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The influence of static and alternating magnetic fields on the radiative decay of positronium is investigated
theoretically. Equations for the time variation of the probability amplitudes of the ortho- and para-states
are presented and solved for various cases of experimental interest. In particular, formulas are derived
which describe the resonance effects occurring in the case of a constant and a perpendicular alternating field.

I. INTRODUCTION

N recent years, experiments by Deutsch® and his
collaborators have given us a very detailed insight
into the structure and decay of positronium. The
original experiments have been later on somewhat
extended by other authors.?

The main achievement of the work of Deutsch was
the observation of the theoretically postulated® three-
quantum decay of the ortho-form of positronium, as
well as an insight into the modifications of this three-
quantum decay which are produced by static or
alternating magnetic fields.

It had been shown theoretically® that the lifetime of
the ortho-form of positronium is about 1100 times as
large as that of the para-form. This is due to the fact
that two antiparallel light quanta, the decay product
of para-positronium, cannot carry a resultant angular
momentum of the value %/2x with them, which is the
original angular momentum of ortho-positronium. This
leads to a three-quantum decay of ortho-positronium
with a correspondingly increased life-time as compared
with para-positronium which decays into two quanta.
The observation! of the three-quantum decay consti-
tuted the first significant experimental advance.

If the positronium is brought into an external
magnetic field, the ortho- and para-states become mixed
up. This leads to possible two-quantum decays of
ortho-states and thereby to a diminution of the observed
three-quantum coincidences. Theory and experiment
agree in the conclusion that only one of the three
ortho-states is involved in this change if a homogeneous
static magnetic field is applied; only the ortho-state
with a vanishing component of its angular momentum
with respect to the direction of the magnetic field
combines with the para-state.

A further refinement of the experiment? consisted in
the use of the by now classical method of applying a
small alternating magnetic field perpendicular to the
direction of the large constant magnetic field. One can
thereby induce transitions between the two ortho-states
with finite projection of their angular momenta upon
the direction of the constant magnetic field and the
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remaining ortho- and para-states. Thus an additional
quenching of the three-quantum decay can be made
observable® which is sharply dependent upon the
frequency of the alternating magnetic field.

The papers of Deutsch and his collaborators have
already given a semiquantitative treatment of these
data. Since the basis of this treatment is largely formed
by analogies, the meaning of which may not always be
unambiguous, it seemed appropriate! to present a
theoretical discussion of these phenomena which goes
back to first principles by studying the time variation
of the probability amplitudes of the various states in
dependence upon the external magnetic fields. The
present paper, the publication of which has been unduly
delayed for external reasons, will present such calcu-
lations in detail and thereby also cover some limiting
cases for which the method of analogies would not
seem to be sufficient.

II. THE MATRIX ELEMENTS OF THE PERTURBING
MAGNETIC ENERGY

We denote by ¢.(1), ¢.(2) the eigenfunctions of the
electron with its spin parallel and antiparallel to the z
axis, with ¢,(1), ¢,(2) the eigenfunctions of the posi-
tron in the corresponding states. If we then neglect
very small corrections of relativistic order of magnitude
we can write the eigenfunctions of the para- and ortho-
ground states of positronium as follows:

V=D e,(1), (1a)
Yo=LodDer(@+ 0. e,(DINVZ,  (1b)
Yor=0u(2) p(2), (1c)
v=Le.(DesD— 0o, (DIN2. (1)

The magnetic perturbation terms of the Hamiltonian
in the presence of a constant magnetic field along the
z axis and a variable magnetic field along the x axis are
given by the expression

eh

H,= [H,(0o:—0ps)+Hy coSwt(0eo—0ps) ] (2)

4drmc
In (2) the meaning of all symbols is conventional;
o, and o, denote, respectively, the matrices of the spin
vector with the eigenvalues #1.

4 0. Halpern, Phys. Rev. 88, 164 (1952).
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One notices by inspection that the magnetic part H,,
of the Hamiltonian has no diagonal elements; this
shows that the Zeeman effect of positronium is at least
quadratic in the magnetic field-strength. The physical
reason for this fact is to be found in the opposite signs
of the magnetic moments of the electron and the
positron in (2).

The z component of the magnetic field has, as was to
be expected, only one nonvanishing (nondiagonal)
matrix element

M ,=yoH p=2ehH./4mmc. €))

The x component has nonvanishing matrix elements
only in reference to states with different total angular
momentum :

M=y H =y _Hp=V2ehH, coswt/4wmec. (4)

We are now prepared to study the effect of the
various magnetic fields on the decay of the two forms
of positronium. To make things simpler, we first
consider only the case of a static magnetic field.

III. QUENCHING IN A CONSTANT MAGNETIC FIELD

We denote by a1, ao, a_;, and a the amplitudes of the
four different positronium spin states. The subscripts
indicate the magnitude of the projection of j on the z
axis in the ortho-states; ¢ without subscript stands for
the amplitude of the para-state (j=0). The energy
difference between the ortho-states and the para-state
in the absence of external perturbations shall be denoted
by /wo/2w. Since, as shown in (3), there exist no
matrix elements of the Hamiltonian between states of
unequal 7, the amplitudes @, and a_; decay as they do
in the field-free case.

For the amplitudes ao and o we now have the fol-
lowing equations:

d(lo 2 .
—=——M ,ae?"*—,a,, (5a)
dt h
da 2w
d—= ————Mzaoe‘i‘m'—'ya. (Sb)
t

v1 and v denote, respectively, the amplitude decay
constants of the ortho- and para-states. Since the life-
times of these states are 1.3 1077 sec and 1.2X 1071
sec, respectively, we have for y; and v the values
3.7X 108 sec™! and 4X10° sec™™.

Introducing the expressions,

ao=boe ¢, (6a)
a=bet, (6b)
one obtains

dbo 211'1: i
_— ————Mzbe‘i‘ﬂotg—(‘Y"’Yl)t, (7a)

dt

db 2 )

g-= _-__M'boe—wote(v—-'yl)t_ (7b)

7
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Because the exponents in the exponentials of (7a)
and (7b) have opposite signs, this system of linear
differential equations of the first order with time-
dependent coefficient can be transformed into a linear
equation of the second order with constant coefficients.
One solves (7a) for b, differentiates with respect to the
time, and inserts the expression for db/dt thus obtained
into (7b). This leads to

. 4r?
bo+ bo(iw0+7/)+b0';Mzz= 0, (8)
Y =y=v>>v1 )

Equation (8) gives for &, the expression

b0=C1€all+C26a25, (10)
with '
twotvy’ 1 1672 3
a=— +—((iwo+'y')2— Mzz) , (11a)
2 2 n
wety 1 16m* 3
a2=—-—2—————((iw0+7’)2“ P M{") . (11b)

For v'=0, (11) reduces to

hwo hwo 2 3
i}lal,gz—z‘:!: (7) +M22) . (12)

The original amplitudes @y and e are then given by
expressions of the type:

ag=Cre= 1t Cheler—rnt (13a)
a= Delertico—r1)tL Dyplartive—y1) ¢ (13b)
C1~D1, Cy~Ds. (14)

Since we>y’, @3 and ap are to a first approximation
given by

472 M 2 472 M 2
=1 v’ , (15a)
Ry Pwe?
Q= — (iwo-l-'y')—al. (15b)

. It follows from (13a) and (13b) that one can form

* linear combinations of the wave functions (1b) and

(1d) which decay according to a simple exponential
law; if we put for ¢=0,

G

1
Cy=0, = X = 16a
s Yo Cor DY ¥ Cor D (16a)
T
i Ci=0, ¢ © ¥ (16b)
U T CatDaY T (CaHDAY

then these aggregates have decay constants 7
+ (Y47 M 2/ HPwe?) and v— (Y47 M 2/ HPwé?), respec-
tively.
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The physical interpretation of this result is clear. In
the absence of decay, vi=v=0, the expressions (11),
(12) and (16) are the well-known wave functions of a
magnetic system which has vanishing diagonal and
nonvanishing off-diagonal matrix elements of the mag-
netic Hamiltonian. The energy-splitting given by (12)
is the familiar generalization of the Landé formula.

The discussion for nonvanishing v; and v can best be
carried out remembering the order of magnitude of the
various quantities involved. We have wo~10 sec™;
v1 and v (or v') are about —3.7 .10% and 4X10° sec™!
respectively, and vy'4w*M 2/ hw,® becomes for H,~9000
gauss about 7’1072, One thus sees easily that the
imaginary parts of (11) (the energy splitting) are very
little affected by the spontaneous decay. The real part
of as—~i, ie., essentially the decay constant of the
para-state, is hardly changed by the presence of a
constant magnetic field. The decay of ao, on the other
hand, is strongly influenced by a sizable magnetic field.
One sees readily that for values of H, larger than, say,
2000 gauss the term v'4w*M 2/ h%w,* predominates. This
means that the three-quantum decay is progressively
replaced by the two-quantum decay of the para-state.
For H,~9000 gauss only a few percent of the three-
quantum decays are left; this means experimentally
that only % of all three-quantum processes originating
from the states with the amplitudes ¢; and a_; remain.

It should perhaps be re-emphasized that it is not
just the small fraction 4#*M?%/Fws® of para-state
present in ao that decays rapidly. It is, as shown by
(13a) and (13b), the whole linear combination (16a)
which decays at the rate v+ (v472M 2/ Hwo?).

IV. THE EFFECT OF AN ADDITIONAL
ALTERNATING MAGNETIC FIELD

For the treatment of this problem it is advantageous
to change the basic wave functions. It should be noted
that the linear combinations (16a) can be made
mutually orthogonal and are also orthogonal to the
states with the amplitudes a; and a_,. If we introduce
these expressions in place of (1b) and (1d), we have
thereby included the effect of H., which as mentioned
before does not have matrix elements between states
with m different from zero. The equations of variation
of constants therefore contain M, only. We continue
to use the notation for the amplitudes of the states
ay- - -a@ which will not lead to any misunderstanding.

Keeping in mind the results of Sec. II, one thus ar-
rives at the following equations:

dal 27|'i . .

O it M) i, (170
dao 2w .,

— = (M8 (arrta )} =7 (17b)
da—l 27!'1: . .

2 M e Moy, (179

OTTO HALPERN

da 2ms )
—=——AM (a1} a_1)} —7a, (17d)
dat h

B=2rM./ ke, (18a)
Y'=v1+v'8, (18b)
«’=1maginary part of a;. (18c)

A study of this system of equations shows that no
simple reduction to a linear equation of higher order
with constant coefficients is possible. This has its origin
in the factor cosw? in M, which cannot be eliminated as
was done with the exponentials in III. But closer
attention to the physical side of the problem allows us
to introduce simplifications which lead in the end to
another linear equation of the second order with
constant coefficients.

One has to keep in mind that we are looking for
resonance effects which will occur when w'=w, or in
other words when /% times the frequency of the alter-
nating field equals the energy difference between the
ortho-states a4, and ao created by the constant magnetic
field H.. This energy difference is given by the imagi-
nary part (k/2m)a;. General dispersion theory leads to
the experimentally confirmed view that the influence
of the alternating field will be very small off resonance.
This means first of all that all terms containing @ in
(17) can be dropped; in fact the whole equation (17d)
may be neglected. The frequency of the alternating
field will always be very small compared with wo.

Furthermore, if we write

coswt= 7 (eit-f-¢~it),

than we see that in (17a) and (17c) only the term ei«?,
while in (17b) only the terms e~%¢ can give rise to a
resonance phenomenon. The second term produces only
dispersion effects which average out during the time of
observation. One thus obtains the following three
equations:

ddl 271 .
—=———MBaje " —y1a,, (19a)
dt 2h
ddo 271'% .
—=——M.B(a1}a_)ei )t —"ay, (19b)
dt 2k
da_.1 27["1» .
=——M,Bag'e @'~ t—ya_y, (19¢)
dat
M.=M, coswt. (20)
We introduce again in analogy with III the quantities
ay=be ", (21a)
do=b06—7”t, V (21b)

(21¢)

—_ —Y1t
a_l—b__le Vi
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and obtain for the quantities b the equations

db]_ 7l'1: .
— ~——M,’Bboe“(“’""’)‘e—(”f”"“)t, (22a)
dt h
dbo 7I'1: X
—= ——M /B (brrtboy)ei@ = ey =L (22b)
dt h '

db_l 7ri X

—-= ——M Bbye it =, (22¢)

¢

Solving (22b) for b;+b_;, and differentiating with
respect to the time, we obtain again from (22a) and (22c)
the desired equation

. 27?
b0+bo[i(w_w’)+’)’1—’)’”]+‘;l;ﬁzMx'2bD=0- (23)
This gives for by the expression

(29)

bo~et,
with

2w
52+5[i(w—w’)+‘Y1—‘Y”]+?B2Mz’2=0. (25)

One finally obtains for @ a time dependence of the form
ag=Ae@r=7"t4 BeGrv'Nt (26)
=) +r—”

2

1=

1 82 Y
+5([i(w—w')+71—7”]2—EﬁzMz'z), (27a)

i(w-—w")—}-'yl—'y”
2

52=

1 ' 872 3
—E(D'(w-w'Hvl—v”]L~h—2—BzM x'z) . (27v)

The successive use of (19), (21), and (26) together
with the values of § as given by (27), permits us to
determine the decay times of the various states in the
presence of both magnetic fields; the parametric
dependence on w gives us the behavior at and near
resonance. Two limiting cases are of particular interest
and lead to simple results especially at resonance.
(1) H, small, or, more quantitatively,

¥ =1L @Br/h)BM . (28)
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We can then expand the square root in (27) and obtain
at resonance the following values for §; and é,:

20232 M 2
o=+ ) (29a)
By —v1)
27"262 M2
do=7"'—y————. (29b)
R —v1)

d1—7"" obviously gives essentially the decay time of
the state with vanishing m, which is only slightly
affected by the alternating field. This can be understood
physically by observing that the rate of decay is large
compared with the rate of transition to one of the other
ortho-states.

d2—+v", on the other hand, leads by resubstitution
easily to that quantity which now represents essentially
the decay rate of the two ortho-states. We find for it:

20232 M 2
R =)

The percentage of the increase of the decay rate is
given by

do—y"'=—m1—

M2 eH?
~ (30)

b
Pyi(Y' =) 4mPciyy,

This value is well observable for moderate H, since
the decay rate of the pure ortho-state is in that case
no longer overwhelmingly large compared with the
rate of transition to the composite state with m=0
from which two-quantum decay processes are now
possible.

(2) H, large, or, more quantitatively,

8m?

V= S—FM." (31)
],lZ

Then for the case of resonance the real parts of §; and
82 become equal. Substitution into the relevant equa-
tions of the text shows that then al/ three states decay
with a decay constant % (y;++"’). This means that the
states with m=--1 decay mostly through two-quantum
processes; the state m=0 is now partly ‘‘dequenched”
and decays with a larger percentage of three-quantum
processes than in the absence of the alternating field.
It should be observed that this effect is independent of
the magnitude of H, as long as the relation (31) holds
true.



