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The diamagnetic susceptibility x, the rotational magnetic moment u,, the magnetic shielding constant o,
and the spin-rotational magnetic interaction constant H, of the hydrogen molecule are calculated theo-
retically. The energy of the rotating molecule, under an external magnetic field, is calculated by means of
the variational method using 7+2 term wave function. By expanding the energy in powers of the appro-
priate parameters, x, ur, o, and H, are determined and the relations between these quantities are obtained.

Comparison with Ramsey’s experiments is also made.

‘1. INTRODUCTION

S a result of the increasing accuracy of microwave
and molecular beam measurements, it is found
that the apparent magnetic moment of a nucleus has
different values when it is contained in different mole-
cules. This phenomenon, called “chemical shift,” arises
from the fact that the surrounding electric charges
create a magnetic field at the position of the nucleus in
addition to the external one. Based on Wick’s theory,!
Ramsey has treated this problem in a series of papers.?
It seems to be important to study the chemical shift
for the hydrogen molecule, since accurate experimental
data are available for this molecule, and its nuclear
magnetic moment is used as the standard for the meas-
urement of magnetic field strength. The calculations
were made by Ramsey? and by Hylleraas and Skavlem.?
In all these calculations, however, the perturbation
method was adopted, and the difficulty lies chiefly in
the fact that the second-order terms cannot be evalu-
ated accurately.

On the other hand, one of the present authors has
succeeded in calculating the polarizability of the hydro-
gen molecule and in overcoming the difficulty by using
the variational method.* The aim of the present paper
is to show that the same method is also applicable in
principle to the calculation of the magnetic properties
of this molecule. We have calculated the chemical shift
o (magnetic shielding constant) as well as the other
magnetic quantities, i.e., the diamagnetic susceptibility
X, the rotational magnetic moment u., and the spin-
rotational magnetic interaction constant H,, and found
that the well-known relations between these quantities
can be formulated quite fundamentally.

For the purpose of examining the usefulness of this
method, a preliminary calculation has been made and
rather good results have been obtained.

1 G. C. Wick, Phys. Rev. 73, 51 (1948); Z. Physik 85, 25 (1933).

2N. F. Ramsey, Phys. Rev. 77, 567 (1950); 78, 699 (1950);
83, 540 (1951); 85, 60 (1952); 243 (1952).

3 E. Hylleraas and S. Skavlem, Phys. Rev. 79, 117 (1950).

4Ishiguro, Arai, Mizushima, and Kotani, Proc. Phys. Soc.
(London) A65, 178 (1952).

2. HAMILTONIAN

The Hamiltonian of a hydrogen molecule placed in
the magnetic field H is given by

1 e 2 1 2 e 2
Hhot=——2_ (Pk——Ak) +—2 (pH——Af)
oM .

c 2m i=1
+V—w'H(ost05)+f(Woan'ar), (1)

where we neglect the electronic spin which has no
influence on our final result within the accuracy of our
approximations. ¢, and ¢, denote the Pauli matrices
of the two protons e and b, respectively, and p’ is the
magnitude of the magnetic moment of the proton.
We may adopt the representation in which the total
nuclear spin of the molecule can be specified by a set
of quantum numbers (Z,#r), and take only the diagonal
elements. Then the x and y components of the o’s
may be omitted. For the states with m;=1, 0, —1, the
expectation values of ¢,, and v, are {,4.)=(os.)=1, 0,
—1, respectively. Therefore,

Woa=uos.=p. 2

The first term of JCit represents the kinetic energy
of the two-proton system and, neglecting the term for

p*

F1c. 1. Relation between the fixed and moving coordinates.
a and b denote the nuclei. The £ axis is taken to lie in the xy plane.
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the motion of the center of gravity, we can write in
terms of polar coordinates:

#? a 02 02
{ -—( ) + cot0—+ + csc— }
MR?{3R dR dp?
eh 2

eh 9
— H(—i—) —h(-%——) @3)
2MC d¢/ 2MCR?

where R denotes the internuclear distance of this
molecule. In this derivation, the z direction is chosen
to be parallel to the external magnetic field, the vector
potentials A, and A, are assumed to be expressed in
terms of the coordinates with their origin at the center
of the gravity as

Hy=—

2u

24
Aox=—%3HY ;——Y,, Apx= _"‘HYb_—Yb,
R? R?

2u 2u
Agy=3HX+—X, and Ayw=3HX:+—X,, @)
R3 R3

Aez=0, Apz=0,

and the small terms proportional to the square of 4’s
are neglected. The last terms of Egs. (4) are the com-
ponents of the vector potential due to the presence of
the proton magnetic moment.

The second term of 3Ci is the kinetic energy of the
two electrons and, together with the third term V, the
electrostatic potential energy of the four particles, can
be expressed most readily in terms of the £, », { reference
system which has the { axis parallel to the axis of mole-
cule and travels with the nuclei (see Fig. 1). We may
suppose the # axis to lie in the xy plane without loss of
generality. Then the moving and fixed systems are
connected by

£=—ux sinp+7y cose,
1= —x cosf cosep— 7 cosf sinp--2z sind, (5)
¢=1 sinf cose+y sinf sinp+2z cosf.

Using these coordinates and adopting as the vector
potentials 44, 45, the following expressions:

Ajo=— (1/2)Hyj— (1/70*)¥ai— (/76) y5s
Ajy= 1/2)Hzi+ (/70 ai+ (/7% w55 (6)

A4 2= 07
where
Zoj=1%;— X 4, €tC., (6a)
we obtain
1 e 2
seim— (A ) +V @
2m i c

- (}C(O)-’rH3C<1)+MGC(2)+H23C(4)+HM3€(5)+ sy
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where

72 92 02 92 ’
500 = —“z(ﬂ+—+—~)+v, (8a)

2m i \9§? 9P 9¢f

eh d 9
(e’ o)
2mei 7 o8 0%

i) d
+c050( E;m*m*) }, (8b)
9 9¢;

nj
eh ]
IO = ZHZ sm()(g‘,——é, )
2mct i £ 9%
a d 1 1
+2 cosf (Ej——ﬂf——) } —-I-——)
oy 9&; Yo Tof
1 1\9
— R sinf (————)———], (8¢c)
o 1o/ OF;

e =

32
W= S {£7+ (n; cosf—¢; sind)?}, (8d)
mc? i
82
306) = Z[{gﬁ—}— (mj cosf— ¢; sinb)?} *—‘*‘_
2me? i 7ai’

R 1 1
+E sinf (¢; sin0—n,~cos€)(————)]. (8e)

Yaj” 7o

In terms of the same coordinate system, we may also
take the wave function as the product of two parts:

¢=<I>(R,0, €0)‘I’ (51,111,.{' bé2,M2,2; Rﬂ)' 9)

Then, since &, , { depend upon 6 and ¢ through the
relations (5), the differential operators appearing in
the Eq. (3) have to be transformed as

a9 9 6& 37], 9 ag‘] )

—_——

0 90 7\agdE a0 om; 90 oy
a (i}

=~—z(w——a—-,<mw

0 T\ or; om

6 6 aé] 67’] a ag‘.‘l

—_ "r +— )

de do de 85; dp dn; de ;5

(i) 0 9
=—"Z{Sin9(§j——&—)
B¢ i 0%  of;
i) a
+C050(Er—‘—m'—)}~ (10b)
on; 9%

The physical significance of this transformation . is
most easily seen if, for instance, we consider the
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meaning of the operator 9/d¢. As is well known,
(—10/09) R g 5. - -2, TEPresents the s component of the
angular momentum of the free rotator composed of
two protons. On the other hand, since the new 9/d¢
means differentiation with R, 6, &, ---, and {, kept
constant, the new —i9/d¢ is the operator which repre-
sents the angular momentum of the two-proton system
carrying the two electrons with it. Therefore, the dif-
ference between the new and the old —id/d¢ should
be equal to the z component of the angular momentum
of the two electrons relative to the nuclear system.
Equations (10b) express this relation. A similar situation
is valid for 9/00 mutaiis mutandis.

Substituting Eqs. (10a) and (10b) into (3) and
considering Eq. (1) and —p'H (04,4 05.) = —2uH, we
finally obtain the total Hamiltonian:

l ( )-i—cotﬂ(——ng)
MR2(dR\ OdR ]
a 2 a 2
+ (——iLE) +csc20(~———iL,) }
a0 de

Hrot=—

ieh i) ieh 4pfd
+ H ———iL,)+-— —f —— 1L,)
2Mc¢ \d¢ 2Mc¢ R3\d¢
—2uH+ 30O+ HieW4 5@
+HZSC(4>+H;L3C(5), (11)

where use has been made of the following abbreviations:

l+1¢ z S
L=l 12=—i (,7.__.;.__),
(g3 3 - Jarj ’67];'

Ly=litli=—i% s“,——s,— :
¢ 3{‘,
(12)

L;=l;1+l§2_"12(5 i )
’ ’as,

L,= L, sinf+ L; cosb.
3. PROCEDURE

The Hamiltonian given by (11) seems to be un-
manageable. We will, therefore, treat it in the following
manner:

(i) First we determine the internal wave function
Wo(&1,m1,¢1,62,m2,¢2; R) and its lowest eigenvalue E, in
the case H=0 and p=0, by solving the equation

IOV = Eg¥,. 13)

As is well known, this calculation has been made by
many investigators, including one of the present au-
thors.® We can, therefore, utilize the results already
obtained.

5 E. Ishiguro, J. Phys. Soc. Japan 3, 129 (1948).
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(ii) Using the above ¥, one should be able to deter-
mine the vibration-rotation wave function &, in the
case H=p=0. A rigorous treatment might be difficult,
of course. However, it has been shown that to a good
approximation ®, can be written as f(R)-x(f,¢), and
the rotational eigenfunction x(6,¢) can be expressed
by the spherical harmonic ¥,/ which has the eigen-
value J for the angular momentum and m, for its
2 component.

(iii) Finally, introducing H and u, we calculate the
internal wave function ¥ (¢1,m1,{1,€2,m2,¢2; R,8) by means
of the variation method. In this step, x is assumed to
be not considerably different from the one obtained in
(ii). Then we can safely replace the operator —id/d¢
(z component of the angular momentum of nuclear
system) with its eigenvalue m;. From the first term of
(11) we pick out the term proportional to 7, and con-
sider it as a perturbation in addition to the terms
H3e®, u3e®, H%3e®, and Hudc®, Then,

2MPmy 2 (
el
iMR? sin® :—1’ PP

+cose(z,——n,—)} (14)

The remaining electronic terms are all neglected be-
cause they contribute nothing to the quantities in
which we are interested. Thus the Hamiltonian in
question becomes

jo= C‘C(O)+H5C(1)+u30(2)
+m 5@+ H W+ Hu3e®.

mye® = e

(15)

4. APPLICATION OF THE VARIATION METHOD

The electronic wave function of the ground state of
the free hydrogen molecule, which is the solution of
Eq. (13), has the symmetry '=,*. When the perturba-
tions are introduced, the electron distribution is de-
formed and the wave function loses its symmetry.
If the perturbations are sufficiently small, the wave
function may be expressed as

U=3 a8+H> ibrox
Fu 2wt me 3 aduxat - -,
where the #’s have the symmetry 2+, and ¢, ¥, and

xn» have the other symmetries. Normalization of ¥
gives

1= Z a. a; ,,+H2 Z bk*bk'Skkl

k.ke

+Hu kz Or*ciSttc*0aSu)
4

(16)

+Hmy 3 (0x*dnSentdn*b1Sanr)
k,n

+umy ? (Gl*dmgln+dn*clsnl)+ Tty (17)
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where S;;=JS0*0;dr, Sti= S oi*¢¥id7, etc., and Sy, Su,
and S;, vanish because of symmetry. The mean value
of the Hamiltonian 3¢ with respect to the function ¥
is given by

E= Za,-*ajscij(‘”—l—Hz{Z a;*a,-ﬁ(i,-,-(“)—}-z bk*bk' Sckk:(o)
+Z (ai*bkff(’,;k“)—l—c.c.)}
+H,U.{Z (di*sz}Ciz(l)+C.C.)+Z (a,-*bk JC;k(2)+C.C.)
+Z ai*aj Scij(s)-l-z (bk*CzGCkz(O)-i-C.C.)}
+Hm Y (a*dn3CinW+c.c.)+ 2 (a¥0, 5C:®
+c.c)+ 2 (br*dn3Crn@+c.c.)}
+um {2 (a*d3C:n @+c.c)+ 2 (a*ci3Ciu®+c.c.)
—i—Z(c;*d,,f}C;,.(")—}—c.c.)}, (18)

where c.c. means the complex conjugate. We try to
find the coefficient of (16) which minimizes E of Eq.
(18) under the condition given by (17). Differentiating
(18) with respect to a;*, bx*, ¢/*, and d,*, and using the
well-known Lagrangian multiplier method, we obtain:

2i(809 = S;E)a;+ H* (130 Wa;+ 2 £ 3¢ br)

+ Hp (3 13CaWert2 1 3o Pbi+2;3C®a;)
+Hmy (L n3CinVdnt2 1300 ®bs)

Fumy (a3 inPdat213a®er) =0, (19)
HAD 1 (3 @ — Spir E)brr+ 2 :3Ck: Pas}
+Hp{3 i3k P ait-21(3Cu @ — SuE)ci}
FHm s {2 n(in @ —SinE)dnt2:5C1:Pa} =0, (20)
Hp{3 301V a4 1 (3@ — SiE)by}
Fumi{X 3P a2 2 (51,0 —SinE)d.} =0, (21)
pm {2 :3Cai P a2 1(3n® — SuiE)er
A Hm A S 0500 Vai+ T e (0@ —SuE)bi} =0. (22)
From these we get at once:
Sk (3Chpe @ — EoSii)bir=—2_;3r: Va0, (23a)
(501 @ — EoSi)er= — X sk Pa, (23b)
2 n(3Ckn @ — EoSpn)dn=—22:8i®ad,  (23c)
> k(3@ — EgSu)br=—3_:3¢u:Va, (23d)
2n(31n @ — EoS1)dn= —2_:3u:®ad, (23e)
21(3n @ — EoSn)ar= — 2 i3 Pald, (23f)
>k (3Cak @ — EoSui)bi=—2_:3Cn:Val. (23g)
To satisfy Eqs. (23) consistently, it is necessary that
Ok=¥1=Xn. (24)
Thus Egs. (23) can be reduced to:
>k (BChir @ — EoSin)brr=—2_:3riPap, (25a)
2 1(3C @ — EoSr)ci= —2_:3Ck:Pa, (25b)
Za(3an® — EoSin)dn=—2:%ri®al.  (25¢)
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From Eq. (19) it is seen that a; can be written as

a;j= a4 H?a; O+ Hua; 4 Hmya;®
+umsa; O+

(The proof of this relation is given in the Appendix.)
Substituting (26) into (17), we get

1= Z a;“ajOS,-,~+ Hz[Zbk*kakkl-l-Z (a,~°a;<1)
+ai(l)dj°)3 ij]+HP'[z (b*ciS it c*0pSr)

+22(a0a;®+a:%a,%)S ;]

+ HmJ[Z (bk*dnskn+ dn*bksnk)
+2-(002;9+a:%a,)S ;]

Fpm [ (ci*dnStnt-dn*c1Snr)
+2(a0;9+a,%a)S ;]

TR (@7)

The expressions in the square brackets should all
vanish, because 3.a.,'Ss;= S| ¥o|*dr=1. Making use
of these relations together with (23) and 2(5C;©@
—S,iE0)a=0, etc., we can simplify (18) as follows:

E=FEct+HY{Y afa?3;9+% a3V ]
+Hu[Y aa°3C;;O+3 alei3Ca®
+2 @b 3@ +-Hm[ 3 afbr3u®
+2 addn3in® JHpmy[ 3 adcri3Ca®
42 0023 @] - -

Since L8;=0, the second term of 3¢® and 3¢® can be
dropped. Then, we can put

(26)

(28)

3eW’' = 3eW /sinf= — (eM R2/4mch) sinf- 3@,  (29)
and from (25a) and (25c) we obtain
—d;,= (4mch/eM R?) sinfb;’, (30)
where :
bk’ = b;,/sin(). (3 1)
Similarly,
¢/ =cy/sind. (32)
Thus (25a) becomes
> (ki @ — EoSpr) i’ =—2 3CriVa. (33)
Furthermore, if we put
30® =sing- 50+ cosh- H @, (34)

it is shown from the symmetry properties that 3Cx;®"
vanishes for those values of % to which the non-vanish-
ing 3Cx;V’ corresponds. On the other hand, if 3¢’ =0,
then (33) gives b,'=0 which makes ¢%:3C:;® vanish.
Therefore, 3Cx;®"’ is of no use for our purposes. Thus
(25b) can be written as

2 (3@ —EoSu)er'=—2 3wi®'ad.
It follows from (33) and (35) that
2 a3 ®'=3 ade Ha®’.

(35)
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Taking account of the above relations, we finally get

E=EvtH[Y a0,°3C;®+sin® 2 a.%; 3]
+Hu[3 aa?30;®+sin0(2 3 aby’ 3 ®"]
—2Hm s (4mch/eMR2)Y. a by 30D’

—umy(dmch/eMR®)2 > afby’ 3@+ -+, (36)

On the other hand, the total energy should be written
[see Eq. (11)] as:

E...= (Rotational energy) (vibrational energy)
— (eh/2Mc)Hm ;— (eh/2Mc) (4/R?)
Xumy—2uH+EA-- -«
= (Rotational energy)+ (vibrational energy)
+Eot+ (—x/2)H*—2(1—0)Hu— Hm g,

—2umsH, A+, (37)

where x means the magnetic susceptibility of this
molecule, o the magnetic shielding constant, u, the
rotational magnetic moment, and H, the rotational
magnetic field (spin-rotational magnetic interaction
constant). Comparing (36) with (37), we obtain

x=—2[Y ala,3;;®+sin% > a%; 3 V"], (38)
o= (1/2)Y alaL3C;®+sin ¥ aby/ 5@, (39)
po= (eh/2Mc)+ (Smch/eMR)Y. a by 3¢a®’, (40)

H.= (eh/2M&) (2/RY) |
+ (dmch/eMR2Y a by’ 354, .  (41)

These results depend upon the molecular orientation
6 and the internuclear distance R, and the observed
values are considered as averages over 6 and R.

5. NUMERICAL CALCULATION

The most accurate wave function ¥, of a hydrogen
molecule so far obtained is that of James and Coolidge.®
It is therefore desirable to use it to calculate the x’s
and to take as many additional functions as possible.
It is, however, very laborious.

TasiE I. Coefficients and energies of the wave functions.

(atomic
R=13 R=14 R=15 units)
ay® 2.61810 2.46595 2.29591
ag® 0.98603 0.90325 0.82526
a? —0.70138 —0.67659 —0.64411
as —0.49117 —0.59722 —0.66111
as® 0.05030 0.05031 0.05333
ad® 0.00090 0.01191 0.01891
a® —0.04938 —0.03731 —0.02839
(atomic
Eo units) —1.1553615 —1.1575046 —1.1556648
b —0.0033354 —0.0032572 —0.0031447
2% 0.0019102 0.0018192 0.001720:
¢’ 0.0044162 0.0031942 0.0023202
¢ 0.0006682 0.0006362 0.00058152

6 H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933).
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TaBrE II. The calculated values of xmol, o, kr, and H,
for R=1.3, 1.4, and 1.5 atomic units and for arbitrary 6.

(atomic
R units) Unit .
1.3 —3.4674 —0.5974 sin2) 4-0.1469 sin%) 10~¢ erg G2 mol™!
Xol 1.4 —3.5814 —0.7339 sin20 40.1947 sin%) 1076 erg.G™2 mol ™!
1.5 —3.7206 —0.8838 sin?% +4-0.2485 sin% 10-8 erg G2 mol~1
1.3 2.897 —0.1515 sin20 4-0.0706 sin?) 1075
o 1.4 2.774 —0.0573 sin% 4-0.0683 sin2d 106
1.5 2.657 +4-0.0292 sin20 -+-0.0643 sin% 103
1.3 1-0.1466 eh/2Mc
fr 1.4 1-0.1675 eti/2Mc
1.5 1—0.1862 eh/2Mc
1.3 31.004 42.138 Gauss
H: 1.4 24.82341.783 Gauss
1.5 20.182 +1.463 Gauss

a The first and the second terms of xmo1 come from the first term of (38),
and the third terms (high-frequency terms) from the second term of (38).
The first two terms of each ¢ come from the first term of (39), and the
last from the second term of (39). The dominant part of H» (the first terms)
is obtained from the first term of (41).

In the present paper, for >_a.%,, we tentatively adopt
the seven-term wave function obtained by one of the
present authors:®

Vo= (1/27) exp{—8(\+N2) }[20:°4 0" (s> + p2?)
+2a5%u1peF a2 NiFNo)F a5’ (M2

+2aeNNopipat-2a1% cos(pr—¢2) ],  (42)
where
q A= (et ) /R, = (rej—15)/R, (43)
an
p={(A2=D A=) (A—p) (A=)} (44)

¢1 and ¢, denote the azimuthal angles of the two elec-
trons, and § is fixed as 0.75 throughout this calculation.
The values of ¢ and E, are tabulated in Table I for
R=1.3, 1.4, and 1.5 (atomic units). For the additional
function, we have used two functions:

e1=y1=x1= (1/27) exp{ —6(\1+X2)}
X1 (A2—=1) (1—us)? cosgy
Fuz(A2—1)(1—ps?)? cose, ],

p2=vr=x2= (1/27) exp{—8(\1+N2)}
X L2 (A= 1) (1 —ps®)* cosgn

Fur— D (1—p?)? cosps].  (44)
The details of the calculation are quite analogous to
those of the polarizability calculation* and we shall
omit them here. The numerical values of the integrals
required for our problem have been taken in part from
the tables published by Kotani et ai.” The tables made
for the calculation of the polarizability. have also been
utilized. The results obtained are shown in Table II.

6. RESULTS AND DISCUSSION

In the preceding section, we obtained expressions
for x, o, ur, and H,, for fixed R and 6. We will now aver-
age these quantities over R for the lowest vibrational
state. The method is the same as that used for calculat-

7 Kotani, Amemiya, and Simose, Proc. Phys. Math. Soc. Japan
20, extra number (1938); M. Kotani and A. Amemiya, Proc.
Phys. Math. Soc. Japan 22, extra number (1940).
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TaBLE IIIL. The values @, b, ¢. Each figure in this table corre-
sponds to that of Table II in the same arrangement. The units
used are also the same as in Table II.

a  —3.5827  —07353  +0.1952
xmol 10 —12685  —14333  40.5086
¢ —126 —0.67 +0.300
(xmot)r=— 3.6750—0.8168 sin%0.2260 sin%  (Hs)
(mot )= — 3.6469—0.7923 sin0-+0.2167 sin?  (D»)
e +2.773 —0.0564  +0.0683
o b —1.199 409027  —0.0317
¢ +0.300 —0.385 —0.085
(¢)r=2.731—0.0294 sin%+0.0667 sin% ()
(oY p=2.743—0.0372 sin?%+0.0672 sin% (D2)
a —0.1677
Apr {b —0.1978
p +0.110
(Aur)r=—0.1728 (H)
(Bpryr=—0.17T14M ,/M4=—0.0857 (D,)
a  +24.7689 +1.780
;8 {b —53.956 —3.372
¢ +77.000 +1.750

(H,Yp=24.783-+1.689

(H.)
(H )= (24.7384-1.715)M »/ M4 (D2)

ing the polarizability : we may express the R dependence
of any quantity as

f(R)=a+b(R*Re)+C(R—Re)2y (45)

and average it by using the eigenfunction of the Morse-
potential. (See Table III.)

The observed values are considered to be the averages
of the above-obtained values over @ for the rotational
states. As is well known, the rotational eigenfunctions
can be expressed by spherical harmonics. It follows
from the properties of the spherical harmonics that

2724 2] —1—2mp?
@I-1)@27+3)

(cos)s,my=

(46)
272427 — 2+ 2m,?

27 —1)(2J+3)

(sin?0)s m =

355

Taking into account the relation

g myt=(1/3)(2J+1)(J+1)J,

mg=—dJ

(47)

we get
<C0520>J= %,

The final results thus obtained are shown in Table IV,
and indicate that our method is useful and gives good
results even in the rough approximation. It should be
noted that we have been able to avoid the difficulty
in the perturbation treatment that the high-frequency
terms become too large. Compared with the observed
values, the calculated values of xgr and Ap, are large,
and the high-frequency term of H, is small. However,
the errors arose to the same extent in the calculation
of the polarizability when only three terms were added
to the unperturbed wave function. Therefore, we may
expect the situation to be improved by taking more
terms. In our results, H, of D, is smaller than H,/2
of H,. Experimentally the reverse is the case. This dis-
agreement seems to come from the approximation in
(45), which is not good for the first term of H,.

To get more accurate results by our method, it is
necessary (i) to adopt the more accurate wave function
for ¥,, (ii) to increase the number of the added func-
tions, and (iii) to carry out the calculations for a larger
number of different values of R. Considerable improve-
ment, however, may be expected by increasing the
added functions to five or more.

It follows from (38), (39), (40), and (41) that

(sin%0);=%. (48)

X= —2 Z a,-"a]-"ﬂcij(“)

— (e®aoR?/8uy) sin? (u,—un), (49)
o=(1/2)X afaf5C;®
— (azdaRz/‘LIJ,N) sin? (,LLN/-R"‘~ Hr/2)7 (50)
where
ao=1*/me*, a=e*/hc, and uy=eh/2Mc. (51)

TasiE IV. Results of the calculations and comparison with experiment.

H: Do
Calculated Observed Calculated Observed Unit
Xmol —4.0689 —3.94, —3.992 —4.0306 . 1078 erg G™2 mole™!
o 2.756 2.763 —5
Apr —0.1727 —0.117094-0.00007® —0.0857 —0.05944-0.0030° eh/2Mc
o 140 £0.64
i, 26.472 27.324, 26.74£0.05 13.227 {13. 9, EoL Gauss
Xyr 0.1507 0.0990+-0.001P 0.1445 1078 erg G2 mole™?
0.093 +0.007°
E—& —3.922 —3.66 =+0.20° —3.820 —51 £2.5¢ 10731 /mole
-39 £2.5°

a J. H. Van Vleck, The Theory of Electric and Magnelic S{.tsgej):libililies (Oxford University Press, Oxford, 1932), p. 279.
951).

bN. J. Harrick and N. F. Ramsey, Phys. Rev. 88, 228 (

¢ N. F. Ramsey, Phys. Rev. 58, 226 (1940).

d Kolsky, Rabi, and Ramsey, Phys. Rev. 57, 677 (1940).

e Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 79, 883 (1950).
f Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 80, 483 (1950).
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TaABLE V. Comparison of our values xmo1 with those
of other investigators.

Semi-
Hylleraas- Present  empiri-
Skavlem Ramsey calculation cal
Lamb’s formula 3.1648 3.24 3.24
First-order correction —0.5034 —0.63 —0.50
Sum 2.6614 2.61 2,711 2.74
Second-order correction 0.2864 (g:gg,) 0.045 0.05
2.68
Total 2.9478 (2.66) 2.756 2.79

a The value obtained by the use of Hr=26.74 gauss.

On the other hand, Ramsey gives the formulas:®

a200
XRamsey = xotxur, Xo=-— ?(Z!”Jz))

a2doR2 Moy
Xitr= (1-—), (52)
2 MN

1
and
1 1

—2 2
ORamsey = 3Q°Qo\ ——

ra1 4R 6un

a200R2 MN Hr
(R3 2 %)

Putting sin%f=%, Eq. (49) agrees with (52) and the
first term of (50) corresponds to the Hylleraas-Skavlem
expression [Eq. (17) of reference 3]:

%‘a2ao<1/ra1_RZ01/271113>AV~ (54)
This, however, seems to be different from the corre-
sponding term of (53). The explanation lies in Ramsey’s
assumption that “the nuclei are at positions where the
electric field is approximately zero.” Under this assump-
tion we obtain (1/4R)=(Rz,1/2rs*). The results of
these calculations are shown in Table V. The difference
between —0.63 (Ramsey) and —0.50 (Hylleraas-
Skavlem) seems to be caused by Ramsey’s assumption,
and we list in column 4 the most appropriate values for
the semiempirical ¢ value. The agreement with our
values is quite excellent.

As to HD, the calculations become somewhat com-
plicated because of the lower symmetry of this mole-
cule. We will therefore publish it in a separate paper.

From the above calculation we see that if the Born-
Oppenheimer (B-O) approximation holds, then u,=1
and Au,=0; namely, electrons are completely separate
from the nuclear system. This rather curious situation
is most easily visualized if we consider the one-dimen-
sional model. When a proton and an electron move in
the x direction, then the correct wave function of the

8 Ramsey’s original form of this expression [Phys. Rev. 78,
703 (1950), Eq. (24)] is as follows:

o= (e?/3 mc2)(012k1/rk| 0)— (a2a0a?/6un)(2Zun/a3— W' H,/MJT).

This is equivalent to Eq. (53) where some of the notation is altered
for uniformity. The second and the third terms of Eq. (53) corre-
spond to the second term of Ramsey’s expression. This recombina-
tion is due to the different choice of gauge.
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system may be described as
exp{ik(ma+MX)/(m+M)} -x(x—X),

where m,M, and x, X are the masses and coordinates of
the electron and the proton, respectively. Then by the
usual procedure we obtain the current due to both elec-
tron and proton.

On the other hand, if we use the B-O wave function
instead of the correct one, namely

exp{ikX} -x(z—X),

we cannot obtain the electronic current moving with
the proton. This consideration shows that the B-O
approximation is not justified for the calculation of the
electronic current moving within the nuclear framework.

For the H, molecule, however, the B-O approxima-
tion is adequate, as we know from experiment that
electrons are almost completely separate from the
nuclear system. The correction for the B-O approxima-
tion due to the incompleteness of the separability of
variables introduces Ap,, which is calculated by our
formalism. We will consider the treatment of the other
extreme case in a later paper.

In conclusion, the authors wish to express their
sincere thanks to Professor M. Kotani for his guidance
and to the members of his laboratory for their aid.
They are also much indebted to Professor G. Araki
for his discussions, and to Professor N. F. Ramsey for
his kind interest. They are grateful to Mr. T. Kawai, Mr.
S. Kawasaki, and Mr. S. Kuroda for their assistance in
carrying out the numerical work. Part of this work was
made possible by research grants from the Educational
Ministry.

APPENDIX

Differentiating Eq. (19) with respect to H and taking
the limit of vanishing H, u and m,, one obtains

Z;(3C4 @ —S;Eo) (da;/0H) o

- (6E/8H)02,~S,~J-a,-°= 0. (A-l)
Multiplying by =.a.° and using the relations
2,39 —SiE0)a =0, (A-2)
24Sialal=1,
we get
(BE/3H)o=0
and therefore,
Ei<JC¢j(0)—Sion) (6a,~/6H)0== 0. (A-3)
Comparing (A-3) with (A-2), one can see that
(0a;/0H) o= pa. (A-4)

Similarly, the derivatives of (19) with respect to u
and m, give

(0a;/3u)0= qa,°

(9a;/Oms)o=ra,

(A-5)
and
(A-6)
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respectively. Thus we get:

a;=a,+ (0a;/0H) H+ (3a;/ ) on
+ (8a;/dms)om s+ - -

=a (14 pH+gu+rms+- - ). (A-7)
The normalization condition (17) gives
1=S=Zaa?| 1+ pH~+qu-trms |3Sy+H?(- - -)
FHu () Humg ()b (A)

From this we obtain

- 0= (8S/0H)o=Za*a°S:;(p*+);
le.,

p*+1’=07
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which shows that p is purely imaginary. Similarly ¢
and r are also shown to be purely imaginary. We can
therefore write
a;=a{14-i(cH+But-vyms)+- - -}

=4’ exp{i(aH~+Bu+rms)}

+ (second order terms). (A-9)

This shows that, if we multiply the wave function by
an appropriate phase factor, the a’s can be reduced to
the form

a;= a,~°+H20,-(1)+Hua,-<2)

+Hmsa;®O+pmsa; O+ -, (A-10)
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Electron-Electron and Positron-Electron Scattering Measurements
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A counter experiment is described which measures the absolute differential electron-electron scattering
cross section in the energy interval 0.6 to 1.2 Mev and the absolute differential positron-electron scattering
cross section in the energy interval 0.6 to 1.0 Mev. The ratio of these cross sections is also measured with
somewhat increased accuracy. The technique of measurement combines good resolution with large energy
transfers between the particles to permit a sensitive test of the relativistic features of the Mgller and Bhabha
formulas. The results verify the Mgller formula within the 7 percent experimental error. The Bhabha for-
mula is verified within the 10 percent experimental error. The ratio of the Mgller to the Bhabha formula
is verified within about 8 percent experimental error.

INTRODUCTION

HE purpose of this report is to collect and sum-
marize the results obtained at this laboratory
on electron-electron and positron-electron scattering
experiments.! The object of these experiments was to
check the Mgller and Bhabha formulas which are the
predictions for e-e and p-e scattering, respectively,
based on the Dirac theory. When these experiments
were begun the only previous work in this field had
been done with cloud chamber techniques.? Such
experiments were not adequate to check properly
either formula, since the relativistic features of the
scattering begin to be appreciable only at large energy
transfers between the incident and scattered particles,
and these are rarely seen in the cloud chamber.
Tt is customary to discuss scattering cross sections in
terms of angular distribution, since this is usually the

* Now at Bell Telephone Laboratories, Murray Hill, New
Jersey.

1 Now at the University of Pittsburgh, Pittsburgh, Penn-
sylvania.

1Lorne A. Page, Phys. Rev. 81, 1062 (1951); A. Ashkin and
W. M. Woodward, Phys. Rev. 87, 236 (1952).

2Ho Zah-Wei, Compt. rend. 226, 1083 (1948); Groetzinger,
Leder, Ribe, and Berger, Phys. Rev. 79, 454 (1950); The most
recent cloud chamber experiment reported is: G. R. Hoke, Phys.
Rev. 87, 285 (1952).

experimentally measured quantity. However, our
apparatus measures directly the energy transferred in
the collision and this is probably a more meaningful
concept in this particular problem. In any event the
conservation laws provide a ready means of going
from one to the other. We prefer to talk about the
fraction v of the incident kinetic energy transferred in
the collision.

The present experiments were designed to study the
scattering at large energy transfers using a counter
technique. A method has been devised which gives
simultaneously a high resolution and good solid angle.

Apparatus was first designed for e-e scattering work,
and extensive measurements were made in the energy
range 0.6—1.7 Mev with v=0.5. Due to the inability
to distinguish incident from scattered particles in e-e
scattering, the Mgller formula is symmetrical about
2=0.5, the largest distinguishable energy transfer. Thus
v=0.5 represents the most favorable situation for
checking the Mgller formula. In the energy range 0.6
—1.7 Mev the electrons are sufficiently relativistic to
check the essential features of the Mgller formula,
which include, besides the Coulomb scattering, addi-
tional contributions arising from spin interactions.
Since the first reports of this work showing agreement



