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The Born approximation treatment of the (d,p) reaction is modified so as to eliminate integrations over
the interior of the target nucleus where the distortion of the incident wave is most severe. This treatment
yields the S. T. Butler result when certain additional physical assumptions are made. An approximate
expression for the (4,p) cross section is given in which (a) the Coulomb interaction is taken into account,
(b) the effects due to the interaction of the deuterons and the protons with the target nucleus are expressed
in terms of the boundary conditions for the wave functions of these particles at the nuclear surface, and
(c) the effects arising from the fact that the mass of the target nucleus is not infinite are not entirely ne-
glected. The methods presented can be used to get the corresponding result for the (d,n) reaction.

HERE are two approximate treatments of the
(d,p) reaction that currently have been of
interest. One is the boundary condition matching treat-
ment introduced by Butler! ani the other is the Born
approximation treatment.? When the Coulomb inter-
action and the interaction between the proton and the
residual nucleus are neglected, the boundary condition
matching treatment gives a simple analytic expression
for the (d,p) cross section which agrees surprisingly
well with experiment. This result has proved to be a
useful tool for determining the spins and parities of
nuclear states. However, when the effects mentioned
above are not neglected, the boundary condition match-
ing cross section involves integrals which are very
difficult to evaluate.

On the other hand, the Born approximation (d,p)
cross section is not much more complicated when the
Coulomb interaction and the interaction betweea
liberated particle and the target nucleus are taken into
account. It is also a simple matter to include the effects
due to the scattering of the incident deuteron beam in
the Born approximation treatment. However, the Born
approximation involves replacing the true wave function
describing the interaction of a beam of deuterons with
the target nucleus ¥ by the wave function for the unper-
turbed incident beam W°. This is a very dubious
approximation since there must be considerable dis-
tortion of the wave function inside and near the target
nucleus.

We demonstrate below that the interior of the target
nucleus can be eliminated from the Born approximation
calculation. This cuts out the region where the distor-
tion of the incident wave is most severe so that replacing
¥ by ¥ in the modified treatment may not be a bad
approximation.
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Elimination of the interior of the target nucleus from
the treatment introduces a set of parameters which may
be approximately identified with the scattering ampli-
tudes for free particles interacting with the residual
nucleus. If one assumes that the liberated particles do
not interact with the residual nucleus and sets these
amplitudes equal to zero, neglects the Coulomb inter-
action, and assumes the #-p interaction to have zero
range, then our (d,p) cross section reduces to the
boundary condition matching expression for the (d,p)
cross section.

We will discuss the (d,p) process only, but the exten-
sion of the discussion to the (d,n) process is straight-
forward.

II. GENERAL EXPRESSION FOR THE (d,p)
CROSS SECTION

To simplify the following discussion we will neglect
the Coulomb interaction, assume all the particles under
discussion have zero spin, and assume that the mass of
the target nucleus is infinite. These approximations will
be removed in Sec. IV of this paper.

Our object is to calculate the cross section for a deu-
teron to interact with a target nucleus to yield a final
state in which the neutron is captured by the target
nucleus with (negative) energy E;=#h*Ky?/2M and
the proton emerges with asymptotic momentum #%Kp.
Ky and Kp are related by the conservation of energy

PKy WKp
=k, (1)
2M M

where E is the kinetic energy of the incident deuteron
minus its binding energy. Consequently, all protons
liberated with asymptotic momentum #%#Kp must be
associated with neutrons captured with energy A2Ky?/
2M. Thus our problem is simply to calculate the flux
of protons liberated with asymptotic momentum #%Kp.

Let W(&,ry,rp) be the wave function describing the
interaction of a beam of deuterons with the target
nucleus. ry and rp are the coordinates of the neutron
and proton, respectively, measured from the center of
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mass of the target nucleus. The coordinates of the 4
nucleons making up the target nucleus are lumped
together in the symbol £. Let

V(& 1n) =2 i /™ (Erw) Vi (On)

be the wave function for the residual nucleus. Then the
wave function for the protons liberated as a result of
neutrons being captured into the state ¥; is

f(rp) = f drydi) @)

for large 7p. The current per unit solid angle of these
protons for large 7p is

h
Ff(KP)zEE (ff —f;—

afp

ffiff*), )

a?’p

so that the (d,p) cross section is

oK)= ¥ &), @)
g

g is the current density of the incident deuteron beam
and the sum over f includes all states of the residual
nucleus having energy E;. We choose our normalization
so that the asymptotic form of the incident deuteron
beam is the plane wave,

Vo=x(|rp—1y5])®r(£) exp[iKp-3(rp+18)].  (5)

Therefore
9=hKp/Mp (6)
and

Mp
o (Kp)=—2_ F/(Kp). (7
hKD s

The wave function ¥ is a solution of the Schrodinger
equation,

(Hi+Tn+Tp+Vin+Vip+Vyp—E)¥=0, (8)

where Hp is the Hamiltonian operator for the target
nucleus, T is the kinetic energy operator, and V; is
the operator for the energy of interaction of particles
i and j. Expand ¥ in terms of the complete set of
eigenfunctions of the operator Hi+7Tn+Vix.

¥ (& rn,1p) =2 fi(rp)di(Exn), 9)
where the sum is understood to include an integral over

the continuum of unbound states. Combining Egs. (8)
and (9) gives the Schrédinger equation for f;:

(7

2K p?
)ff(rP) =—= deNdfll’f*[VNP+ Vip ¥
M

(10)
= —Z(fl VNP+ VIP{i>fz‘(rP)

= —Vrrf;(rp).

W. TOBOCMAN

This is just the form of the (4+2)-nucleon Schrédinger
equation we would use to discuss the scattering of free
protons by the residual nucleus.

Using the Green’s function for the operator T'p
— (W*Kp*/2M), we can transform Eq. (10) into an
integral equation:

e'Kplrp—r|
fr(t) = ——— fdrp VFPff(l’P)
[tp—r
(11)
M e KP|rP—r|
= — dl‘pdl‘NdE—*‘——ﬂlf*[VNpﬁ— V[P]‘I’.
27 h? [rp—r1|

Incorporated into Eq. (11) is the asymptotic boundary
condition that all the liberated protons are outgoing at
infinity. Now substituting Eq. (11) into Eq. (7) gives

c(Kp)= *Z)fdrpdrNdEe*iKP'fP

(2m)*h*Kp 1

12
X Vet VIP]\I’§ . (12)

Replacing ¥ in Eq. (12) by ¥, the wave function for
the incident beam of deuterons, gives the Born approxi-
mation result for the (d,p) cross section. As long as the
cross section for interaction with the target nucleus is
small, ¥° should be a fair approximation to ¥ outside
the range of Vip and V;y. However, inside the target
nucleus the wave function must be considerably dis-
torted so that the Born approximation breaks down.
Even if one believed the Born approximation, one
would not be able to evaluate the stripping cross section
because the form of ¢, inside the target nucleus is not
known.

We propose to modify the Born approximation treat-
ment by eliminating (to a good approximatien) the
troublesome range of integration in favor of a set of
parameters involving the logarithmic derivative of f,
at the nuclear surface.

First we analyze f; into a sum of spherical harmonics:

fr(xp)=2 from(rp)Y LY (0p). (13)
LM
Introducing this expansion into Eq. (11) gives
ZKPM ' .
ffLM(")z___'hz jdl'P]L(KP1’<)hL(1)(KP7’>)
7
XYM 0p) Vrrfs(re), (14)
where
rp rp<r rp rp>t
Y= { and 7>= .
v  r<lrp Yy r>rp

In this expression j; represents the spherical Bessel
function and /4. ® represents the spherical Hankel func-
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tion of the first kind. Now for >R, Eq. (14) may be
written

2KpM o
ffLM(7')= N f drp]L(KP7'<)hL(I)(KP7'>)
R

ih
XY =M Op)Vrpls(tp)—Iroach® (Kpr), (15)
where 1,1, does not depend on 7. I;13 can be expressed
in terms of the first term on the right of the above
equation and the logarithmic derivative of f;in at
r=R. This can be accomplished by means of the
Schrodinger equation and Green’s theorem. However,
it is simpler to take the logarithmic derivative of both
sides of Eq. (15), set r=R, and solve for I;.u. The
result is

2KpM (>
Iinm=Bru™ ” J drphr,® (xpre) V72 (0p)
(2 R
X Vrpfr(rp), (16)
where
d d
—j.(Kpr)— jr.(Kpr)— logfrra(r)
ar ar
Bra*= p
~hL(l) (KPT) - hL(l) (Kpi’)— logfﬂ,M (1’)
ar ar =R
(17)

Using Eq. (15) instead of Eq. (11) in Eq. (7) gives
us an alternate expression for the (d,p) cross section:

Ko)= l4,0%
R A
(18)
/lf= fdrngf dl’pg* (Kp,rp)
R
XY (&) [ Vyr+-Vip ¥
= f drp&*(Kp,1p) Verfs (1p),
R
where
&* (Kp,l'p) =¢ KPP —4q Z i"LYLM(oKP)
M
XY =M 0p)Bsrar*hr® (Kprp)
(19)

=47 3 7LV M (0xp) Y .M (0p)

Lo
XLje(Kprp)—Brru*he® (Kprp)].

Associated with the target nucleus and the residual
nucleus are characteristic radii R; and Ry such that
Vip=0 for rp>R; and Vyp=0 for rp>Rp. We wish to
choose R no smaller than R; so that Vp drops out of
the stripping amplitude. We would like to choose R as
large as possible since the difference between ¥ and W°
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tends to decrease as we move away from the targec
nucleus, and we intend to replace ¥ by something like
¥° eventually. However, we cannot choose R>Rp,
since then our expression for the scattering amplitude
Ay becomes simply f;(R) which is of no use to us. We
will find that the choice R=R; is most convenient.
The elimination of V;p by choosing R=R; leads to
the opportunity for an important simplification of the
scattering amplitude 4;. With V;p absent, the integrand
is proportional to Vyp. The short range of Vyp and the
fact that »p>R; cuts down the contribution to the
integral due to the range 0<ry<R;. In fact, assuming
Vp to have zero range, as is often done, completely
removes the interior of the target nucleus from the
ranges of the integrations over 7y and 7p. Thus we have
to a good approximation eliminated the interior of the
target nucleus by introducing the parameters 8;ra*.

III. INTERPRETATION OF THE PARAMETERS §;.*

We have seen that f;(rp) satisfies the Schrodinger
equation for a proton interacting with the residual
nucleus. However we cannot immediately conclude that
[(8/0r) logfsLa(r) Irr is the logarithmic derivative ap-
propriate to the scattering of free protons out of an
incident beam by the residual nucleus. First of all R;
is smaller than the radius of the residual nucleus and
secondly the boundary conditions for the two problems
are not obviously the same.

Actually the difference between R; and Rp cannot be
very great. Taking Ry=NA*! and Rp=N(4+1)} gives

Rr—R; 1
= , (20)
Rp 3(441)
so that
for carbon, Ry—R;=0.026Ry;

for aluminum, Rp—R;=~0.012Rp;

for iron, Rp—R;=0.006Rp.

Since the logarithmic derivative of f;z, must be con-
tinuous, we expect that its value must be essentially
the same at Ry as at Rp.

In order for the boundary conditions for f;zx(rp) at
rp=R; to be that same as those for free incident
protons, all the protons represented by f; must originate
at values of 7p greater than R;.

Because of the large extension of the deuteron and its
small binding energy, the deuteron bond must be
broken as soon as one member interacts with the target
nucleus. In this process the other member of the deu-
teron is left free just outside the surface of the residual
nucleus. Thus we can picture two sequences for the
(d,p) process. (a) The neutron interacts with the target
nucleus to form the residual nucleus leaving the proton
outside. (b) The proton interacts with the target
nucleus leaving the neutron free outside. The neutron
is subsequently captured by the proton -+ target
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nucleus system and following this the proton is ejected
to leave the residual nucleus. Sequence (a) is called
stripping. Clearly sequence (b) is much less probable
than sequence (a). Sequence (a) is a one-step process
while sequence (b) is a three-step process. The one step
of (a) is equally as probable as the first step of (b).
Taking the Coulomb interaction into account will tend
to favor the one step of (a) over the first step of (b).
But then the probability for each of the two succeeding
steps of sequence (b) is much less than one. We conclude
that sequence (b) is of little importance for the (d,p)
reaction. Thus almost all the protons are liberated
outside 7p= R;. This is our reason for choosing 7p= R;.

Assuming that all the protons are liberated outside
the target nucleus allows us to identify [(8/0r)
Xlogfsrar(r) Jrr with the logarithmic derivative appro-
priate for free protons incident on the residual nucleus.
From what we have just said this assumption is equiva-
lent to neglecting the contribution of compound nucleus
formation to the (d,p) reaction. The extent to which
[(8/0r) logf;za(r) Jrr can be identified with the loga-
rithmic derivative for incident free protons is a measure
of the importance of stripping for the (d,p) reaction.

We have shown that although Ry is smaller than Rp,
the difference between them is very small so that the
logarithmic derivative of {;za at Ry is very nearly the
same as the logarithmic derivative at Rr. We have also
shown that practically all the protons produced in the
(d,p) process are liberated outside 7»= R;. Consequently
the logarithmic derivative of f;ra at 7p=R; is essen-
tially the same as the logarithmic derivative appropriate
to the interaction of free protons incident on the re-
sidual nucleus.

The value of the logarithmic derivative of frrar is
given by the particular theory of nuclear reactions we
choose to employ. For example, we may assume that the
surface of the residual nucleus presents an inpenetrable
barrier to the liberated protons. This was done by ]J.
Horowitz and A. M. L. Messiah [J. phys. radium 14,
695 (1953)7]. Alternatively, we may use the continuum
theory of nuclear reactions?® to estimate the logarithmic
derivatives. According to this theory, we should write

I} [14+42KR[]
[“ logfrra(r )] = —"1—1,
ar R

RT I

(21)

where

K= (K¢+Kp)}, Ky=1X107% cm L.

9 Fr(p,Kpr) Fr(np,Kpr) 0

W. TOBOCMAN

Equation (17) now becomes
Ju(EpRr)
I (KeRy)
[&WMMM&MHM&].W)
R;(8/9r) logh,® (Kpr)+1+4iKRy lr;

Brim

If one supposes that the liberated protons have no
interaction with the residual nucleus, one sets 8;.»™*=0.
It will be shown below that this assumption leads to
the boundary condition matching result for the (d,p)
cross section.

IV. EFFECTS DUE TO SPIN, THE COULOMB
INTERACTION, AND THE FINITE MASS
OF THE TARGET NUCLEUS

The derivation of the previous sections can be carried
out without neglecting the effects listed above. We will
not give the details of the calculation, but we will
merely state the results. For this purpose we write Eq.
(18) for the (d,p) cross section in the following form:

Ke)= 2K s Bl @3
a(Np _27r2ﬁ5RKD & Yt Dy ) ( E
where
2 Yt (Erw)
Bfl'"=fdrNd£ dl’p—-——yl_m(eN)
RI ¢s'™*(Rr)
X 8*(Kp,tp)[Vyp+Vir]¥, (24)
Ry
Y= [é/™(R1) |2, (25)

2M

o (R)= [ dgor* &4, (ERo),
&7 (&) =the wave function for the target nucleus.

To take the Coulomb interaction into account, one
merely replaces the proton wave functions by their
Coulomb analogs. Thus the function &*(Kp,rp) is
replaced by

E*(Kp,tp)=4r Y i LY 1M (Oxp) Y M (0p)
Fr.(np,Kprp)—Bry®H 1 (np,Kprp)

Kprp

X g0 L(P) , (26)

where

o Kpi’

—lo w(r)
Kpr ar s

Bru*=

ad HL(T]P,KP7) HL(’r]P,KPY) a

or Kpr

— logfrLu (r)

Kp?’ ¥ r=RJ

3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), p. 340.
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np= ZBZM/thP,
or(np)=arg{T (L+1+4inp)},
Hyp (’%P) = FL (W,P) - iGL (ﬂ;p) .

Fy and G are defined as the regular and irregular
solutions of the differential equation

{dg [1 2n  L(L+1)
dp?

P o’

”FL(n,p) =0.

They are normalized so that they have the asymptotic
forms

F1(n,p)—sin[p—n In2p—5Lr+0L(n) ],
GL(n,p)—cos[p—n In2p—5La+0or(n)],

in the limit as p—o.
The effect of taking the finiteness of the mass of the
target nucleus into account is to

(a) introduce the factor
(I4+Mp/M)?*A+M/ M) [A+M/(M~+Mp) ™

into the expression for the cross section,

(b) replace rp by gp=tp—ryM/(M+M;) in the
argument of & and as the variable of integration in
Bg'™ and

(C) replace VNP+VIP by VNP+AV=VNP+ V[p
+Ze*(1/rp—1/pp) in Bsim,

For M= «, AV makes no contribution to B;*". For
finite M1 the contribution of AV to B cannot be very
large since while pp ranges from Ry to « the fact that
Y™ describes a bound state of the residual nucleus
means that 7y is restricted to a relatively small region
around the origin. It follows that rp— pp=ry/(4+1)
is small and consequently AV must be negligible over
practically the entire range of integration.

Let I be the spin of the target nucleus, and let J be
the spin of the residual nucleus. Taking the conserva-
tion of angular momentum and parity into account
gives in place of Eq. (23)

QI+
2R K p tom 2(21+1) (2141)

o(Kp)= | B ]2 (27)

The primed summation symbol is used to indicate that
the sum over [ is restricted to the range ||I—J|—3%
<I<TI+J+3, | being restricted to even integers or odd
integers depending on the change of parity. This simple
result is the consequence of the assumption that
AV is not spin dependent and the assumption that it
is a good approximation to replace ¥ by a wave function
having the same spin dependence as the incident deu-
teron beam.
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V. THE (d,) CROSS SECTION

We conclude that the expression which should be
compared with experiment is

DM/ MM Mo
O A M/ M) (A M/ M) (20)2H0R;
(2J+1) Kp Y1

' [ B2, (28)
2I+1) Kp tm 2141
where
2 Y (Erw)
Bjim= f dryd¢ | dop———Y;™(On)
Ry ¢flm* (RI)
X &*(Kp,0p)[VNr+AV IV, (29)

J=spin of the residual nucleus, 7=spin of the target
nucleus, and vy;=the reduced width of the level into
which the neutron is captured. The sum over / is re-
stricted as in Eq. (27). If the level into which the
neutron is captured is characterized by a definite value
of I as well as definite values of J and parity, then only
those terms in Eq. (28) corresponding to that value of
[ are to be retained.

To evaluate B, we introduce the following approxi-
mations. AV is neglected so that the effects due to the

- finite mass of the target nucleus are only partially

taken into account. The (unknown) terms in ¥ repre-
senting the dissociation and distortion of deuterons are
dropped. That is to say, ¥ is approximated by the ex-
pression Ve (3(rv+1p)) x(rp—1x)®r(£), where x is
the normalized wave function for the internal motion of
an unperturbed deuteron, $; is the wave function for the
target nucleus, and ¥, . describes the motion of the
centers of mass of the incident and scattered deuterons.
For ¥, ,,. we write

Ve (R)=4rm 3, i1V M (0xp) V.Y (B®) e~
LM

Fr(np,Kp®R)—6LH1,(np,Kp®)
x{ . (30)

Kp®

where ®= (rp+ry)/2. Lastly, Vyp is approximated by
the zero range potential. This last step is the source of
two important simplifications. First of all, the interior of
the target nucleus is completely eliminated from the
range of integration. Thus, since 7y is now restricted
to a range in B/ where it is always greater than Ry,
¥y can be replaced by ®7(£)7: W (Kyry).

Secondly, our six-dimensional integral is reduced to
a three-dimensional integral. In this three-dimensional
integral the integration over angles can be performed
leaving an expression for B;'™ which is a sum of one-
dimensional integrals.
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The result of these approximations is

B 8ra)t =
- f dx yl—m (037)
M[Kle RilKn| (1 +M /M)

@ (1) X
s (K, M)wc.m,(KD,xo
1+M/ My

X__h_.____
hl(l) (Z!KNIRI)
4> (1+M /M) 22(214+1) T}
- 3= Pl (cosBxp)
M l KNI KDKP L\

Bflm= —

(1)

XL exp(—ilor(np)+or(np) DT fal,
where

im

(D) LAY (L—]m|)1)%

(214+1) (LA |m|)!
X (LX0O| LAI0) (L)\m0| L\m),
w I (i)
fol=f dx - [F\(np,ax)
X 21X
i)
1+M/M;
— 0 H\(np,a) ITF 1,(n p,bx) — Brm* H 1(.p,b) ],
Kp Kp
a= y b= )
| K| |Ky|(14+M/My)

X=R;|Ky|(A+M/M;),
ZeM (M 1+ M)
np=—"—"—"—""""",
O K (M200)
ZeM M
M=,
WK p(M+Mbp)

or(n) =argl'(1+L+1n),
Hy,(n,p)=F1(n,0) —iGr(n,p),
F1,(n,p) = the regular radial Coulomb function,
G1(n,p) =the irregular radial Coulomb function,
7@ (x) = the spherical Hankel function, ‘
h?e?/M =binding energy of the deuteron,
M = the nucleon mass,
M p=the deuteron mass,
M r=the target nucleus mass,
Ry=the radius of the target nucleus,
hKp=asymptotic momentum of the incident deu-
terons relative to the center of mass,
hKp=asymptotic momentum of the liberated
protons relative to the center of mass,
RKN*(M+M1)/2M Mr=energy of the captured neu-
tron,
(IAMmO | LNlm) = the Clebsch-Gordan coefficient.
Kp, Kp, Ky, and « are related by the conservation of

TOBOCMAN

energy by
WPEN(M+Mr) ] K p* (M+2M)
WM M (M+M)
WKp? (M1+Mp) I’
= —. (32)
2Mp My

Brn* is defined after Eq. (26).
Setting Z=0, B.,*=0, and &=0 causes Eq. (31)
to have the form

h?(8ma)? *
A f v m(,)
Mh® (KyRr) Y Re(U+/M1)

K»
Xh® (K yr) exp[i(KD—m) : l']- (34)

Carrying out the integration over angles gives
A28 o 20 (2041
Bjm=— f drr?
Mh®W(KnRr) Ri(1+M/M1)
X ® (Kyr) fi(xr),

where x=Kp—Kp[14+M/M)T* and 6,0 is the
Kronecker delta symbol. The radial integral can be
performed to give

4w hit® o 20 (214-1) )% d
{ 1’2[—~ F1(kr)
M (KNZ— K2) ar

Bflm= —

(35)

Bflmz

a
—jl(ld’); 1Oghl(1)(KN7’)]} (36)
I

r=Ri(1+M/My)

By means of the conservation of energy the denominator
is changed:

2 1% o 20 (204 1) T { 2[ )
- v

M (a2 +k) PRASL

im —

f

—jl(m')—i logh,®V (KNr)] } YD)
ar

r=Rr(1+M/Mr)

where k;=Kp—3Kp. This expression is the boundary
condition matching scattering amplitude when Vyp is
assumed to have zero range.

We see that Eq. (31) gives a spherical harmonic
expansion of B;' of the form

Byim=31, Prl™ (cost)n Arat™fial.

The fact that A" is proportional to (ZLA0O|LAO)
limits the sum over X to the values A\=I+L, I+ L—2,
I+L—4, ---, |L—I]|. So for each value of L we must
evaluate no more than /41 radial integrals. For cases
where the energy of the incident deuterons is about 15
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Mev, the sum over L can be broken off at L= 15 without
introducing great error. For smaller incident energies
the range of L that is important is correspondingly
smaller.

Since 7;V (ix) contains the factor e we will usually
introduce an error of about 1 percent if we replace the
upper limit of infinity for the radial integrations by
X[14(4.6/X)7]. X generally has values in the neighbor-
hood of 4, so we see that the important range of inte-
gration for the radial integrals is from about r=R to
about r=2R.

The radial integrals appear to be suited to numerical
evaluation. However, since the radial Coulomb func-
tions are not adequately tabulated for this problem,
the evaluation of these integrals will have to be done
with an automatic computer or by means of some
approximate method.

VI. AN ALTERNATE DERIVATION

We present here an alternate treatment of the (d,p)
process. While this treatment leads to a result very
similar to that given above, the approximations made
are somewhat different and the final result is related
very directly to the boundary condition matching
result.

Again we neglect the Coulomb interaction, assume
that all particles have zero spin, and assume that the
mass of the target nucleus is infinite for the sake of
simplicity. Let f(Kp,rp) be the wave function describing
the motion of the liberated protons with asymptotic
momentum /%Kp. For large 7p the outgoing part of f has
the same form as the outgoing part of e!¥P'7, The (d,p)
cross section is proportional to the rate at which deu-
terons are broken up to liberate protons with wave
function f(Kp,rp)

Assume f is a member of a complete set of ortho-
normal functions. Then the wave function for the 441
nucleons associated with the proton in the state

f(Kp,rp) iS
¥ (Kp,t,ry) = f deof* (Ko, t)¥ (5 ewyre). (39)

The rate at which protons are liberated into state
f(Kp,rp) is just equal to the rate at which the nucleons
described by ¥ (Kp,£,ry) are forming residual nuclei.
This is just the net flux of neutrons into the target
nucleus predicted by ¢ :

hR?
f d&dQn
M3

' d
X[lp* (KP,E,"N)—"lI/(KP,f,rN)
arN

J(Kp)=—

a3
—¢(Kp,s,rw>—¢*<Kp,e,rN)] (39)
af’N

TN=R

(d,p) REACTION

1661

In terms of J the (d,p) cross section is

Kp+
a(Kp)= dKqs,(K),
Kp—
(40)
(K)= & (K)= Mo oy (K)
g WK '

The integration is over a resonance due to a level in the
residual nucleus.

Equation (40) would provide an exact expression for
the (d,p) cross section except for the fact that we must
assume f is a member of a complete set of functions.
This means that the interaction between the proton
and the residual nucleus is assumed to be elastic so that
it can be represented by a real potential function
Vep(rp). This assumption rules out the possibility for
compound nucleus formation so that the (d,p) process
is pictured in this treatment as going entirely by strip-
ping.

To evaluate Eq. (40) for the cross section we proceed
as before. Namely, we write the integral equation for
¥(Kp,£,ry), eliminate the interior of the target nucleus,
and substitute the result into Eq. (40).

First we define {(Kp,rp) to be the solution of

2 2

—_ P
( Tpt Vep— (41)
WM

)f(Kp,rp)=0,

which is the time reflection of the wave function for a
beam of protons incident with momentum —#Kp on
the scattering center Vzp. Let ®;(£) be the orthonormal
regular solutions of

(Hr—E)®(§) =0.

Then we expand the wave function ¥(&rw,rp) as
follows:

v (E; rNer) = deP‘l’ (E,rN’KP)f (Kp,l‘p)

= ZZ ) dKpo i (Kp,rw)
o XY (0x)@:(8)f Kp,rp).

Introducing this expansion into Eq. (8) gives the
Schrédinger equation for ¢;™:

[Tn®—EnJoi™(Kprn)

(42)

- f dtpdidQnf* (Kp,tp)®:* ()Y~ (O)

X[ Vypt+Vie+Vin—Verl¥, (43)
where
R 02 2 9 I+
e S )
2M 67N2 TN(')TN TN2
BKp* hKyd
Eyi=E—Bim——=——.
2M 2M
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By means of the Green’s function for T'x®— Ey; we
get the integral equation for ¢.”:

2K x
¢ (Kpr)=
i

(K<)

O (Knars)Y ™ O0n)®*(£)

X*(Kp,xp)[Vyp+Vip+Vin—Vepl¥, (44)
where
v r<ry I Y>rN
<= { y T>= } .
Ny N7 ry r<ry

Equation (44) contains the asymptotic boundary con-
dition that all the liberated neutrons at infinity are
outgoing.

Let Viy=0 for r~>R. Proceeding as before we
eliminate the contribution to ¢;*” due to the range of
integration 0 <ry <R by introducing the logarithmic
derivative of ¢;'™ at ry=R.

2KN'L
o (Kpyr) =
(2

O (Kyas) Vi (O0n)2:* () (Kp,rp)
X[Vpt+Vie— Vep ¥ —1m0® (K y7),

where »>R

(45)

l¢] a
— 1 (K na#)— ji(Kni)— loge ' (Kpr)

, or ar
Hi m=

° fé]
— logh ¥ (K y ) —— loge ' (Kpr)
or dr

- ° WO (Kyoy)
B¢Zm=fdrpd£f dl‘N—*‘*~—
R M (KyR)

X2 ET*Kp,tp)[Vap+Vir— VFP]‘I’.
For r=R, Eq. (45) becomes

Yz_m (ON)

2M _ Il
6m (Ko, R) = »—Bilm[— logh® (K )
#2R? or

a —1
- logqsfm(Kp,r)] . (46)
ar r=R

Substituting the expansion of ¥ (£,ry,Kp) contained
in Eq. (42) into Eq. (40) and using Eq. (46) gives

AK p*M pM
hR2K p
a
| Bitm| 2Im.[—— logg ;'™ (Kp,r)]
or r=R
(47)
i,l,m

i) a
— logh;™W (K y7)—— logep ™ (Kp,7)
a7 or

R=r

W. TOBOCMAN

The (d,p) cross section due to a level of the residual
nucleus results from integrating o; over the correspond-
ing resonance. To represent such a resonance we assume
that for values of Kp near Kp', the

[ loge™(Kp,r)/0r]r

for one value of 4, say i= f, become very nearly equal
to [0 logh;V (Kx#)/drx. In this energy region we can
write

a a
['— loggs '™ (Kp,7r) —— logh™ (K ysr )]
or ar R
1 il
B [EN/'—ENfI“I--—]. (48)
Ry 2
We substitute Eq. (48) into Eq. (47), integrate
01(Kp)dKp over a narrow range, and let I'>0. The
result is

47 M2K pM p _
o(Kp) =3 vy| B/»|%
hGRKD l,m

Taking spin, the Coulomb interaction, and the finite
mass of the target nucleus into account changes this to

(49)

—1
()
M+M; MpM? (2J+1) Kp

c(Kp)=
Mp RR (2I+41) Kp
() (50
X3 ——|Bjm|2 (50
z zz+1| ol G0
where
Bflm= h® (KxR) f ddegf dexlu® (Kyrx)
XY™ @xn)®*(Ef* (Kp,0p)
1 1 _
X[VNP+V1P+Z62(————‘ —VFP]\I’; (51)
Yp  pp

_ Ze® WKp®
[TP+ Vept—-— ]f” (Kp,0p)=0.
ppP 2M
Equation (50) is identical with Eq. (28) except for a
factor of (27)* due to the difference in normalization
between f and & and except for the difference in the

definitions of B and B.

Let us assume that Vip can be approximated by a
potentlal function V7p(rp). Then we would expect that
Vip is very nearly the same function of rp as Vyp is of
pp. It follows that the contribution of

AV VIP—VFP"}'ZEZ(—-—-‘)
rp PP

~ VIP— ViptZe (——'“)

rp pp
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to Byim is small and tends to vanish as M;—c. Upon
dropping AV we see that the range of integration
0<pp <L R(1+M/Mr) will make a negligible contribu-

4
fc* (KP79P) =

(27{') 2 L,M

Z 1’—-LYL-—M (gpP) YLM(oKP)e oL (nP)
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tion to B, because of the short range of Vyp so let us
drop this range of integration. Since pp is now always
greater than R in V™ the form of {*(Kp,pp) is

(52)

[ L ("'P;KPPP) - BLC*HL ("]P,Kppp)]
K ppp ’

[ 0 Frnp,Kpr) Fr(ne,Kpr) 0
Kp?’

ar K pr

— lngLM°*(KPJ)

Br*=

0 Hp(np,Kpr) Hp(np,Kpr) 0

— logfLM (Kp,7)

61' Kpl’

fe* is the wave function describing the scattering of
protons of momentum — #Kp by the potential Vrp(op).
Hence the B.°* are the scattering amplitudes for free
protons incident on Vpp. Thus if Vp is a good approxi-
mation to Vpp, then f* is a good approximation to &°*
defined in Eq. (26).

Setting AV =0, Vyp=the zero range potential, and
Y=V, ,, xPr causes B;'™ to be essentially equal to B;™
defined in Eq. (31) when Vpp= Vrp. This derivation
of Eq. (31) is not so satisfactory as our previous
derivation since we are forced in the present derivation
to replace Vpp by a real potential function of pp and
the contribution of AV is not so obviously small as the
contribution of AV. However in the present derivation
the interpretation of B°* is unambiguous and agrees
with our previous interpretation of 8*. v;; on the other
hand can only approximately be identified with the
reduced width of the level of the captured neutron in
the residual nucleus.

The present derivation is also of interest because it
is connected directly with the general boundary con-
dition matching result. To demonstrate this we assume
that Vpp="V1p and Z=0. Then Eq. (51) becomes

(1) (KNer)
Bim=— f dopdt f
<1> (K R)
X®*(&)f* (Kp,0p) Vyr¥ (53)
#2R?
ZM[

Yim(0w)

—A lm__A lm
or

loghl(l) (KNJN)] y
or

r=1I

Kpf’ R
where
QMK s _
Afm= 7 fd@PdI'NdE]l(KNi7<)hl(U (Knirs)
7.

XY i m(On)@*(O)f* (Kp,0p) Var¥

Now set =¥ the wave function for the incident beam
of deuterons and the target nucleus. But by Eq. (44)
the transform of ¥9,

¢ (Kp,ry) = f dopddQyY 7 (0n)* (Kp,pp)®* (£)¥,

is the solution of the integral equation

iOlmzsﬂA ilm(\I,O)_ (54)
Therefore
_ 8 2R? ]
lg‘b,lrn= —_ [_¢Iolm_¢10lm_
2M 61’N 67’N
Xlogh W (K N"N)] , (35)
R

which is the general form of the boundary condition
matching result.
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