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Elastic Scattering of Protons by Nuclei~
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Exact calculations are carried out for the optical model in the 20-Mev region. A complex potential of
spherical well shape is assumed in addition to the Coulomb potential. Results for the elastic scattering of
protons by Al, Cu, and Ag are compared with experiments. Though all relevant parameters are varied
over large domains, no satisfactory agreement is obtained. Various possible alternatives are discussed.
It is also shown that the "boundary condition model" offers a good approximation to the optical model
within its range of validity.

1. INTRODUCTION

'HE optical model for the scattering of mesons
and nucleons by nuclei has enjoyed considerable

success. In this model the interaction of the incident
particle with the individual constituents of the scat-
tering nucleus is represented by an effective potential
wk. ich enables one to reduce the problem to an equiva-
lent one-body problem. The effective potential is in
general complex, thus making a rather close analogy
with the scattering of an electromagnetic wave by a
medium of complex index of refraction.

The first success of the optical model was in high-
energy neutron scattering. ' Later, meson reactions were
analyzed, ' and, most recently, low-energy neutron
scattering data were very successfully explained by
this model. ' Though the eventual theoretical justifi-
cations for the model may be of very different nature
at high and low energies, respectively, it is reasonable
to expect satisfactory results also at intermediate
energies. Indeed, Le Levier and Saxon4 obtained fairly
good agreement with the elastic proton scattering
experiments on Al at 18.6 Mev. ' However, further
experiments' soon showed that the calculated diGer-
ential cross section is too large near 180' and in general
too Rat. For these reasons it was felt that further
investigation of the 20-Mev region is appropriate.

Unfortunately, all recent experimental diGerential

cross sections at that energy are for protons rather
than for neutrons. Since the Coulomb and nuclear

potentials are here of equal importance, this fact implies
a considerable complication of the calculations. We
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k' is an average wave number of the incident particle
inside the nucleus. This assumption is expected to be
valid when the energy of incidence is sufficiently high
so that exit through the entrance channel after pene-
tration into the nucleus is very improbable. The
logarithmic derivative at the boundary is

ft (d Inst/d lnr)——„g—— sk'R— (2)

This relation provides an approximate treatment of
the optical model. The results of this treatment will be
compared with those of the exact calculation.

In the next section we shall outline the method of
calculation and in Sec. 3 we shall present the results
for a variety of parameters. These are compared with
the results of several experimenters and lead to the
conclusions stated in the final section.

2. METHOD OF CALCULATION

A nonrelativistic particle in a complex potential
satisfies in a stationary state the Schrodinger equation

V'Q+ (2'/5') LZ —V (r) iW(r)]f= 0, (3—)

where U and S' are the real and imaginary part of the
potential. In the usual way one 6nds an equation of
continuity,

c)p/R+V j= (2p/h)W, (4)
' H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949).

have carried out exact calculations for several elements
on the basis of the optical model but were limited by
the lack of tables of Coulomb functions for parameters
corresponding to proton scattering by elements of
Z&50. Results are presented for Al, Cu, and Ag.

In addition to allowing a comparison with experi-
ments, the exact calculations also enable one to check
on approximate theoretical treatments. In particular,
the boundary condition model is here investigated. ~ In
this model it is assumed that the logarithmic derivative
of the wave function it«at the boundary R of the nucleus
is independent of the angular momentum l of the
incident particle, and that inside the nucleus f~ is of
the form of an ingoing wave only:

n( ——rP) exp( —ik'r).
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with p=f*P and j= (k/2Mi) (tIr*vr'P ter—VtJr*). It follows
that the nucleus absorbs the incident beam of particles
at a rate (2p/Pt) f

W f, (W& 0). We shall assume

—Vp (r &R)
V(r) = W(r) =

Ze'/r (r)R)

—Wp (r &R)
(5)

0 (r&R)

fi =ai+s~t. (7)

The calculation now proceeds in the usual way, except
that k" is a complex number. Therefore, the solution
u~ will also be complex and the phase shifts will be of
the form

bi+i et

For the comparison of f~ on both sides of the discon-
tinuity we 6nd

k'Rj '(O'R)
+1

j,(k'R)
kR[F t'(OR)+ tan(b, +is,)G,'(kR))

. (9)
Ft (kR)+tan(5t+set)Gt (kR)

where R is the radius of the nucleus. The potential (5)
corresponds to the assumption that the charge of the
nucleus is distributed uniformly over its surface If th. e
nucleus had a uniform charge density throughout its
~0/Nme a correction would have to be added for r&R
which is small compared to Vp. Also, the large absorp-
tion—the experimental absorption cross section is
approximately geometrical —would prevent the incident
particle from penetrating deep enough to detect such
variations of the potential. The parameters Z, E, Vp, Wp
completely characterize the nucleus in this model.

The solutions I& of the radial equation for each
orbital angular momentum / are nonrelativistic Cou-
lomb wave functions: Fi(kr) and Gt(kr) for r)R, and
k'r j&(k'r) for r&R. Here,

k'= 2ME/k' k"=k'+ (2M/k') (Vs+ iWp), (6)

and j& is the regular spherical Bessel function of order /.
The phase shifts are obtained from the requirement of
smoothness of the wave function. We define the loga-
rithmic derivative at r=R as in Eq. (2):

In order to evaluate the phase shifts from Eqs. (10)
and (11) the Coulomb functions must be known and
the functions jt(k'R) and ji'(O' R) in Eq. (9) must be
separated into their real and imaginary parts. For the
determination of the Coulomb functions Ii

~ and G~ the
tables by Breit and collaborators proved most helpful. 9

However, four and 6ve point interpolation and extra-
polation is necessary in some cases, since the tables list
only functions for angular momenta /&4 and these
must be known very accurately so that recursion
formulas can be used to obtain functions for higher
values of /. For a given argument p= kE and parameter
rt=Ze'/Its the four functions Ft, Ft', Gt, and Gt' are
connected by the following relations:"

Ft tGt —FiGt t=l/[P+rjf'*,

(14)

(15)

These relations are not all independent. In particular,
Eqs. (14) and (15) follow from (17) and (18). If, for a
definite t, any three of the set of four values (Ft, Ft', Gt,
Gi') are known, this set can be calculated for all values
of /. For example, all Ii~, FI,', G~, G~' can be calculated
from Pp Pp and Gp. However, as one proceeds to
larger / the accuracy decreases rapidly. In this connec-
tion those of relations (14) to (18) which seem super-
Quous can be used advantageously in checking the
numerical work. Unfortunately, the range of the argu-
ment of the aforementioned tables is not sufhcient for
heavy elements at 20 Mev. Indeed, for 18.3 Mev and
the usual nuclear radius [see Eq. (22)j one finds for Ag:
M=6.36, which is just outside the range of the tables
but can be reached by extrapolation.

The separation of jt(k'R) into its real and imaginary
part can be accomplished either by the series

(t+1)[P+~'O'I'~t —(2t+1)(~+t(t+1)/p) Vt

+l[(l+1)'+sl'j&F =0, (16)

(t+1)V '—((t+1)'/ +n) V

+[(1+1)'+n'3'I' =0, (17)

tV, '+(&+P/p) V,—[P+& jib, =0, (18)
where

Ft Gt+iFt. ——

An easy calculation yields from this:

exp( —4ei) =1—4rt/[tP+ (rt+1)'$, (10)
j & (x+stx) = (1+st) ' Q jt+„(x)(tx) "(-,t s) "/rs!, (19)—

where
ti=GtGi'+FtFi' (FP+GP)at/OR) — (12)

r, = (FP+GP) fb, f/OR; (13)

5t =—arg (Gi+iF i)+-,' arg[ti+ i(r t
—1))—s «g[ti+'(«+1)3, (11)

or by expressing jg in terms of sine and cosine functions
of complex argument. The separation j&' can be reduced
to that of j& and j» by well-known relations among
Bessel functions. The spherical Bessel functions j~ of
real argument are tabulated. "

the differentiation is with respect to kr, and all functions
are to be taken at r=R.

See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical NucLear
Physics (John Wiley and Sons, Inc., ¹wYork, 1952).

~ Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs.
Modern Phys. 23, 147 (1953).I J. L. Powell, Phys. Rev. 72, 626 (1947)."National Bureau of Standards, Mathematical Tables Project,
Tables of Spherical Besset Furtctious (Columbia University
Press, New York, 1947).
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After these somewhat laborious auxiliary calculations
the phase shifts can be obtained from Eqs. (10) and
(11).The differential cross section is found to be

do/dQ= (S'+ T')/4k' (20a)

The Coulomb phase shifts 0.0 can also be found in
tables. "

The absorption cross section is

o,= (sr/k')Q(2l+1)L1 —exp( —4et)].
I,=o

It is not explicitly dependent on the Coulomb potential.
The formulas (20) express clearly the coherent effect
of the Coulomb and nuclear scattering. It is clear from
these equations that the amplitudes cannot be written
as the sum of an exclusively Coulomb and another,
exclusively nuclear, contribution. This fact makes the
strict concept of interference between two scattering
eBects inapplicable for the case of Coulomb and nuclear
scattering. Nevertheless, we shall refer to such inter-
ference in the sense of comparison of this scattering
wi'th pure Coulomb scattering. For simplicity we shall
take the pure Coulomb scattering for a point nucleus
(Rutherford scattering).

The summation in the first term of S(tt) and T(et) in

(20) extends up to the highest angular momentum l~

which contributes to the nuclear scattering. For Al,
l& is about 5 or 6, whereas for Ag, li= 7.

S(et) =P (2l+1)Lexp( —2et) cos(28t+2o t)
lM

—cos2o t]Pt (costi)+ (rt/sin'i set)

Xsin(2oe —2rt ln sin-,'et),

T(tt)=P(2l+1)t exp( —2et) sin(28t+2ot)
lM

—sin2oQPt (costi) —(st/sin'sret)

Xcos(2oo —2q ln sin-', tt). (20c)

barrier of a few Mev should be subtracted; Le Levier
and Saxon claim best results with V0=45 Mev. The
value of Wo for a given Vo depends, of course, on the
energy. The optical model gives the relation

Wp= 2)Vs(E+ Vp)+ Vss)& (23)

where Vs=hkss/2M, ks=Imk'. We can introduce the
penetration depth A which is the distance a nucleon
beam travels in nuclear matter before its intensity is
reduced by 1/e. It follows that 2K=1/ks. For practical
purposes Vs can be neglected compared to E+Vs such
that Eq. (23) may be written conveniently

Wp =4.5 (E+Ve) &/A, (24)

IOO

where the energies are in Mev and A is in units of
10 "cm. We can obtain an estimate of S'0 at 20 Mev
by a somewhat daring extrapolation from the 90-Mev
neutron data. The penetration depth A may be taken
approximately equal to the mean free path in nuclear
matter. The latter increases at most proportionally to
E+Vp but at lower energies the exclusion principle
will reduce this dependence considerably. Kith these
assumptions we find from' A(90 Mev)~4X10 " cm,
Vo 30 Mev, a value A(20 Mev) 1.7X10—is cm.
Equation (24) now gives We 20 Mev. The potential
—V=30+20i Mev thus seems to be a reasonable first
approximation near E=20 Mev.

The most important results of our calculations are
shown in Figs. 1 to 6, together with experimental

3. RESULTS"

We choose for the nuclear radius

8=1.422&X10 "cm, (22)

and for the energy 18.3 Mev, the energy at which
Gugelot's experiments are carried out. The results are
not very sensitive to the choice of E as will be shown
below. The choice of Vo and Wo is somewhat arbitrary.
A reasonable value would perhaps be V0=30 Mev,
corresponding to the usual Fermi gas well, where for
light elements (Al) one may expect that the Coulomb

~ See, for example: National Bureau of Standards, Tables of
Coulomb Functions (U. S. Government Printing Once, Wash-
ington, D. C., 1952), Vol. 1.

'3 Most of the results discussed in this section were first reported
at the Washington Meeting of the American Physical Society,
May, 1953; see F. Rohrlich and D. M. Chase, Phys. Rev. 91,
454 (1953).
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FIG. 1. Elastic scattering of protons by aluminum. The solid
curve is the result of an exact calculation at 18.3 Mev. The
dashed curve represents the experimental results of Dayton at
19.1%0.2 Mev. The experimental points in this and the following
figures are those of Gugelot at 18.3 Mev.
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Saxon. ' The calculations agree with the general trend
of the measured differential cross section but certainly
do not reproduce the pronounced maxima and minima.
We notice that nuclear and Coulomb scattering interfere
constructively for Al in the sense that the measured
cross section over most of the angular range is greater
than that for pure Coulomb scattering from a point
nucleus.

On the other hand, there is no constructive inter-
ference for Cu (Fig. 2). The experimental points indicate
that the total scattering cross section is about equal to
that for Coulomb scattering. The two theoretical curves
for —V=45+20i Mev represent the exact optical
model and the boundary-condition model, respectively.

l000
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FIG. 2. 18.3-Mev protons on Cu. The good approximation
oGered by the boundary condition znodel is compared with the
exact calculatiou (square well shape).

l00-

results of Gugelot and of Dayton. ' These are the only
experiments at the present time which give absolute
values of the cross section.

In Fig. j. we present the recalculated Al cross section
for —V=45+20' Mev first obtained by Le Levier and
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Pro. 3. 18.3-Mev protons on Cu. The dependence of the cross
section on Vo and Wo is exhibited.
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FIG. 4. 18.3-Mev protons on Cu. At large angles the cross section
is about four times s-wave scattering in a Coulomb Geld.

The latter is seen to give a fairly good approximation
to the former, but is in general smoother, i.e., it shows
less pronounced minima and maxima. Both curves are
far above the experimental data.

In order to study the dependence of the theoretical
cross section on Vo and 8'0, in Fig. 3 several extreme
assumptions are compared with the results of Fig. 2.
The eGect of a relatively too small absorptive part, 8'0,
is seen in the extreme case, —V=45 Mev. The angular
variations are much too large and the cross section is
orders of magnitude too large for angles above 90'.
(This result is of special interest in connection with the
potential —V= 20+i Mev recently proposed by Weiss-
kopf' which explains the total neutron cross sections
below 3 Mev. ) However, a reduction of the real part
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of V by a factor of two or even four has relatively little
effect as long as the imaginary part is kept large.

One might be inclined to think that for large angles
the scattering is primarily due to s waves. That this is
not at all the case is shown in Fig. 4, where s scattering
is compared with previous results. Indeed, s scattering
accounts for only one-fourth of the cross section at
large angles. (The Coulomb scattering is, of course,
always fully taken into account. )

'For larger Z, nuclear and Coulomb scattering inter-
fere destructively (in the above sense). The actual
cross section is only a fraction of Coulomb scattering.
Figure 5 shows the results for Ag. A reasonable po-
tential, —V=35+20i Mev, gives about six times more
scattering than is observed. Even a rather extreme
case, —V=5+Si Mev, gives much too much scattering
between 70' and 150'.

Finally, in Fig. 6 we show the eGect of a variation
of the nuclear force range. Conveniently, only the first
five phase shifts were calculated. For Cu, kE.=5.33 if
we use Eq. (22). The corresponding cross section (in
the boundary condition approximation for —V=45
+20i Mev) is shown, 6rst with all contributing partial
waves (l(7) included, and again with only the first
five included. Also shown are the cross sections for two
different radii corresponding to SR=5.0 and 5.8 (l &4).
We see that even a variation of almost &10 percent
leaves the theoretical curves several times higher than
the measured values.

A number of further results will be mentioned in the
following section.

4. CONCLUSIONS AND DISCUSSION
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FIG. 5. 18.3-Mev protons on Ag.

can be attained only for small Z. This result is valid
over a very large range of both Vo and 8'0 and over
considerable variations of the nuclear range.

(4) The absorption cross section is found to be be-
tween 60 and 90 percent of the geometric cross section
for 8'0 20 Mev in qualitative agreement with experi-
ments.

lQOC

(1) Comparison of the differential cross section in
the approximation of the boundary-condition model
with that from exact calculations shows that this
approximation yields very good results, but gives
somewhat less pronounced structure. A typical instance
is shown in Fig. 2.

(2) When the experimental results are compared
with pure Coulomb scattering by a point nucleus, a
marked dependence on Z appears: For small Z the
nuclear forces contribute constructively to the scat-
tering; for Z 29 (Cu) they do not change the total
scattering cross section, but cause maxima and minima
in the differential cross section; for larger Z they
contribute destructively. This Z dependence is most
pronounced at large angles, as can be seen from the
following four cases at 150'.

~ (fhbgfos)g ), d

l00-

l0-

Ve-45-i20(8-C Model)

13
6.1

29
1.0

47

0.31
78

0.16

(3) The optical model with a square well shape and
with the accepted nuclear radii PEq. (22)j gives con-
siderably more scattering than an equally large point
charge, so that reasonable agreement with experiments

l l l i I I

40 60 80 100 l20 l40 l60 l80

FIG. 6. 18.3-Mev protons on Cu, dependence of the cross section
on the nuclear radius. The accepted radius (kR=5.33) gives an
approximate cross section (l &4) which is compared with cross
sections for larger and smaller radii in the same approximation.
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(5) The experimental minima and maxima of the
differential cross section are more pronounced than can
be reproduced by this optical model, if the absorption
is to be large enough and the backward scattering small
enough.

Several assumptions made in this paper can be held
responsible for the negative results presented above.
The lack of a "tail" of the nuclear potential and the
consequent discontinuity of the total potential on the
nuclear boundary is perhaps the most obvious defect
of the model investigated here. Also, for wavelengths
of 10 "cm the assumption of a sharp nuclear boundary
is questionable.

Other deficiencies include the neglect of the Pauli
principle and the absence of other forces not usually
included in the optical model. It should be pointed
out that the large absorption does not permit a particle
to be scattered after it has penetrated an appreciable
distance into the nucleus. Therefore, the scattering
cross section should be practically independent of the
detailed shape of the potential for r&E. Furthermore,
the experiments show no dependence on magic numbers
or spins of the target nuclei. Spin-dependent forces,
therefore, should not be of importance.

However, there seem to be at least two strong
arguments in favor of a small absorption potential 8'0.
One is the excellent agreement of the potentiaP —V
=19(1+0.05i) Mev with the neutron scattering data
up to 3 Mev; the other is the strong angular dependence
of the 20-Mev proton scattering data observed by
Cohen and Neidigh' and by Dayton (see Fig. 1). The
steep maxima and minima require a very small TV0,

perhaps of the order of 5 Mev. From Eq. (24) we see
that this implies A(20 Mev) 6.5&&10 " cm, which is
of the order of magnitude of the radii of the investi-
gated nuclei and means that the scattering would be

much more sensitive to the shape of the potential well.
In this case, it also follows that the extrapolation from
the 90-Mev data with the accepted energy dependence
of the mean free path Lsee the argument following
Eq. (24)j is completely wrong and that A is actually a
decreasing function of energy, at least for 8&50 Mev.
This situation is in very nice agreement with the great
success of the shell model at very low energies: the
more independently the particles move, the larger is
their mean free path. If we accept these arguments and
use a potential —V=30+20i Mev, say, then our
calculations show that it may indeed be possible to fit
the observed angular distribution for not too large
angles (up to 90', say), but that for larger angles this
potential gives much too much scattering. The latter
eGect may then be blamed on the spherical well shape
whose large discontinuity causes too much reflection.
Thus, with these arguments we are led to believe that
a potential of approximate magnitude —V=30+Si
Mev which has a slgcicnLLy Long taiL may fit the observed
angular distributions. However, such a model would

probably give a rather small absorption cross section.
Calculations along these lines are in progress.

It will be extremely interesting to study the scat-
tering of neutrons by nuclei in this energy region. If
the model presented here can account for neutron
scattering, our results show that the optical model can
give the correct nuclear scattering amplitude except for
a phase factor. This phase factor is of no interest for
neutron scattering, but is essential for proton scattering.

In conclusion, we wish to thank Professor P. C.
Gugelot and Dr. I. E. Dayton for discussing their
experimental results with us and Mrs. Ruth Shoemaker
for her able help in the early stages of the numerical
work.


