IX. At 169 Mev Track T3 has a value M=1
X 1075, i.e., the solution reproduces the mean input
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Tasre IX. Disappearance of track T3.

Mev A Ao B. By C- Co as ai a3y ast als a1t
149 0.086 0.174 0.069 —0.191 0.210 0.462 49 —10 —36 —-19 -3 8
147 0.088 0.173 0.069 —0.204 0.197 0.453 47 —10 —36 —-17 -3 8
145 0.089 0.124 0.079 —0.205 0.177 0.431 14 —-12 —47 -5 -2 5
144 0.090 0.120 0.080 —0.210 0.170 0.430 14 —12 —46 -5 -2 6

Mev Ay B, Cs M op(xt) op(m™)

149 0.645 —0.365 2.10 3X1072 167 60

147 0.636 —0.403 2.04 5X10~2 165 60

145 0.512 —0.372 1.87 1X10~ 145 53

144 0.494 —0.380 1.83 4X10~7 142 53

coefficients essentially exactly. As the energy is lowered,
all six phase angles vary smoothly towards their values
at 147 Mev shown in Table IX. However, the value of
M rises very sharply until it reaches a value of 5X 102
at 147 Mev. Between 147 and 145 Mev there is a
sharply discontinuous behavior. This is evidenced
most strikingly in the phase angles. At the same time,
the value of M has become very much lower again and
at 144 Mev essentially solution 1 of Table III is
reached. We believe that this behavior indicates that
in actual fact Track T3 disappears. What seems to
happen as we approach 147 Mev from above is that the
computer has to use a set of 4_, B_, C_, 4o, By, and
Co more and more different from the interpolated input
coefficients in order to find a solution of type T3.
Finally the M becomes so high that the minimum dis-
appears and then the computer is forced to look for
another “type’’ of solution at that energy. It searches
around for a considerable length of time (this is physi-
cally indicated by the comparative length of time it
takes to go from 147 to 145 Mev as compared to from
149 to 147 Mev) and finally falls into another track,
namely, Track T1.3

The variation with energy of the principal phase
shifts is seen to be reasonably smooth. We therefore
assign the name Track III to it and exhibit it as the
third principal track in Table X.

That this track disappears somewhere near 146 Mev
can again be understood from Ashkin diagrams using
positive pions alone: As we have seen Track III corre-
sponds to essentially the same 7+ scattering as Track I
and therefore to the same (positive) Ashkin diagram.
However, as we discussed in connection with the 217-
Mev analysis, solution III arises from the point @, on
the Ashkin diagram whereas solutions I and II arise
from the point ;. As will be discussed in Sec. 9, the

TaBLE X. Track III.

Energy

(Mev) as a1 @33 s @13 an
217 —67 0 40 37 4 -11
194 —43 1 58 23 5 —19
169 —42 7 49 12 1 2

3 0r Tla since at this energy Tracks T1 and Tla are indis-
tinguishable.

Ashkin solution @, exists only when the total cross
section is reasonably close to the resonance cross section
8wA% which is the case only in a limited energy region
approximately from 150 Mev to 200 Mev. At 120
Mev, a, is definitely excluded and, since the T'=1
phase shifts are small, only two solutions are present.
Therefore, since Track III is associated with the point
@, it must disappear somewhere above 120 Meyv,
namely, at the point where as is no longer admissible.
Whether this point be 146 Mev or another energy is
not pertinent to our argument.

The “first” solution of Fermi and Metropolis re-
ported in the preceding paper follows essentially Track
IIT at high energies and Track I at low energies. It can
again be shown by use of Ashkin diagrams (Sec. 9) that
the solutions of Tracks I and III become identical at
some energy if only positive mesons are considered;
in other words, that Tracks I and III cross. One is
therefore free to go from one track to the other without
a discontinuity in phase shifts; but there will, of course,
be a discontinuity in first derivative. If data for =+
scattering existed and if they were very accurate, then
the decision between these tracks could be made on this
basis: If the Track I solution were correct, then the
solution using Track I at low and Track III at high
energy would show a definite break in the curve of
phase shifts »s energy, particularly for a;. However,
the availability of only negative-pion data with rather
large experimental error, plus the possibility of taking
up slack in the phase shifts ai; and ay3, made it possible
for Fermi and Metropolis to obtain a rather smooth
curve for all six phase shifts vs energy using a combina-
tion of Tracks I and III.

There is at present no experimental argument to
disprove the Fermi-Metropolis set. However, since
Ashkin’s point a, nearly disappears at 217 Mev, we
expect that accurate angular distribution measure-
ments at slightly higher energies (260-300 Mev) will
definitely discriminate between Tracks I and II on
the one hand and Track ITI on the other. Because of the
physical arguments which we shall give later (Sec. 10),
we believe that the combination of Tracks I and IIT
is not the correct solution.

We are thus left with Tracks I and II. The coeffi-
cients A_, B_, C_, Ao, Bo, and Co of Tracks I and I
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coincide with the mean input coefficients by con-
struction.

The =+ predictions of Tracks I and II for C, are
shown in Fig. 3. Track I points are shown as little
squares and Track II points as little triangles. It will
be noted that neither set of points is in sharp disagree-
ment with experiment except for C; as deduced from
measurements at 188 Mev. For the time being the
reader should ignore the curves; we shall discuss their
meaning in Sec. 7. The calculated values for 4 are in
good agreement with experiment but for By the calcu-
lated value is generally higher than the observed. The
most apparent discrepancy is in the predicted By at
217 Mev compared to the measured Brookhaven value
at 225 Mev, We shall discuss in Sec. 7 why this is
probably not too serious.

The predicted total #* cross section of Track I seem
to be in very good agreement with the Carnegie ex-
perimental data as plotted in Fig. 2. Since these are
much better than the angular distributions of #*, we
regard the disagreements with the latter as not serious.

6. SENSITIVITY OF RESULTS

So far the solutions have been obtained with the
mean values of the input data as given in Table I. To
test the sensitivity of the results to the changes in the
input coefficients it was decided to adopt the following
procedure at 144, 194, and 217 Mev.

The MANIAC was started off with the solution of
Track I at 217 Mev. Then each input coefficient was
varied upward and downward roughly to the limit of
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the experimental error shown in Table I. At the same
time the other five input coefficients were kept at their
mean value. A new solution was thereby found, showing
the effect of changing this one input coefficient. The
results of this operation are shown in Tables XI(a)
and XI(b).

In Table XI(a) we show first the original solution
for ease of reference. In the next line the case where 4_
was varied so as to be a smaller number is shown. By
leaving blank the values in the columns 4, through Co
we mean to imply that these values are essentially
unchanged from the original (occasionally one of the
other coefficients also varies by 1-2 percent of its original
value). We repeat this procedure, varying A_ upward,
and then do it in turn for the other coefficients. In
Table XI(b) we show the resultant values of 44, B,
and C, and also list or(7*) and o7 (7™) for easy refer-
ence. In a few cases the variation of o7 (7™) is more than
the -2 mb permitted by the transmission experiments.
More significant are the variations of the resultant
or(xt): the interpolation between the better measure-
ments of or(xt) on Fig. 2 exclude variations of “4,
down” and “Co down” to the full limit of error for
these quantities. The most striking feature of Table
X1(a) is that it shows the sensitivity of the coefficients
o33 and oq1: their values apparently cannot be deter-
mined with any reliability. On the other hand, the
principal phase shifts seem to be rather insensitive to
permissible changes of the input coefficients.

Next it was thought desirable to investigate the
variation of more than one coefficient at a time. Natu-

TaBLE XI. Input variation. 217 Mev, Track L.

A Ao B_ By C- Co as ai an ast a1z aun
Original 0.13 0.20 0.12 0.19 0.37 0.75 —20 —4 107 —14 7 -7
A_ down 0.110 —21 -3 105 —12 -1 -2
A_ up 0.148 —-21 -5 106 —11 9 —8
Ao down 0.169 —-17 —4 120 —20 12 —14
Aoup 0.229 —-23 -3 95 —-12 -1 0
B_ down 0.089 —18 -2 108 —15 9 -9
B_up 0.151 —22 -6 105 —-13 3 -3
B, down 0.155 —19 -3 104 —13 4 )
By up 0.228 —-21 -3 110 —15 8 -9
C- down 0.312 —22 -7 108 -9 4 1
C_up 0.433 19 -2 107 —10 7 —12
Co down 0.626 —17 -3 122 —18 13 —16
Co up 0.854 —22 —8 105 —16 3 10
(b)
A, B, Cs op(x¥) ap ()
Original 0.855 0.956 3.46 160 56.0
A_ down 0.916 0.931 3.35 162 54.4
A_up 0.869 0.980 3.47 161 57.6
Ao down 0.500 0.983 3.62 136 53.6
Ao up 1.07 0.927 3.34 174 58.4
B_ down 0.791 0.859 3.49 156 56.1
B_ up 0.941 1.03 3.37 165 55.9
Bg down 0.909 0.845 3.40 163 56.0
Bo up 0.797 1.08 3.49 156 56.1
C_ down 0.942 1.01 3.10 157 53.9
C-up 0.785 0.933 3.73 161 57.7
Co down 0.497 0.966 3.35 129 52.7
Co up 0.893 1.08 3.61 167 58.7
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TasLE XII. Input variation. 217 Mev, Track I.

(2)

A Ao B. By C- Co asz a1 ass ast a1z ait
Original 0.13 0.20 .0.12 0.19 0.37 0.75 -20 -5 107 —14 7 -8
Case 1 0.109 0.168 0.433 0.874 —19 -3 104 —-20 4 -6
2 0.148 0.232 0.306 0.630 -23 —8 111 -3 10 —6
3 0.110 0.433 —20 -1 105 —16 3 -9
4 0.148 0.310 —23 -9 107 —8 7 1
5 0.168 0.873 =21 -6 106 —18 6 -3
6 0.151 0.229 —23 -5 108 —14 6 -7
7 0.0892 0.154 —18 —4 105 —14 7 —8
8 0.0891 0.228 —19 -1 112 —-17 11 —11
9 0.110 0.0891 0.228 0.433 —19 2 111 —19 7 —12
10 0.232 0.0891 0.228 0.626 —19 0 116 -15 12 —15
21 0.122 0.207 0.136 0.243 0.361 0.776 —25 -4 103 —12 1 3
22 0.152 0.183 0.147 0.155 0.339 0.814 —23 —12 107 —13 2 8
23 0.152 0.215 0.147 0.155 0.404 0.807 —23 —12 98 —17 0 8
(b)
Ay B, Cy an (x) U'T(ﬂ'_)

Original 0.855 0.959 3.456 160 56.0

Case 1 0.777 0.934 3.968 168 56.9

2 0.957 1.053 2.842 152 55.2

3 0.831 0.925 3.635 163 56.1

4 0.965 1.078 3.072 159 55.9

5 0.812 1.004 3.725 164 56.8

6 0.867 1.169 3.443 161 56.0

7 0.855 0.756 3.456 160 56.0

8 0.709 0.961 3.546 151 56.0

9 0.691 0.945 3.763 155 56.1

10 0.664 0.952 3.290 141 55.3

21 0.978 1.157 3.404 168 56.5

22 0.899 1.091 3.366 161 57.4

23 0.979 1.021 3.631 175 61.6

rally a great many variations are possible. However, of
these, certain ones play havoc with the resultant o7 (7™)
and or(zt) cross sections and were, therefore, ex-
cluded. Certain other variations merely change or(7™)
a little more than the allowable 4=2 mb. Of the com-
bined variations, cases 21, 22, and 23 were devised
with the intent to maximize the change of one or the
other of the phase angles.

All the results are shown in Tables XII(a) and
XII(b), with the same conventions as those adopted
for Tables XI(a) and XI(b). It will be noted that in
first approximation the effect of varying more than one
coefficient at a time is additive in terms of the effect on
the angles, except insofar as ay; and ay3 are concerned.

Table XII(a) and XII(b) show several features.
First, it does not seem possible to make as; change sign.
This is relevant because there is some evidence that
ay is positive around 100 Mev. The same seems to be
true of a;. The phase angle as is rather well established
and not very sensitive. The phases ai3 and aj; cannot
both be simultaneously made zero, judging from the
variations we tried. Changes of a3 up to =49° are
possible but in these cases [Egs. (10) and (23)] the
total cross section or(rt) changes substantially so
that the Carnegie measurements of or(zt) determine
ass very accurately.

Variations of single coefficients for Track I at 144
Mev are shown in Tables XIII(a) and XIII(b).
From Table ‘XIII(b) we see that probably the full

variations of 4o down, Cyp down, and Co up can be ex-
cluded on the basis of or(7*). The most interesting
result of Table XITI(a) is the instability of a3 at this
energy, and the high stability of ass, especially when
large changes of or(rt) are excluded.

Variations of more than one coefficient at a time
were also carried out for Track I at 144 Mev. The re-
sults are given in Tables XIV (a) and XIV (b). Of these,
case 34 was set up with the specific intention to lower
the somewhat high value of aj. It will be seen that
indeed a; can be lowered quite markedly, namely from
13 to 9°. While the values of a1; and ay3 are not too big
we still did not find a variation which gave a;1=a13=~0
and a; less than 12°.

Input variations of one coefficient at a time were
also carried out at 194 Mev for Track I. The phase
shifts showed appreciably greater sensitivity but not
quite as great as we anticipated for this critical energy
region. However, in a few of these variations-the re-
sulting solutions had a very large M value [Eq. (23)].
This meant that the phase angles, which the computer
obtained as a solution, led to A_, B_, C_, 4, By, and
Cy different from the mean input values, apart from
the one that was purposely changed. We believe this to
indicate that these particular input changes do not
permit a solution in the neighborhood of Track I. This
was in particular the case when By or Co was increased
to its experimental limit. In both cases a solution could
be found only if at the same time C_ was increased even
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TaBLE XIII Input variation. 144 Mev, Track I.

(2)

A Ao By C- Co as a1 a3 ast a3 a1
Original 00900  0.120 00800 —0210 0170 0430 —13 14 46 5 3 -5
A_down  0.0704 12 13 46 5 1 -1
AZ up 0.109 —15 13 47 5 4 -8
Ay down 0.0774 —12 12 41 10 5 —10
Ao up 0.170 -19 13 50 1 1 -4
B_ down 0.0488 -9 14 47 4 2 =5
B_up 0.107 —20 10 45 7 4 -8
B, down —0.250 8 11 49 3 2 -4
Bo up —0.159 —20 13 44 8 4 -3
C_ down 0.119 —-11 13 46 3 1 -7
C_up 0.220 —16 12 41 71 4 =5
Co down 0244 —23 14 37 4 6 —4
Co up 0617 —7 13 57 8§ —1 —10
(b)

A, B, Cs op(nt) op (@)

Original 0.494 —0.381 1.843 143 52.9

A_ down 0.465 —0.362 1.805 138 50.3

A_up 0.435 —0.396 1.882 138 554

Ao down 0.307 —0.390 1.907 122 47.4

Ao up 0.669 —0.364 1.805 165 59.3

B_ down 0.500 —0.480 1.869 146 52.9

B_up 0.483 —0.288 1.818 141 52.9

By down 0.449 —0.504 1.882 148 52.9

By up 0.532 —0.219 1.818 140 529

C_ down 0.498 —0.305 1.651 136 50.7

C_up 0.485 —0.438 1.997 149 55.0

Co down 0.444 —0.521 1.267 120 44.9

Co up 0.492 —0.232 2.330 165 60.9

beyond its experimental limit. Thus if a more accurate
measurement gave values of By and Co near the present
upper experimental limit, and if at the same time C_
were left unchanged, then there would probably be no
solution near Track I. Apart from this, an exact phase
shift determination at this energy would require par-
ticularly precise knowledge of the experimental angular
distributions.

For the Yang track, Track II, the variation was
carried out for single coefficients only and only at 144
Mev. Again (as in the case of Track I) a3 is very sensi-
tive, while as3 and as; are not.

7. INTERPOLATION OF PHASE ANGLES

From the discussion so far, it is evident that we have
more reason to believe the results of Tracks I and II
at 120 Mev, 144 Mev, and 217 Mev than at the inter-
mediate energies between 144 and 217 Mev. The ex-
perimental data are more accurate at the lowest and
highest energy; on the other hand, the phase shifts are
less sensitive to the experimental data than at the
intermediate energies. It is, therefore, perhaps more
reasonable to obtain the phase shifts at the intermediate
energies by interpolation of the phase shifts between 120
(or 144) and 217 Mev rather than by actual analysis

TaBLE XIV. Input variation. 144 Mev, Track I.

(a)

A_ Ao B_ Bo C- Co as ai ass as1 ais ail
Original 0.0900 0.120 0.0800 —0.210 0.170 0.430 —14 13 47 5 3 -6
Case 11 0.0699 0.678 —6 12 44 19 2 -1
12 0.143 0.307 —19 14 42 2 4 -4
31 0.169 0.111 —0.160 0.121 0.415 5 18 46 -1 -9 1
32 0.0684 0.111 —0.160 0.120 0.675 5 17 44 12 ) —-11
34 0.0488 —0.159 —12 9 48 3 2 —6
35 0.170 0.0486 —0.159 0.119 -9 11 51 -5 -3 )
(b)
Ay B, Cs ap(xt) ap(r7)
Original 0.494 —0.381 1.843 143 52.9
Case 11 0.192 —0.224 2.637 138 57.1
12 0.554 —0.465 1.459 134 50.6
31 0.520 0.171 1.507 132 56.4
32 0.298 0.214 2.159 132 54.6
34 0.546 —0.322 1.834 149 52.9
35 0.715 —0.210 1.587 125 57.1
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TABLE XV. Values of ass for interpolation (b) of Sec. 7.

Mev ass

120 30.0°
127 34.0°
133 38.1°
139 42.5°
144 46.0°
151 51.5°
160 58.8°
169 66.5°
178 73.9°
184 78.9°
188 82.5°
194 87.5°
202 94.3°
208 99.4°
217 107.0°

of the experimental data. It is encouraging for such
interpolation that Track I shows already an almost
linear behavior for as; between 120 and 217 Mev.
Similarly, if the values of a; are plotted against the
momentum of the meson (in the center-of-mass system)
and if a straight line is drawn on this plot between the
values (Track I) of a3 at 120 and 217 Mev, then this
line will also fit the experimental data at energies below
120 Mev down to 60 Mev.

In view of the above, we tried the following in-
terpolations:

(a) All phase angles linearly interpolated between
the Track I values at 120 and 217 Meyv.

(b) Between 120 and 217 Mev, Track I values, oy
parabolically interpolated with zero slope at 120 Mev,*
as; read off from a smooth plot of Track I points as
given in Table XV, other 4 phase angles linearly
interpolated.

(c) Between 144 and 217 Mev, Track I, all phase
angles linearly interpolated.

(d) Between 144 and 217 Mev, case 34 phase angles
(table 14a) at 144 Mev and Track I phase angles at
217 Mev, all phase angles linearly interpolated.
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(e) Between 144 and 217 Mev, Track II, all phase
angles linearly interpolated.

(f) Between 144 and 217 Mev, Track Ila, all phase
angles linearly interpolated.

Of these interpolations, we consider (b) the most
useful one in that it comes closest to reproducing the
experimental data. The more straightforward inter-
polation (a) gave values for B_ which were extremely
low at all intermediate energies between 120 and 217
Mev; this was the reason for choosing interpolation (b).
The results of interpolation (b) for the coefficients 4,
B, C are shown in Table XVI. For the T'=4% phase shifts
we have also extrapolated their behavior beyond 217
Mev by means of straight lines and computed 4,4, B,
and C,. These are also shown in Table XVI. The
extrapolation to higher energies was not carried out
for the coefficients involving T'=% phase shifts since
a1 is changing so rapidly in the region around 200 Mev,
and it is difficult to predict its behavior beyond 200
Mev. The results of interpolation (b) are also shown
graphically by means of a solid curve in Figs. 3 through
6. Furthermore, the total cross sections have been
computed for interpolation (b) and are shown as solid
curves on Figs. 1 and 2.

The coefficients 4o, 44, Co, and C_ are given very
well by interpolation (b) except for C_ at 169 Mev
which is slightly outside experimental error. All other
points for Ao, 44, Co, and C_ are well within the experi-
mental error. The calculated values for B, tend to be
slightly too high, those for B_ appreciably too low; the
latter quantity will be discussed in more detail below.
The erratic behavior of A_ which is found experiment-
ally is not reproduced by interpolation (b). This dis-
crepancy of 4_ at 169 Mev and B_ at 144 Mev are the
only disagreements with the negative pion scattering
data worth considering; at other energies A_ agrees
well within and B_ is just at the limit of the experi-
mental error.

TaBLE XVI. Phase angle interpolation (b) of Sec. 7.

Mev A Ao Ay B_ Bo B, C- Co Cs

120 0.038 0.050 0.200 0.026 —0.150 —0.360 0.090 0.250 1.040
127 0.055 0.064 0.289 0.027 —0.147 —0.366 0.110 0.270 1.167
133 0.066 0.081 0.371 0.029 —0.152 —0.375 0.126 0.306 1.322
139 0.082 0.100 0.476 0.026 —0.144 —0.368 0.148 0.334 1.477
144 0.094 0.115 0.559 0.022 —0.138 —0.356" 0.155 0.367 1.606
151 0.111 0.140 0.684 0.021 —0.120 —0.315 0.184 0.406 1.812
160 0.132 0.172 0.836 0.021 —0.090 —0.227 0.219 0.470 2.117
169 0.149 0.200 0.965 0.020 —0.045 —0.094 0.252 0.526 2.395
178 0.158 0.221 1.055 0.020 0.013 0.080 0.287 0.581 2.667
184 0.159 0.231 1.086 0.025 0.047 0.206 0.306 0.617 2.841
188 0.160 0.233 1.090 0.029 0.071 0.290 0.321 0.640 2.956
194 0.155 0.235 1.083 - 0.039 0.104 0.426 0.337 0.672 3.100
202 0.149 0.230 1.034 0.063 0.149 0.641 0.357 0.711 3.287
208 0.143 0.220 0.977 0.082 0.171 0.776 0.364 0.731 3.369
217 0.130 0.200 0.860 0.120 0.190 0.960 0.370 0.750 3.460
225 0.731 1.097 3.456
232 0.617 1.194 3.402
241 0.472 1.277 3.245

# This horizontal tangent is indicated from our own analysis and also fits well with the values of a; known between 60 and 120 Mev.
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For the positive pion scattering, disagreement at
151 Mev is not too bad. At 188 Mev the predicted
values of both B, and C; are very much higher than
the center of the observations but if the angular dis-
tribution is computed from our 4., By, and Cy; of
interpolation (b) and compared with the experimental
points the agreement is well within the limits of error
except at 45°. At 225 Mev the predicted value for Cy,
3.46, agrees very well with the measured value of 3.8,
the measured value now lying above the prediction.
The predicted value for By, 1.10, is considerably higher
than the measured 0.44 but this discrepancy is probably
not serious for two reasons. First, it is more difficult to
deduce B, from the measurements than any other
coefficient because the measured distribution does not
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F16. 4. The coefficient 4_ of Eq. (3) as a function of energy.
The curves are interpolations discussed in Sec. 7.

fit an expression of the form (2) very well. Second, the
coefficient Bg, in contrast to 44 and Cj, varies in a
complicated way with energy ; in fact, it must go through
a maximum at some energy not far above 225 Mev
(see, e.g., Fig. 11). Indeed, B; is given by

%B+=sina3[2 sina33 COs (0133—(13)
+sina31 COos (asl_a3)]- (30)

If a3 is small, only the first term matters, and with
az=~—20° this term has a maximum for as;~125°.
This behavior is shown by our extrapolation of B..:
while B, decreases very much when the energy is de-
creased below 225 Mev, it does not increase much when it
is raised. Hence, due to the wide energy spread of the
mesons used in the Brookhaven experiments the average
of B, should be lower than the value at 225 Meyv.
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Fic. 5. The coefficient B_ of Eq. (3) as a function of energy.
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Perhaps the most striking behavior is exhibited by
the coefficient B_. In contrast to By and By, which
change sign from negative at low to positive at high
energies, B_ stays positive all the time. This is accom-
plished by the fact that the S scattering amplitude
which is proportional to (2a1+as) for = scattering
itself changes sign from positive to negative. In fact,
it is precisely the positive sign of B_ at 217 Mev which
forces us to make «; zero or negative at this energy.

The tendency of the B coefficients to go through zero,
however, still manifests itself in our predicted B_ by
the fact that the predicted values stay small and almost
constant over a large energy interval from about 100 to
180 Mev. To investigate this more closely, we note
that the coefficient B_ is given by Egs. (9), (17), and
(18). In particular, if in first approximation we set
an=aiz=a1;1=0, then y=>5. Furthermore, since a3 and
a; are small, we shall set sinas=a; and siney=a;. Then
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F16. 6. The coefficient C_ of Eq. (3) as a function of energy.
The curves are interpolations discussed in Sec. 7.
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it can be shown that
B_=~ (a3—|-2a1) Sinaaa COS(I33+ (a32+2a12) Sinzasa. (31)

The first term in Eq. (31), which is linear in a3 and a4,
is for this reason apt to be the larger. However, the
coefficient cosass goes through zero at the resonance
which makes the term small. The first term would
change sign if it were not for the fact that oy also
changes sign in our energy interval. However, the fact
remains that near the resonance only the second term
in Eq. (31) survives and it is small of second order;
this explains the small value of B_.

The peculiar behavior of B_ would be a good test
of our proposed solution for the phase shifts. More
accurate experiments will be needed, and these might
at the same time resolve the discrepancy for A_ at
169 Mev.

We now discuss our other interpolations: interpola-
tion (c) gave somewhat similar results as interpolation
(b) except that B_ has in this case a sharp peak at 145
Mev. The latter seems to be impossible because it is
then very hard to connect with the 120-Mev point.
Interpolation (d) gave essentially the same result as
interpolation (c) but, because of the extreme phase
angles chosen at 144 Mev, B_ started lower than for
case (c) at 144 Mev; hence (d) is more similar to in-
terpolation (b).

As to interpolations (e) and (f) we found the follow-
ing: the true Yang Track II gives rather pronounced
maxima and minima in the coefficients, 4, B, C, as
might be expected because of the very rapid variation
of the Yang phase shifts. Track ITa gives quite smooth
results for the coefficients and some of them are shown
in Figs. 3 through 6. It is seen that a better experi-
mental determination of A_ and B_ could well decide
between Tracks Ila and I. The interpolated Track II
phase shifts are shown to be unreasonable by the erratic
curves for the 4, B, C; indeed, linear interpolation of
the Yang phase shifts is not appropriate and does not,
of course, rule out the Yang phase shifts as such be-
cause we know there is always a Yang set to every
Fermi set if the ai; and a;3 are small.

8. CONNECTION BETWEEN FERMI AND YANG
SOLUTIONS

Among the solutions we have obtained, Track I
gives by far the smoothest dependence of the phase
shifts on energy. For this reason, and even more for
the theoretical reasons to be discussed in Sec. 10, we
believe it to be the correct solution. In this and the
next section, we wish to discuss the relations between
the various solutions. Further light will be thrown on
these relations by the accompanying paper by R. L.
Martin. We are very much indebted to Dr. Martin for
many ideas which are presented in this and the next
section; he pointed out to us first that the Fermi and
Yang tracks for asg; must cross as shown in Fig. 7, and
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he gave us invaluable aid on the interpretation of Ashkin
diagrams.

In our discussion, we shall consider the positive pion
scattering as given. This is possible because, as we have
repeatedly pointed out, all the acceptable solutions,
Tracks I to III, give very nearly the same 7 scattering.
This in turn is due to the fact that ai; and a3 are small
in all these solutions, and even a; is moderately small
so that the =~ data can essentially be interpreted in
terms of 7=% scattering with small corrections. Con-
sidering the #* scattering as given greatly simplifies
the analysis.

Instead of starting from experimental data, we shall
in this and the next section take the point of view that
there is a ‘‘true” set of phase shifts very similar to
Track I. We shall call it Track I’. Then from this true
set we can calculate a = angular distribution which we
shall call the theoretical distribution. We shall then deter-
mine what other sets of phase shifts, if any, will also be
compatible with the theoretical angular distribution;
these we shall call “supplementary solutions.”

We denote phase shifts in the “true solution” Track
I’ by 6 instead of a and define them as follows: 83
shall be zero for all energies, 833 shall increase mono-
tonically and fairly rapidly with energy, and 8; shall be
negative and decrease slowly with energy. We shall
not specify the relation between energy and phase
shifts but merely the relation between the two non-
vanishing phase angles, which we shall take to be

8= —10°—0.181;. (32)
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This is rather well fulfilled by the original Track I in
our energy range.

The ““true solution’ is of the Fermi type and we shall
first investigate the Yang solution corresponding to it;
the Yang phase shifts will be denoted by «. By defini-
tion the Yang solution has the same S phase as the
Fermi solution, hence

(33)

The difference between the Py and Pjs phase shifts is
reversed, so that

a3=63.

(34)

Finally the amplitude for P scattering without spin
flip is preserved, i.e., [see Eq. (15)]

Qg1 —ags= 033— 031=033.

b=2(an—1)fetion—1=2(etits—1). (35
Together with Eq. (34), this yields
eZia33= (26i633+e—i633>/ (Ze—iéga_{_eiﬁss). (36)

It is obvious that the right-hand side has absolute
value unity so that a solution as; exists, and it is easily
seen that

tana33=% ta.nésg. (37)
For small 833, Eq. (37) gives
0133 =033, (38)

i.e., a small 33-phase, and then Eq. (34) yields an
= (4/3)833. As 833 approaches 90°, however, as; will also
approach 90°: With our particular choice of the ‘“true”
Fermi solution, the Yang solution will have a Pj
resonance at exactly the same energy as the Fermi
solution. The only difference is that the Yang phase
passes through 90° much faster than the Fermi phase.
This is illustrated in Fig. 7 which shows the Yang
phase shifts @33 and as; as functions of the Fermi phase
833. As 833 approaches 180° so does as3, only faster.

The Pj phase shift a3 changes much faster still.
We have

a31= (4/3)533
when 833=small

90° 270° 360°
60° 120° 180°.

This is also given in Fig. 7. Thus, where the Fermi
phase shifts show one resonance only, d33=90° the
Yang shifts show three, one in as; and two in as; (90°
and 270°). Somewhat surprisingly, these three reso-
nances give exactly the same angular distribution at
every energy as the one Fermi resonance so that the
two solutions cannot be distinguished by experiment.
However, the Fermi solution is far simpler and hence
preferable unless there are strong theoretical arguments
to the contrary. The similarity of the Yang solution to
Track II is obvious. In particular, when &33=107°
(which corresponds to 217 Mev on Track I) then Fig. 7
gives a33=133° and a3 =240° which agree closely with
the Track II values (Table VIII).

One important feature of our two solutions, Fermi

180°
90°
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and Yang, is that the curves ass and 833 cross. With our
choice of 83;=0, this happens exactly at §33=90°, and
thus at b=—2, Eq. (35). In other words, for crossing
to occur, the real past of b must have a specific value,
—2, when the imaginary part vanishes. If 4 is derived
from experimental data, rather than from our ‘true
solution,” this will in general not be fulfilled, and then
the crossing will not occur. Therefore, if we start from
experimental data, it may appear more natural to
join the curve as; at large phase angles to the curve
833 at small phase angles, and vice versa. This is indi-
cated by the dashed and dot-dashed connecting lines
on Fig. 7. In other words, what we call the Yang solu-
tion at high energies is then joined to the Fermi solution
at low ones (dashed connection). We shall denote this
combination as Track I'-II" and its phase angles by
&’. The 83’ corresponding to this solution is zero at low
energy and it is easy to see that continuity requires us
to choose 831’ =a3—m at high energies; then 85" <833/,
throughout as for a Fermi solution. The curve for 43’
is also shown in Fig. 7, by a dashed line. It rises sud-
denly and rapidly from zero to high values. The exact
behavior of 83" at the start from zero depends on the
precise way how the lower and upper parts of the 833
curve are joined; to indicate the uncertainty of this
beginning, it is shown dotted on Fig. 7. The behavior
of 831 is of course physically very unreasonable. How-
ever, on purely experimental grounds, the primed
solution cannot be excluded. The &’ solution will be
further discussed in the accompanying paper by Martin.

9. THE FERMI-METROPOLIS SOLUTION

Ashkin and Vosko® have pointed out that there are
in general four solutions to the =+ phase shifts rather
than merely the Fermi and Yang solutions. To under-
stand the other two solutions, we use Ashkin diagrams
explicitly. We again consider positive pions only, and
assume that there is a ‘“‘true solution,’’ defined as in the
last section.

In the Ashkin-Vosko theory, we start from the
amplitude for scattering without spin flip,

a+b cosd, (39)
where b is given by Eq. (35) and
a=¢es—1 (40)

from Eq. (14). Ashkin and Vosko show that the experi-
mental data on = give (1) the quantity |a-+b], (2) the
real part of a-+b, and (3) the quantity |a—b&|. The
analysis then proceeds in four steps (see Fig. 8), viz.,

1. a+b is determined by the experimental data (ex-
cept for the sign of its imaginary part). The point
1(a+0) is plotted on a graph; we shall call it point P.

2. A circle is drawn around point P with radius
1la—b]. A fixed circle is also drawn around the point
—1 with radius 1; we shall call it the a circle. The inter-
section of the two circles determines the point @. There
are in general two intersections, a; and a..
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P(l/2Xa+b)
“a"~Circle

Origin

(172)o-bl
(172)la-bl

Fic. 8. Typical Ashkin diagram constructed from positive
scattering coefhicients 4, B, and Cj.

3. From a+b and a, b is determined. By Egs. (15)
and (24), b must satisfy the inequality

[6+3] <3. (41)

Sometimes one of the solutions, as, is ruled out by this
inequality. We must also have from Egs. (15) and (24):

[64+3]>1. (41a)

4. From b, the phase shifts a3 and as; are found,
using Eq. (15).

We shall construct the point 3(a+5) and determine
|a—b|, not from experimental data, but from our
“true solution.”’” Thus we set

(42)
(43)

where 63 and §33 are considered known quantities. We
then proceed with the Ashkin and Vosko method to
find @il solutions corresponding to the same ‘‘experi-
mental data.” Clearly, as we proceed to find the inter-
sections of the two circles according to step 2 of the
Ashkin and Vosko procedure, one of the intersections
will be exactly the “input &” of Eq. (42); we shall call
it @; and thus have the first solution,

b1=b. (44)

This solution satisfies condition (41) by construction,
and leads to the Fermi and Yang solutions discussed in
the last section.

The other solution, a2, can then be found and ex-
amined as to whether it satisfies the inequality (41).
To facilitate this, we shall for the moment simplify our
assumed ‘‘true solution’ still further by assuming
8;3=0. Then the point P will lie on the a circle itself,
at an angle 2833 from the center. The point ¢; is now at
the origin, and hence, as can be seen by suitable modi-
fication of Fig. 8, the point @, is by symmetry at the
angle 4633 on the a circle. Therefore,

a=e¥h—1,

b=2(eitm—1)

a1=a,

ar=e*"8—1, (45)
and the corresponding phase shift is
az= 2033. (46)
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Further,
bo=a+b—as=2¢¥%—¢tidn_1, 47
and
I b2+3 l 2= 9+4(C052533—COS4633) < 9. (48)
Thus we must have
€082033 < cos4d33, (49)
which is satisfied if and only if
60°<833<<120°. (50)

In other words, the solution as, b, is not admissible
if the “true” phase shift 833 is small; in this region,
there are only two solutions to our artificial problem,
the Fermi and the Yang. When the true ;3 exceeds
60°, a new solution @, appears which is characterized
by the large and rapidly varying phase shift a; given
by Eq. (46). This solution will disappear again when
833 reaches 120°. Thus the new solution can exist only
if the cross section is large, in fact fairly close to the
resonance cross section. Trouble with the phase shift.
analysis is, therefore, expected to arise, and in practice
does arise, only in the region of large cross section.
This fact has been mentioned already in Sec. 5.

In general, for any given value of 833, there will be
two solutions belonging to a@s, of the Fermi and the
Yang types, but at the points where the solution a,
just appears or disappears, there will be only one set
a3, az because |b+3] is exactly 3. This is the reason
why there is only one solution of this type at 217 Mev,
as shown in Sec. 4a.

If we start from low energies and thus from low &8ss,
the solution as, b, will at first not exist, and when it
first appears it has completely different values of all
phase shifts, viz.,

olg= 1200, a33=30°, a31=30°,
as compared with the “true’’ solution,
0;=0, 0833=60° &3=0.

Therefore, no transition can be made at this point from
the & solution to the a solution. However, as 833 (and
the energy) increases, the point a» moves around the
a circle and finally reaches the origin when az;=180°.
This suggests a change in the definition to

OL3,=0£3_7T=2533—7F.

(S1)

Then a3’ =8§3=0 when 633=90°. In fact, at this point
all phase shifts of solution @, will agree with those of
solution a;. Therefore, we may use the “true’ solution
a; up to this point, and then switch to solution as,
without any discontinuity in any of the phase shifts.
This can be done either with the Fermi or the Yang
set. After the switch is made, the phase a;” will go from
0 to-60°.

We have still another alternative: it has been pointed
out that the imaginary part of a--b cannot be deter-
mined experimentally. It is, therefore, always possible
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to replace the point P by its mirror image P’ with
respect to the real axis, this replaces 33 by m— 833, and
changes the sign of all other phase shifts; a3 is replaced
by

0[3” = —a;;' =T 2533.

(52)

We can thus use the following solution: a;=0 for 633
up to 90°, and as” thereafter. The transition again
involves no discontinuity in phase shifts. After the
transition, the phase ay”’ goes from 0 to —60°; then
the solution disappears. The behavior of a; follows
essentially our previous Track I at low energies and
switches to Track IIT afterwards, as will become still
clearer in the rest of this section. We shall; therefore,
call this solution Track I'-IIT'.

We now make our discussion more realistic by re-
turning to the original choice (32) for our “true”
solution. For this case, we have calculated numerically
the phase shifts corresponding to the as solution and
shown them in Fig. 9. Both the solutions a3’ and «s”
are shown.® Their similarity with the simpler case dis-
cussed above will be clear. It is possible either to go
from solution 8; at low energies to a3’ at high; then the
transition occurs at the point 8;3=66° and a3’ goes to
high positive values afterwards. Or the transition can
be made from a3 to a3’’; this transition occurs at 83
=81° and 3" then goes to large negative values. T'/is
is essentially the behavior of the Fermi-Metropolis
solution. )
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F16. 9. The relation between the phase angles of Solution I’
(Fermi type) arising out of the point a; and Solution III’ (Fermi
type) arising out of the point a..

3 Actually there is a very small region around 833="75° where
the as solution does not exist even through |643|>3; in this
region there is no solution because |b+43| <1, which violates
Eq. (41a).
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Fic. 10. Solution IV’; i.e., Solution I’ (Fermi type) arises out
of the point a; until §33=_81° and Solution ITI’ (Yang type) arises
out of the point a» from then on.

We also give in Fig. 9 the calculated values of a3s”
and a3’ which are derived from our ‘“theoretical dis-
tribution’ by taking the S phase shift to be as”. Figure
9 gives the Fermi type phases, Fig. 10 the Yang type.
The Fermi type phases are again very similar to those
of the Fermi-Metropolis solution: sz goes up to a high
value (in our case 81°) then decreases to about 32°.
The phase as; is zero until ass reaches its maximum,
then it increases rapidly and becomes finally equal to
azs. At this point, the solution disappears.

The solutions of Fig. 9 have continuous phase shifts
but discontinuities in the derivatives of the phase
shifts with respect to energy. If the experimental data
were infinitely accurate, and if they were to agree with
our ‘“‘theoretical distribution,” then these discon-
tinuities in derivative would show up and could be used
to rule out the @, type solutions. At present, the in-
accuracy of the experimental data smooths out the plot
of phase shift vs energy, and this tendency is further
helped if also the phase shifts ey, a1, and aj; are avail-
able to fit the experimental data. Therefore, the Fermi-
Metropolis solution was much smoother than our solu-
tion on Fig. 9 and did not show an actual discontinuity
in derivative.

The Yang solution, Fig. 10, does not join to the low-
energy Fermi solution at the transition point, §33=381°,
but there is in this case a discontinuity in value as well
as derivative. The Yang solution corresponding to
point @, would join smoothly to the low-energy Yang
solution, Fig. 7. It is interesting that for the Yang solu-
tion given in Fig. 10, both a3’ and ass” decrease with
increasing energy (i.e., 833) ; they become equal to each
other and to the phases of the Fermi solution, Fig. 9,
when the solution @, disappears at 853=115.5°. If one
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tries to join the Yang solution of point @, to the Fermi
solution of @, then as” of Fig. 10 should be replaced
by a3’ —180°, but even then it joins very poorly. No
solution has been found by the MANIAC which cor-
responds to Fig. 10 or any simple modification of it.

The Track IIT solution given in Sec. 5 follows Fermi
and Metropolis at high energy, and then follows the
o'’ solution of Fig. 9 down to lower energies as well.
This is the reason for the disappearance of Track III
when the energy is decreased below 146 Mev. As has
repeatedly been pointed out, it is not necessary to
follow the o/’ curve down to its disappearance at low
energy but we may switch to Track I in the manner of
Fermi and Metropolis.

What happens when the Track III solution dis-
appears at high energy? We know from Sec. 5 that this
essentially occurs at 220 Mev. If we go to any higher
energy, and if our “theoretical distribution” remains
valid there, then it can no longer be fitted by phase
shifts which join continuously to the Track III solution
at 220 Mev. Because of experimental errors, an ap-
proximate fit to the experimental data will remain
possible for some time but ultimately the Track III
solution will break down. This prediction is, of course,
true only if our theoretical distribution really agrees
with the experimental angular distributions of the
future.

If we are correct in saying that Track III disappears
at 220 Mev, then the near-equality of a3 and as; at
217 Mev should be considered a danger sign. For the
equality @z =as; represents an extremum: |6-+3| has
then its maximum value 3. To let as; increase beyond
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F1c. 11. The manner in which the breakdown of
Track III might occur.
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ass does not help, but merely brings us into the domain
of Yang solutions. The condition as;=a3; eliminates
the spin flip term and thus helps to increase the anisot-
ropy of the angular distribution: this is necessary in
the Track III solution because the large as provides a
very large isotropic term by itself.

In Fig. 11, we illustrate the manner in which the
breakdown of Track III might manifest itself. The
figure is constructed as follows: we still assume that
the “theoretical distribution” is the correct one. On the
basis of the behavior of the phases when Track III
disappears, we surmise that a Type III solution will
approximate the angular distribution most closely if
we assume as = ags. With this assumption, we can then
determine a3 and a3; for an “extrapolated Track III”
by requiring that 44 and C be correctly given thus:

sinaz=A, (53)
sin®az3=C,/9. (54)

Then we can calculate B, ; it is
B,'=06 sind; sinds; cos(832—J3). (55)

This “Track III value” of B}’ can then be compared
with the correct value, B, of the theoretical distribu-
tion. The result is shown in Fig. 11: there is evidently
no similarity at all between B, and B,;’. While B; still
rises beyond the critical point, 8;3=115°, B’ falls
sharply and even becomes negative at a somewhat
higher energy. Even a rough measurement of the angu-
lar distribution at energies from about 250 to 350 Mev
should make a decision between Tracks I and III
possible.

10. CONTINUITY AND THEORY

We have seen that it is impossible, on the grounds of
existing experiment alone to decide between the
various “tracks.” Possibly future experiments beyond
225 Mev will rule out Track I-III but so far these do
not exist. We must therefore have recourse to more or
less theoretical arguments.

Theoretically, the phase shifts must be analytic
functions of the energy. This rules out sharp corners
in the a vs Eplot, and strongly favors a smooth varia-
tion. By far the smoothest variation of all the a’s with
energy is provided by our Track I, and we regard this
as a strong argument in favor of this track.

Track I-III, the Fermi-Metropolis solution, appears
unlikely for the following reasons. First of all, the phase
as; which is very small up to about 160 Mev, suddenly
starts to rise rapidly. While an actual break in the
curve is avoided by suitable choice of the small phase
shifts a1, a13, we still believe that it would be almost
impossible to devise a theory to give just this behavior
of a31.

Stranger still is the behavior of as. Apart from a com-
plicated behavior at low energies,® this quantity up to

# R, E. Marshak, Phys. Rev. 88, 1208 (1952).
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about 150 Mev behaves very regularly, being repre-
sented quite well by a straight line; in degrees, we have

@;=9.6°—17.1°, (56)

where 7 is the meson momentum in units of uc in the
center-of-mass system. Now this is what should be
expected from a strong repulsive potential of short
range (about 2%/Mc). Indeed, available theory, either
using the Tamm-Dancoff method? or a contact trans-
formation,3® predicts just such a repulsion, arising from
the virtual production of a nucleon pair. If this is
correct, then a behavior like Eq. (56) should remain
valid up to energies of the order Mc%. Quite generally,
any strong repulsive potential will give a negative phase
shift proportional to the momentum, and when the
energy gets high enough to penetrate the repulsive
core, the slope of the curve a vs # will become smaller.
It seems almost impossible to construct a repulsive
interaction in an S state which would make the o vs g
curve suddenly much steeper at high energies.?”

The rather sharp peak of a3; in Solutions I-IIT also
makes a theoretical explanation difficult, and in par-
ticular a close approach to 90° followed by a rapid
decrease looks suspicious.

In Track II, a; is well-behaved, and also the mono-
tonic increase of as3 and as; with energy is reasonable.
However, the extremely rapid increase of az; and s,
and the need to explain 3 resonances rather than 1,
make this track also very unlikely.

The combination Track I and ITa or I'-II’ (dashed
line in Fig. 7) is rejected because of the sudden and
rapid increase of as; after 635 passes 90°.

A Track Ia may be defined as follows: Below 194
Mev, it agrees with Track I; above 194, the signs of all

3 Dyson, Ross, Salpeter, Schweber, Sundaresan, Visscher, and
Bethe, Phys. Rev. (to be published).

3 S, D. Drell and E. M. Henley, Phys. Rev. 89, 1053 (1952).

37 A long-range attractive potential plus a strong short-range
repulsion will make the a 95 » curve bend downwards, but this will
occur mostly at low energy and certainly not set in suddenly.
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phase shifts are reversed, except for as; which is re-
placed by w—as;. This in fact is the solution 1 of
Table II which was found originally at 217 Mev. We
reject this track mainly because of the sudden jump
of a3 from negative to positive values near 194 Mev,
and also because as; goes close to 90° and then falls
again, with almost a break at the top.

Track I has no such faults and we therefore believe
it to be the correct solution.

A further argument for Track I is the behavior of
photomeson production, as analyzed by Ross.®® Par-
ticularly the fact that the experimental angular dis-
tribution of positive photomesons shifts from a back-
ward to a forward maximum at high energies, is strong
evidence for a resonance in asz;. Watson® has given an
argument for the same conclusion on the basis of the
(less well measured) angular distribution of neutral
photomesons.

As to the theory of meson scattering, the quantitative
results of the Tamm-Dancoff theory are still very in-
complete, and many points in the method are not yet
well understood. However, some qualitative features
seem clear, both from the nonrelativistic formulation
of Chew” and from the relativistic one of Dyson et al.”
These are: (1) only the phase as; is large, due to an
attractive interaction in this state; (2) a3 may (but
does not need to) have a resonance; (3) 31, ai; and ag;
are small and slowly varying; and (4) a3 behaves as if
there were a strong repulsive potential of short range.
Calculations of a; are complicated by renormalization
problems, but a positive value is likely.

Track I or rather an interpolation like (b) in Sec. 7
is the only one which agrees with these theoretical
predictions. Together with its smoothness, we believe
this makes it almost certain that it is the correct one.

We should like to thank Josephine Powers for helping
with the hand computing.

38 M. Ross, Phys. Rev. 94, 454 (1954).
® K. M. Watson (private communication).



