
P H YSI CAL REVI EW VOI UME 94, NUMBER 6 JUNE 15, 1954
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Mu-mesonic x-rays, fast electron scattering, and electronic spectra each depend on the nuclear charge
distribution p(r) in different ways. Adjoining theoretical analyses of observations on these different phe-
nomena may therefore bracket an acceptable set of functional descriptions for p(r). The present paper reports
the dependence of the p,-mesonic x-ray spectrum of Pb on the extent and shape of the nuclear charge density.
For several functional families representing conceivable forms for p(r) we have obtained the resultant
Coulomb potentials and have solved "exactly" by electronic computation the relativistic equations to yield
the first four levels (1$, 25, and 2I ) and transition energies for mu mesons bound in the field of the lead
nucleus. The next two levels (3D) have been found by perturbation theory. Effects omitted from the calcu-
lations have been examined and theoretical uncertainties estimated for each level. These results permit
adjustment of the effective electric radius R, for each form of p(r) to agree with known x-ray measurements
of the 2P—+1S transitions. Calculations completed for neighboring values of R permit interpolation to
improved values when more precise measurements are made and when small corrections of the raw data for
electrodynamic and special coupling eftects have been carried through. The doublet splitting of the 2P
levels overs an independent measure of R, as well as a check on the possible existence of an anomalous muon
magnetic moment. In contrast, the 3D~2P and 2S~2P transition energies are insensitivie to R but suf-
ficiently sensitive to the shape of the charge distribution, so that accurate measurements of the transition
energies between the six lowest muon levels in the heavy nuclides will be able to provide information on
both the electrical radius and the shape of nuclear electrification, independently of indications from the other
phenomena mentioned above.

I. INTRODUCTION

A NUMBER of sources of evidence now give a
strong indication that the electromagnetic radii

of heavy nuclei are at least 15 percent smaller than the
previously assumed values of (1.4 to 1.5)X10 "A' t'
cm. ' The only contrary evidence comes from the study
by Schawlow and Townes' of the eRect of the finite size
of the nucleus on the electronic x-ray fine structure.
The disagreement between this and other sources of
evidence has not been explained, but may be due to
radiative corrections to the pits electronic level. In
view of the rather convincing evidence for the smaller
size of the nuclear proton distribution, it is of interest
to know whether the charge distribution is also altered
in shape from our previous ideas of a nearly uniform
density. (By shape we here mean the shape of the curve
of nuclear proton density es radius, and not the geo-
metric shape of the nucleus. ) In the present paper we
show that the mu-mesonic x-ray transitions can provide
a valuable tool in the determination of the shape of the
charge distribution within the nucleus' —both alone
and in conjunction with other sources of evidence.

Among known experimental results which depend on
the charge distribution in the nucleus, the 2I'—+iS
mu-mesonic transition energy4 probably provides most
unambiguously a single parameter of the charge dis-

* On leave from Vanderbilt University, Nashville, Tennessee.
t Joint program of the U. S. Oflice of Naval Research and the

U. S. Atomic Energy Commission.
' F. Bitter and H. Feshbach, Phys. Rev. 92, 837 (1953).' A. I.Schawlow and C. H. Townes, Science 115, 284 (1952).
3 J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949);Phys. Rev.

92, 812 (1953).
4 V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953).

tribution. ' If this transition energy is the most reliable
single datum that we have on the nuclear charge dis-
tribution, it can reasonably be used to delimit somewhat
the set of all possible charge distributions. For example,
for any assumed shape of distribut:ion, the mu-mesonic
transition energy can be used as a constraint to yield a
radial extent, or range of the distribution. Other eRects
can then be investigated using this limited set of charge
distributions.

In the present paper, we generate a set of charge
distributions for the Pb nucleus more or less covering
the range of reasonable shapes, limited by the require-
ment that for each the 2I'3~&~15 transition energy for
the mu meson is 6.00 Mev. In order to allow for future
corrections to the measured transition energy, to the
mu-meson mass, or to the theoretical interpretation, we
evaluate the lowest mu-meson levels in fact for each
assumed shape at several ranges in the vicinity of the
range which yields the transition energy of 6 Mev.

In practice, a two or three parameter family of charge
distributions can rather thoroughly cover the 6eld of
reasonable possibilities. Hence, the mu-mesonic 2I'—+15
datum (for Pb, say) can reduce the set to a one or two
parameter family. Other eRects, which also depend on
the nuclear charge distribution, but in a different way,
can then be considered to delimit the field further and
in principle to give a rather complete picture of the
charge distribution. Some of these effects, which have
received previous theoretical treatment, or which do
not require detailed calculations, are considered in the

~ I.. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953).

1617



D. L. HILL AND K. W. FORD

succeeding paper. ' It is shown that in fact in the present
state of our knowledge they cast very little additional
light on the question of the shape of the charge dis-
tribution.

EGects, which at present require exact numerical
calculation, are

A. 3D—+2P and 2,5'—+2P mu-mesonic transitions. '
B. Very high energy electron scattering. ' '

The first of these we consider in the present paper. The
second contains in principle a great deal of information
and has received considerable attention already. ' ' The
freedom of choice of nuclear radius, however, has led to
a great freedom in shapes" of charge distributions which
can fit the data. ' A principal utility of the present cal-
culations may be providing a constraint on the radius
for each shape of charge distribution and thereby in
narrowing the field of shapes which can 6t the electron
scattering data. Detailed calculations of the electron
scattering with the mu-meson-restricted charge dis-
tributions are now in progress.

Specifically, the results of the present calculations are
values of the binding energy of the negative mu-meson
in the lowest four states (15, 2Pi~s, 2Ps~s, 25) in the
field of the Pb nucleus, for a variety of assumed shapes
of the nuclear charge distribution, and for a number of
radii (or ranges) for each shape. The mu-mesonic wave
functions are also obtained. The energies of the next
two states (3D3/s 3D@s) are obtained for the exponen-
tial distribution by perturbation theory, and are scaled
to other shapes and sizes of charge distribution with an
accuracy of about 1 kev. The main features of the
pattern which emerges are the following: (1) The radius
of a uniform charge distribution yielding a 2Py2—&1S
transition energy of 6.00 Mev is 6.94&&10 " em=1. 1.7
&(10 " 3'13 cm, in agreement with Fitch and Rain-
water4 and Cooper and Henley. ' The decay length of an
exponential charge distribution yielding the same
transition energy is 1.78)&10 " em=0. 300)&10 " 3'/'
cm. (2) The rate of variation of transition energies with
nuclear size is very different for different transitions,
and is summarized in Table I. (3) The absolute values
of the meson binding energies are very insensitive to
change of shape of the nuclear charge distribution for
fixed 2Pys +15 transition energy. —(4) The 3D +25 and—
25—+2P transitions are more sensitive to shape of charge
distribution than to nuclear size and could be utilized
to advantage to yield an indication of the shape of the
nuclear charge distribution. For fixed 2P3/2 —&1S transi-
tion energy, the 3D—+2P energies vary by about 5
percent and the 2S—+2P energies by about 15 percent

' K. W. Ford and D. L. Hill, succeeding paper LPhys. Rev. 94,
1630 (1954)3.

~ Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 (1953).
L. I. Schiff, Phys. Rev. 92, 988 (1953).

9 Yennie, Wilson, and Ravenhall, Phys. Rev. 92, 1325 (1953).» More recent analysis LR. Hofstadter, Phys. Rev. 94, 'I'13 (T)
(1954)] gives evidence of a charge distribution not greatly difFer-
ent from uniform.

between the uniform and exponential charge distribu-
tions. (5) The 2P doublet splitting is'sensitive to nuclear
size, and therefore provides an independent check on
the nuclear radius (or a way to check for the existence
of an anomalous magnetic moment of the muon). For
2P&~2~1S energy= 6.00 Mev, the fine structure splitting
is predicted to be 176 kev for the exponential charge
distribution, 186 kev for the uniform charge distribu-
tion, and to lie between these figures for all other calcu-
lated distributions.

where p(r) is the nuclear charge density, and

o = L1—(oZ)']'is,

Z being the nuclear charge and a=137.038 ' being the
fine structure constant. The 2S and higher S-state
energies are raised, in proportion to the same integral
with successively smaller coefFicients. The 2P&/& energy
is raised, in proportion to the same integral, with coef-
ficient small compared to that for the 25 state; the 2P3/2
energy is unchanged (to first order). Hence, for light
nuclei, where the perturbation approximation is valid
(and for which g—1), all of the properties of the mu-
mesonic x-ray spectrum are determined by the value of
(r')A„, the mean square radius integrated over the
nuclear charge distribution. ' "

For heavy nuclei, the effect of the finite size of the
nucleus on the mu-mesonic levels is large and exact

TABLE I. Sensitivity of energies to nulcear size. The numbers,
c;, in the table are percent changes in energies for a 1 percent
increase in the radial parameter of the charge distribution in the
vicinity of the "true" radius; i.e., a; = L(y/E) (dE/dy)5;

Energy

15
25
2PI/2
2P3/~
3D3/2
3D5/2

2PI)/2~1S
2P3/2~1S
25~2PU 2

25~2P3/2
3D5/2~2 P3/2
3D3/2 —+2P3/.
3D3/2~2P] /2

Ap
AD

Uniform
distribution

—0.514—0.297—0.158—0.112—0.006—0.002

—0.81—0.82
+0.25
+0.54—0.21—0.21—0.29—1.3—0.2

Exponential
distribution

—0.492—0.268—0.185—0.144
—,0.027—0.011

—0.74—0.75
+0.10
+0.36—0.26—0.25—0.32—1.3—1.0

IL QUALITATIVE DESCRIPTION AND ESTIMATED
PERTURBATIONS

In a first-order perturbation approximation, in which
Dirac wave functions are used, the finite extension of
the nucleus raises the mu-mesonic 1S state energy
above its point-nucleus value by an amount propor-
tional to

4x
(r")s„=—ii p(r) r'+'dr

Ze~
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Vp(r) =
~

r—r'~ 'p(r')d(vol'); (2)

l(r) is defined by

l(r) = —. log) y [ d(vol') ',

Vp(r)~ ( Z. )
)
r—r')

X, is the reduced electron Compton wavelength; and
y=1.781. The quantity l, (r) is slowly varying over the
region occupied by the mu meson, and we make the
simplifying assumption of replacing l(r) by a constant.

» E. Amaldi and G. Fidecaro, Phys. Rev. 81, 339 (1951);J. M.
Kennedy, Phys. Rev. 87, 953 (1952).

» H. C. Corben, Phys. Rev. 94, 787(A) (1954)."J.Schwinger, Phys. Rev. 75, 651 (1949).

calculation is required (Part III). The transition energy
becomes relatively less sensitive to the extent of the
charge distribution. We find for Pb that the shift of the
1$ state energy from the point nucleus value varies
approximately as (r")A, rather than (r")A„—= (r")A„.

Possible uncertainties in the theoretical interpreta-
tion of the transition energies, most of which have
already been considered by others, are here summarized,
with comments. Quantitative estimates of the effects
of these various perturbations on the calculated energies
are summarized in Table III.

(a) A nonelectromagnetic meson nucl-eon interaction
There is evidence that this interaction has approxi-
mately the same strength as the electron-nucleon beta
decay interaction. " If so, it shifts the energy levels by
less than 1 ev and is completely negligible. '

(b) Anomalous magnetic moment of niu meson. The
electrodynamic contribution to the anomalous moment
should have the same small relative value as for the
electron (n/2ir), and increase the calculated 2P doublet
splitting by less than 1 kev, a negligible effect. The
nucleonic (pion field) contribution should be even
much smaller because of the very small muon-nucleon
interaction. If a sizable anomaly exists, however, only
the 2P fine structure splitting would be appreciably
aGected. ' lt would of course be of great interest to look
for such an effect.

(c) Vacuum polarization the Uehli—ng egect As.
pointed out by Cooper and Henley' and by Corben, "
the polarization of the vacuum by electron pairs pro-
duces an appreciable shift in the calculated, mu-mesonic

energy levels. Because, for the levels calculated, the
meson lies well within the distance of an electron
Compton wavelength from the nucleus, it is a good ap-
proximation to use the limiting form of the vacuum
polarization potential given by Schwinger" for r((X,.
For a heavy nucleus this perturbing potential is, to 6rst
order in nZ,

V„(r)= (2rr/3z ) Vp (r) t l (r) —(5/6) j, (1)

where Vp(r) is the unperturbed electrostatic potential&

TABLE II. Factors in the polarization energy shift, Eq. (4). The
coeKcient C is equal to an approximate mean value of the quantity
(2n/3v)gl(r) 5—/65 T. he average potential energy, (Vpl, was
calculated for the two distributions with 2I'3/2 —+15 energy=6. 00
Mev.

Level

1S
25
2PI12
283/2

3D3I2
3Ds/2

0.00404
0.00297
0.00356
0.00346

o.oo2(o)
0.002 (0)

Uniform

—15.63 Mev—6.27—9.25—8.76

—4.6—4.3

Exponential
(vo&

—15.68 Mev—6.42—8.85—8.41

—4.6—4,3

'4 W. Lakin and W. Kohn, Phys. Rev. 94, 787 (1954).

For r«R (the nuclear radius), and with the assumption
of a uniform charge density, l(r)—log()(,/pE)+-', .
For r))R, l (r)—log()(,/yr). We choose as an appropriate
mean value for the 15 state, i= log()t, /yR) =3.44, and
for the 2S and 2P states smaller numbers, 2.75 and
3.10, respectively. For the 3D states, t is taken crudely
to be 2.1. Then the energy shift due to the vacuum
polarization is

/3E„= C(Vp).

Values of the coefficients C and of the mean values of
the potentials, (Vp), for the exponential and for the
uniform distribution, are given in Table II. The energy
shifts AE~ are included in Table III, and are estimated
to be accurate to within 5 percent for the S and P
states, 15 percent for the D states Lthe principal uncer-
tainty arising in the choice of l(r) j.This error does not
include the uncertainty in the magnitude of higher
order corrections, which have been ignored. Since o.Z
is not small compared to 1, higher order radiative
effects may be appreciable. They have, however, been
assumed negligible in Table III.

(d) Other radiative sects Electrod. ynamic effects
other than vacuum polarization by electrons arise from
the coupling of the meson to the radiation field, and are
consequently very much smaller in magnitude than the
Uehling effect. Since the meson reduced Compton wave-
length is substantially smaller than the radii of the
meson orbits considered, a crude but presently adequate
estimate for the other radiative eBects (including the
effect of the anomalous moment) can be made by
utilizing the same approximations employed for the
Lamb shift in hydrogen. One thereby obtains an esti-
mated shift of order 1 kev for the 15state and somewhat
less for the 2S and 2P states.

(e) Nuclear polarization egect The nuclear .polariza-
tion effect has been estimated crudely by Cooper and
Henley' for the 1S state by using closure over both
nuclear and meson states with an average energy de-
nominator of 20 Mev. Their result is hE= —60 kev.
Laking and Kohn'4 report an estimate of —16%8 kev
for the same eGect. We have not attempted to improve
on these estimates and include in Table III what is
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TABLE III. Summary of perturbations to calculated mu-mesonic energies. Those perturbations are included whose effect is estimated
to be greater than 1 kev. Indicated uncertainties are, in all cases, intended to be upper limits to the error, rather than probable errors.

EfFect

1. Vacuum polarization
2. Other radiative effects
3. Nuclear polarization
4. Mass of muon
5. Discrete charge

Total

rS

—63&5
2&2—50+40
0+25
0%10—110&85

2S

—19&2
0&1—8&8
0+12
0+2—27&25

2P1/2

—32&3—0.6&0.5—7&7
0~20
0~2—40&32

Estimated energy
2P 3/2

—30&3
0.3+0.5—4+4

0+20
0+2—34+30

shifts in kev
3D

—9&3

~ ~ ~

0&10
~ ~ ~

—9+13

2P—+1$

+32+8—2&3
+45+40

0+5
0&10

+75w65

25 —+2P

+12+5
0+2—5&10
0+8
0&2

+7+25

3D ~2P

+22&5
0&1

+5%5
0+11
0&2

+27+25

probably a generous estimate for the uncertainty in the
e8ect on the 15 state. The 25 state is also lowered by
the nuclear polarization eGect, by a lesser amount.
Roughly, the ratio of 25 to 15 energy shift is equal to
the ratio of 25 and 15 meson densities within the
nucleus, or about 1/6. Using the same crude method to
estimate the polarization eGect on the 2P states, we find
DE(2P,(s)//AE(1S)=1/7, &E(2Psts)/&E(1$) —1/12,
and AE(3D) negligible (less than 1 kev).

(f) M'ass of muon. In the vicinity of the "true" radius,
the calculated energies may be written

where m and P„are the mass and reduced Compton
wavelength of the muon. For fixed radial constant,
therefore,

ma+

Ualues of the exponent a for the binding energies and
transition energies are given in Table I. The 2P—+15
transitions are insensitive to meson mass. At somewhat
larger radii, a+1 is even closer to zero. ' ' We have
chosen m=207.0m," and placed arbitrary limits of
error of ~1m, on this value in order to determine
the uncertainties given in Table III.

(g) 1Yuclear quadrupole moment. For a zero-spin
nucleus, a nuclear deformation changes slightly the
effective shape of the nuclear charge distribution, "and
in particular extends the mean radius fractionally by
about (3/5)n', where n is a deformation parameter
defined by

E=RsL1+nPs (cosg) ].
For a nucleus with nonzero spin, the center of gravity
of the hyperfine structure pattern reacts in the same
way to the effective rounding of the edge of the charge
distribution and the slight extension of the nucleus.
(Wheeler' has considered quadrupole hyperfine pat-
terns. ) Some nuclei may have values of n as great as
0.25 but a probable upper limit for Pb"' is 0.05. Since
for Pb the 15 energy varies roughly as E~', an upper
limit for the quadrupole energy shift for the 1S state of
Pb'" is about 5 kev. Pb"' is expected to have no quad-
rupole effect (although the zero point surface vibration

'~ Smith, Birnbaum, and Barkas, Phys. Rev. 91, 765 (1953).' Wilets, Hill, and Ford, Phys. Rev. 91, 1488 (1953).

will act in the same way to extend' slightly the charge
distribution).

(h) Granularity of nuclear charge Coo. per and Henley'
estimate the eff ct of the discrete charge distribution
on the 15 state of Pb to be less than 10 kev. We have
not attempted to improve on this estimate. The e6'ect
on the 2S and 2P levels will be smaller than the 1S
eGect by a factor of 5 to 10.

(i) Electron shielding The nu. mber of E electrons
within a radius of three nuclear radii is about 0.9)&10 4.

If the total electron charge in the same volume is
generously taken to be ten times this number, the total
fractional effect of electrons on the potential seen by the
mesons is about 10 ', and may be ignored.

The relevant perturbations are summarized in Table
III. We conclude that the 2P—+1S transition energies
can be calculated to within about 65 kev, and the
3D—+2P and 25—+2P transitions to within about 25 kev.
Since the 2P&/2 and 2P3/& states are similarly perturbed
by most effects, the uncertainty in the determination
of the 2P doublet splitting is only about 5 kev. As is
discussed in Part IV, these uncertainties are small
enough that the possibility exists to determine in a
certain sense the shape as well as the size of the nuclear
charge distribution from the low mu-mesonic transitions
alone.

There is strong reason to believe, therefore, that the
mu meson is a probe particle sensitive to the extent of
the nuclear charge distribution but relatively free of
uncertainty in theoretical interpretation of transition
energies. ' As a nucleus to probe, Pb appears ideal, and
we have restricted our calculations to this element. It
has the greatest spacing of low-lying levels among the
heavy nuclei, which serves to minimize the nuclear
polarization eAect. Its ground-state deformation is
small. It has been already investigated with mu mesons4
and with high energy electrons' and its isotope shift
has been measured" and analyzed. " It is an experi-
mentally convenient substance with which to work. It
has only the disadvantage of possessing several iso-
topes. For future precise determinations of the mu-
mesonic 2P fine structure splitting, for example, Au or
separated Pb"' would be preferable.

'~ D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953).
's Brix, von Butt]ar, Houtermans, and Kopfermann, Z. Physik

133, 192 (1952); other references there."P. Brix and H. Kopfermann, Festschr. Akad. Wiss. , Gottingen,
Math. -Physik Ki. 17 (1951);Phys. Rev. 85, 1050 (1952).



M U —MESON I C X —RAYS 162|

III. EXACT CALCULATIONS

D imensionless Formulation

We consider families of charge distributions of the
form j lg—n

2

FamiLy II
1—-'e—ne, X ~& e

leone
—x

2

p(r)=pofi, (x), x—=r/ro. (5) 0 ~& e ~&1. (12)

Here po is the central charge density, fi, (0)= 1,'li repre-
sents any number of parameters used to define the
shape of the distribution, and ro, the range parameter,
defines the radial extent of the distribution. We define
the functionals of f: (b) f-(*)=

Lg—n Xg—n(~1)
2 2 7 x&~1

1&n&~. (13)

As n varies from 0 to 1, f varies from an exponential
toward a shape roughly Gaussian in appearance.

1—-'e—"('—) x & 1

If(x) =
) f(x)x'dx;

0
$$

Jy(x) = [If(x) )j—' Ir(x)x 'dx.
0

Then the normalizing condition is

4nro'poIf(~) =Ze,

and the electrostatic potential is

(6)

(7)

As n varies from 1 to infinity, f varies from a shape
roughly Gaussian in appearance to a square shape
(uniform distribution). Families IIa and IIb form a
single connected family (being identical at +=1), but
are distinguished in order that the range parameter ro
may have a close relation to the size of the nucleus. For
family IIa, the relevant distance is the decay length for
z& e. For family IIb, the relevant distance is the inter-
val out to the point where the distribution begins to fall
exponentially.

We further define the dimensionless energy o=E/mc',
where m=mu-meson mass=207m„and the dimen-
sionless range parameter, y=ro//X„, where K„=I'i/risc
=reduced Compton wavelength of the mu meson.
Then the radial equations for the Dirac particle in a
central field" become

sinhsx/sx
f„.(x)=

1—28

FanziLy III

1 —n(x—1)
g Cr

e &~1,I)s. (14)

dG/dx= —(k/x)G+[p(o+1)+nZJr(x) jF,
dF/dx= (k/x)F [y(o—1)+n—ZJi (x)jG) (10)

where F/x and G/x are the two components of the wave
function and k is the angular quantum number. For the
six levels considered, k= —1(1$ and 2$), +1(2Pi~o),—2(2P,&,), +2(3Dyo), and —3(3Do~o).

Families of Charge Distributions

In order to cover the landscape of possible charge
distributions, we have considered several members of
each of four families of distributions.

Family I
00 gk

f„(x)= (1/e!) ' x"e ~dx=P —e ~, ri=0, 1, 2 . (11)J, ~=o k!

For m=0, this is an exponential, for v=1, a modified
exponential (name used by SchifP). As I~~, f ap-
proaches a square distribution, but the high-e members
of the family are not feasible for calculation.

For this and the succeeding families, the charge nor-
malization integral Iy(oo ) [Eq. (6)j and the dimension-
less potential J~(x) [Eq. (7)j are given in Appendix I.

"L. I. Schift', QNantlm Mechanics (McGraw-Hill Book Com-
pany, New York, 1949), p. 319.

A. Exponential: f=e (15)

B. Modified exponential: f= (1+x)e—, (16)

C. Gaussian: f= exp( —x'), (»)
D. Modified Gaussian: f= (1+x') exp( —x'), (18)

E. Square: f=1,x&1;f=0, x)1. (19)

Another distribution of interest for Pb is that derived
theoretically by Gombas'4 from a statistical treatment:

fg= (1+0.15x')' exp( —x'). (20)
"E.Wigner, Bicentennial Symposium, University of Pennsyl-

vania, 1940 (unpublished)."E. Feenberg, Phys. Rev. 59, 593 (1941).
~' W. J. Swiatecki, Proc. Phys. Soc. (London} A63, 1208 (1950).
24 P. Gombas. Acta Phys. Acad. Sci. Hung. 1, 329 (1952}and 2,

223 (1952).

This family is a generalization of family IIb and
includes shapes peaked at the edge of the nucleus
instead of at the center. It leads to complicated for-
mulas, but is worth examining to discover if previous
ideas about a slight depression of central charge den-
sity"—""relative to the outer part of the nucleus must
be discarded.

FamiLy IV

This family is made of various separate simple dis-
tributions, some of which are special cases of the
previous three families.
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in Mev, assuming a meson mass of 207.0ns„and are plotted vs y,
the nuclear radius in units of the meson reduced Compton wave-
length. The 3D levels were calculated by perturbation theory. The
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energy equals 6.00 Mev.

This distribution is approximately represented by inter-
mediate members of families I and II.

-2

MEV—

-IO

-l2

-14
06

I

I

30
2S

I'(&)

2Q

I

I
V(r)

I.

I

IS ~
SUMMARY„FOR
CORRECT RANGE

7&0.953
I 2P lg [6.00]

2S~2P 0.88

I I I I 1
P

0.8 I.O l.2 1.3

2P(Ipa

2P~IS

if'

I

2P, IS g'

I
I

I

I

I

I
+2P DOUBLET SPLITTING

&& xlO
I

2S 2P,

S~2Ps

I

0 7 0.8 1.0 i,2

—MEV

0
1.4

FIG. 2. Binding energies, transition energies, and 2P doublet
splitting for the exponential charge distribution, plotted in the
same way as Fig. 1. Graphs for shapes of charge distribution inter-
mediate between uniform and exponential are qualitatively the
same as Figs. 1 and 2.

25 We express our appreciation, in particular, to Mr. Richard
G. Clow and to Mr. John T. Mann for their. valuable assistance on
several occasions in operation of the computer.

Solution for Energy Levels

With the aid of one of the I.os Alarnos I.B.M. Type-
701 electronic computers, and of its staR, " we have
solved the radial equations (6) for various charge
distributions f(x) and various range parameters y. For
each choice of shape I f(x)] and size (y), the equations
have been solved by successive trials with e, the
energy, as the eigenvalue. Some remarks on the nu-
merical procedure are contained in an appendix. The
energy values obtained are accurate to about 10 ' Mev.

The wave functions and energy values were found for
the four lowest states. For each shape, the energy
eigenvalues have been found for several ranges such
that the experimental 2P3~2~1S transition energy of 6
Mev is bracketed, with calculations extending to transi-
tion energies 20 percent greater and 20 percent smaller
than 6 Mev.

The 3D levels have been calculated by perturbation
theory, since the finite nucleus eRect on these levels is
small. The erst order energy shifts away from the
Dirac point nucleus values were calculated for the
exponential charge distribution at the radius giving a
2P@2—&1S transition energy of 6.00 Mev. The rate of
variation of the energy shift with radius was found at
the same point. At this radius, the 3D3~2 state is shifted
by 14.9 kev and the shift varies as ro'.".The 3D&~& state
is shifted by 5.7 kev and the shift varies as ro'.".The
energy shifts for the uniform distribution were found
by assuming that the shift varies roughly as (r4)A, for
different shapes of charge distribution. This crude ap-
proximation is adequate because the shifts for the uni-
form distribution are so small —3~1 kev for the 3D3~2
state and 1&0.5 kev for the 3D5~~ state. Although the
3D levels are insensitive to the extent of the nuclear
charge, the 3D—+2P transition does probe the nucleus
in an important way. The 3D—+2P transition should be
strong. There is doubt whether the 2S—+2P transition
will be observable, due to the small occupation of the
2S state.

IV. RESULTS.

In Figs. 1 and 2, sample energy level results for Pb
are presented graphically. For each assumed shape of
charge distribution, the lowest six energy levels are
plotted as a function of the range parameter y. The
energies are given in Mev, assuming a mu-meson mass
of 207.0 electron masses. " Since only E/@ac' is deter-
mined by the solutions, the energies may be readily (but
not linearly) scaled for a possible correction to the
mu-meson mass. The dimensionless range parameter y
is equal to the range parameter ro divided by X„, the
reduced Compton wavelength of the mu meson, 1.8665
)&10 " cm for the assumed mass of 207.0m,:, and in-
cluding a reduced mass correction.

The binding energies given in Figs. 1. and 2 and all
other exactly calculated energies are presented tabularly
in Table IV. The lowest four energies and transition
energies are summarized in Table V for fixed 2P3~2—+15
transition energy. In Table VI are given the 3D energies
and transitions, subject to the same condition, for the
uniform and exponential distributions. The 3D—+2P
transition energies for intermediate shapes may readily
be interpolated, since the major variation comes from
the P states.

It is of fundamental interest to know whether the 2P
doublet splitting and the 3D~2P and 2S—+2P energies,
taken together with the 2P—+1S energies, can provide
information on the shape of the charge distribution.
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TABLE IV. All exactly calculated binding energies. The lines prefaced by arrows have in common a 2P3/2~1S transition
energy of 6.00 Mev. Families I through IV are defined by Eqs. (5) through (19).

Shape
parameter

Range
parameter

v 1S
Family I

2S 2P1/2

Binding energies in Mev

2Pi/2
Shape

parameter

Range
parameter

7 1S
Family II

2S 2P1/2

Binding energies in Mev

2P3/2

n=O 0.7000
0.8000
0.9000
0.9529
1.0000
1.1000
1.2000
1.3000

0.5600
0.6400
0.7200
0.7577
0.8000
0.8800
0.9600
1.0400

0.4667
0.5333
0.6000
0.6289
0.6667
0.7333
0.8000
0.8667

12.114
11.416
10.802
10.504
10.257
9.769
9.330
8.932

12.117
11.413
10.792
10.525
10.242
9.749
9.305
8.904

12.122
11.412
10.788
10.539
10.233
9.737
9.290
8.886

3.914
3.790
3.679
3.624
3.577
3.485
3,399
3.320

3.908
3.783
3.669
3.620
3.567
3.473
3.386
3,306

3.905
3.778
3.663
3.616
3.559
3.465
3.377
3.29'7

4.913
4.823-
4.732
4.684
4.641
4.552
4.465
4.379

4.927
4.838
4.749
4.706
4.659
4.571
4.484
4.399

4.936
4,849
4.761
4.722
4.672
4.585
4.498
4.413

4.668
4.608
4.543
4.508
4.475
4.405
4.334
4.263

4.680
4.623
4.560
4.529
4.493
4.424
4.354
4.283

4.689
4.633
4.571
4.543
4.506
4.438
4.368
4.298

n=1

n=2

0.6600
0.7700
0.8800
0.9480
0.9900
1.1000
1.2100
1.3200

1.2000
1.4000
1.6000
1.7976
1.8000
2.0000
2.2000
2.4000

1.9600
2.2400
2.8071
3.0801
3.3601
3.6401
3.9201

12.397
11.592
10.894
10.507
10.283
9.744
9.263
8.832

12.647
11.837
11.133
10.522
10.515
9.9676
9.4791
9.0401

12.499
11.782
10.568
10.074
9.616
9.200
8.821

3.963
3.821
3.695
3.623
3.582
3.479
3.385
3.299

4.002
3.859
3.732
3.620
3.618
3.515
3.420
3.333

3.963
3.834
3.609
3.515
3.426
3.343
3.266

4.947
4.848
4.747
4.686
4.648
4.549
4.453
4.359

4.983
4.890
4.796
4.703
4.702
4.608
4.516
4.426

4.993
4.915
4.753
4.675
4.595
4.516
4,438

4.690
4.626
4.555
4.510
4.481
4.403
4.325
4.246

4.713
4.656
4.593
4.525
4.525
4.453
4.380
4.305

4.726
4.680
4.572
4.514
4.452
4.389
4.324

0.4000
0.4571
0.5143
0.5376
0.5714
0.6286
0.6857
0.7429

0.3500
0.4000
0.4500
0.4695
0.5000
0.5500
0.6000
0.6500

0.2800
0.3200
0.3600
0.3746
0.4000
0.4400
0.4800
0.5200

2.8000'
3.2000
3.6000
3.7159
4.0000
4.4000
4.8000

12.126
11.413
10.785
10.550
10.228
9.729
9.280
8.874

12.130
11.414
10.784
10.558
10.224
9.724
9.273
8.865

12.136
11.417
10.783
10.570
10.220
9.717
9.264
8.854

12.177
11.442
10.793
10.619
10.217
9.701
9,237

3.902
3.774
3.659
3.615
3.554
3.458
3.371
3.289

3.900
3.771
3.655
3.613
3.550
3.454
3.365
3.284

3.898
3.767
3.650
3.610
3.544
3.447
3.358
3.275

3.888
3.752
3.630
3.596
3,518
3.417
3.323

4.944
4.857
4.770
4.734
4.682
4.595
4.509
4.424

4.949
4.863
4.777
4.743
4.690
4.603
4;517
4.433

4.957
4.873
4.787
4.755
4.701
4.615
4.529
4.445

4.991
4.913
4.833
4.809
4.752
4.670
4.588

4.695
4.640
4.580
4.554
4.515
4.448
4.379
4.309

4.699
4.646
4.586
4.562
4.523
4.456
4.388
4.318

4.706
4.654
4.596
4.574
4.534
4.468
4.400
4.331

4.735
4.690
4.639
4.623
4.583
4.522
4.459

n= 10

5.3 2

2.4500
2.8000
3.1500
3.5000
3.5147
3.8500
4.2000
4.5500
4.9000

12.584
11.855
11.209
10.632
10.609
10.115
9.647
9.223
8.836

1.4400
1.6800
1.9200
2.1144
2.1600
2.4000
2.6400
2.8800

1.9600
2.2400
2.5200
2.6791
2.8000
3.0800
3.3600
3.6400

12.568
11.752
11.044
10.534
10.422
9.872
9.381
8.940

12.260
11.539
10.903
10.574
10.338
9.831
9.375
8.962

Same as Family I.
Family I II

1S

3.966
3.833
3.713
3.604
3.599
3.504
3.412
3.327
3.248

2S

3.984
3.840
3.711
3.616
3.594
3.489
3.392
3.304

3.918
3.788
3.670
3.608
3.563
3.465
3.374
3.291

5.024
4.952
4.877
4.801
4.798
4,725
4.648
4.508
4.495

2Pi/2

4.980
4.887
4.793
4.716
4.698
4.604
4.512
4.421

4.971
4.889
4.806
4.759
4.723
4.640
4.557
4.475

4.750
4.711
4.665
4.615
4.613
4.561
4.503
4.377
4.381

2P3/g

4.713
4.656

4.5920
4.537
4.524
4.452
4.379
4.304

4.714
4.665
4.610
4.577
4.551
4.488
4.423
4.35'7

n=0.5 0.7200
0.9000
0.9536
1.0800
1.2600
1.4400
1.6200
1.8000

Family II

11.965
10.800
10.500
9.861
9.085
8.433
7.876
7.394

3.888
3.678
3.623
3.502
3.351
3.218
3.100
2.993

4.895
4.731
4.683
4.570
4.413
4.263
4.120
3.985

4.657
4.543
4.507
4.419
4.291
4.163
4.038
3.916

2.4500
2.8000
3.1500
3.2628
3.5000
3.8500
4.2000
4.5500

12.170
11.439
10.795
10.603
10.223
9.711
9.250
8.833

3.892
3.758
3.637
3.600
3.527
3.427
3.334
3.249

4.981
4.901
4.819
4.792
4.736
4.653
4.570
4.488

4.726
4.679
4.626
4.607
4.567
4.506
4.441
4.374

8 For uniform distribution (n = ~) 7=R/Xc.
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TABLE IV.—Coetieged.

Shape
parameter

Range
parameter

Y 1S
Family III

2S 2P&]2

Binding energies in Mev
Shape

2P3/2 parameter

Range
parameter

T

Binding energies in Mev

1S
Family III

2P3(~

1.5

1.8

2.4000
2.7000
3.0000
3.1614
3.3000
3.6000
3.9000
4.2000

2.2400
2.5600
2.8800
2.9276
3.2000
3.5200
3.8400

2.4500
2.8000
3.1500
3.4616
3.5000
3.8500
4.2000
4.5500

2.4500
2.8000
3.1500
3.4200
3.5000
3.8500
4.2000
4.5500

12.112
11.467
10.891
10.605
10.372
9.903
9.476
9.086

12.065
11.335
10.692
10.602
10.120
9.610
9.150

12.512
11.780
11.133
10.615
10.555
10.037
9.569
9.145

12.448
11.715
11.067
10.616
10.490
9.972
9.505
9.081

3.882
3.763
3.655
3.601
3.556
3.464
3.380
3.301

3.874
3.739
3.617
3.600
3.507
3.406
3.314

3.951
3.817
3.696
3.598
3.586
3.485
3.393
3.307

3,939
3,805
3.684
3.598
3.5'73
3.472
3.379
3.293

4.975
4.904
4,832
4.793
4.759
4.685
4.612
4.539

4.969
4.887
4.803
4.791
4.719
4.634
4.550

5.020
4.947
4.872
4.804
4.796
4.718
4.641
4.564

5.015
4.941
4.865
4.805
4.787
4.709
4.631
4.553

4.723
4.681
4.634
4.608
4.584
4.530
4.474
4.416

4.719
4.670
4.615

4.555
Gaussian

4.491
4.425

4.749
4.709
4.663
4.618
4.612
4.557
4.499
4 438 Modified

Gaussian
4.747
4.706
4.659
4.619
4.607
4.551
4,491
4.430

2.4500
2.8000
3.1500
3.3904
3.5000
3.8500
4.2000
4.5500

1.8200
2.0800
2.3400
2.4714
2.6000
2.8600
3.1200
3.3800

1.4700
1.6800
1.8900
2.0560
2.1000
2.3100
2.5200
2.7300

12.402
11.669
11.021
10.617
10.443
9.926
9.459
9.036

Family IV

1S

12.211
11.496
10.865
10.5/3
10.305
9.803
9.351
8.941

12.396
11.677
11.041
10.588
10.4'75

9.967
9.509
9.094

3.930
3.796
3.674
3.597
3.564
3.463
3.370
3.284

2S

3.934
3.807
3.692
3.638
3.588
3.493
3.406
3.326

3.970
3.841
3.726
3.642
3.621
3.525
3.437
3.356

5.011
4.936
4.859
4.806
4.781
4.702
4.624
4.545

2Pigs

4.967
4.884
4,800
4.75/
4.716
4.631
4.547
4.465

4.995
4.917
4.837
4.774
4.757
4.676
4.596
4,515

4.745
4.703
4.655
4.620
4.603
4.546
4.486
4.424

2P3(2

4.714
4.663
4.607
4.576
4.546
4.482
4.415
4.348

4.733
4.687
4.635
4.591
4.579
4.519
4.457
4.393

TABLE p. Summary of exactly calculated energies at radii chosen to yield 2P3i2 +1S energy —6.00 Mev. The indices n and s designate
the shape of the charge distribution. The range parameter measures the size. All energies in Mev.

2S 2P&i2 2P3(g 2Pg2~1S 2Pyi2 —+1S 2S~2P3(2 2S~2P jig

0.5
1.0
2.0
4.0

10.0

n s

4 2
5.3 2
8 2
8 1.5
8 3

12 1.5
12 1.8
12 2

0.9529
0.7577
0.6289
0.5376
0.4695
0.3746
3.7159

0.9536
0.9480
1.'7976
2.8071
3.5147

2.1144
2.6791
3.1614
3.2628
2.9276
3.4616
3.4200
3.3904

10.504
10.525
10.540
10.551
10.559
10,570
10.620

10.500
10.507
10.522
10.568
10.609

10.534
10.574
10.605
10.603
10.602
10.615
10.616
10.617

3.623
3.620
3.617
3.615
3.613
3.610
3.596

3.623
3.623
3.619
3.609
3.599

3.615
3.608
3.601
3.600
3.600
3.598
3.598
3.597

4.684
4.706
4.722
4.734
4.743
4.755
4.809

4.683
4.685
4.703
4.753
4.798

4.716
4.759
4.792
4.792
4.791
4.804
4.805
4.806

Family I

4.508
4.529
4.543
4.554
4.562
4.574
4.623

Family II
4.507
4.509
4.525
4.572
4.613

Family III

4.537
4.577
4.608
4.607
4.606
4.618
4.619
4.620

5.997
5.997
5.997
5.997
5.997
5.997
5.997

5.993
5.998
5.997
5.997
5.997

5.997
5.998
5.997
5.996
5.996
5.997
5.997
5.997

5.821
5.819
5.818
5.817
5.816
5.815
5.810

5.81.7
5.822
5.819
5.815
5.811

5.818
5.815
5.813
5.811
5,811
5.811
5.811
5.811

0.884
0;909
0.926
0.939
0.949
0.963
1.027

0.884
0.886
0.906
0.962
1.013

0.922
0.969
1.007
1.007
1.006
1.020
1.021
1.022

1.060
1.086
1.105
1.119
1.130
1.145
1.213

1.060
1.062
1.083
1.144
1.199

1.101
1.151
1.192
1.192
1.191
1.206
1.207
1.208

0.176
0.178
0.179
0.180
0.181
0.182
0.186

0.176
0.176
0.17/
0.182
0.186

0.179
0.182
0.185
0.185
0.185
0.186
0.186
0.186

Gaussian
Modified

Gaussian

2.4714

2.0560

10.573

10.588

3.638

3.642 4.774 4.591

Family IV

4.758 4.576 5.997

5.997

5.816 0.938

0.949

1.119

1.132

0.181

0.182
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3Ds(a

2.119
2.124

3D3]2

2.155
2.167

3Ds(2-+
2P3I2

2.389
2.499

3D3(g-+
2Pag2

2.353
2.456

3D3(2 —+
2P1/Q

2.529
2.642

0.036
0.034

Figures 3 and 4 present the 3D—+2P and 2S—+2P transi-
tion energies and the 3D and 2P doublet splitting as a
function of a suitable shape parameter for families I
and II, subject to the restriction that the 2P3~~2—+1S
transition energy is 6.0 Mev. Future experiments may
of course alter the value of the 2P3~&—+1S energy, in
which case interpolation in Table III would be required,
but for illustrative purposes, it is adequate to take
6.00 Mev for this transition energy and to investigate
to what extent the other transitions among the low
states may reveal more about the nuclear charge dis-
tribution.

Table III indicates that a calculated 2P@&~15
transition energy of 5.997 Mev corresponds to an
observed transition energy of 6.072%0.065 Mev. Con-
versely, a measured energy of 6.07 Mev corresponds to
a calculated energy of 6.00&0.07 Mev, which implies
an uncertainty in the determination of the radial
constant for any shape of charge distribution of about
1.3 percent. (It is assumed that the uncertainty in the
experimental measurement is small compared to the 65
kev theoretical uncertainty. ) Table I shows the relative

LLj

-9

+0

0

~n
6452

(a)

2S
TT

2P~

ZX

2 PI

2

IS

0.5
3

n+3

I Q
I OC 6 45 2 I Q

09

6432 I 0
(b)

2S~2P,
~S, 2

0.8

~~BDa 2Pi/

QJ

j 3D~-2P f
08 2P 2 o2o N —2

W ~ 2
(

O.I5

0.3
~I

.r ,r —0.05

Q2 0,05 Pt2 — 004
~o

Ik=0.05

0, 1 P. I 0.02

-0.0i
I 0Ip 0 0.5 1.0

3
n+3

0 0.5 I.O

3
n+3

TAaLE VI. 3D binding energies and transition energies for
uniform and exponential distributions, with radii chosen as in
Table V. Energies in Mev.
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sensitivity of the various measurable energies to a
change of nuclear radius. For the present example, we
assume a distribution intermediate between uniform
and exponential. Then the 1.3 percent uncertainty in
radius implies uncertainties of about 0.22 percent in
the 3D~2P@~ transition, 0.60 percent in the 25—+2P@2
transition, and 0.26 percent in the 2S—+2P~~~2 transition.
To these uncertainties must be added the (larger)
theoretical uncertainty of about 25 kev from Table III.
Finally then, the 3D—+2P transition energies are pre-

n~6

n=

FIG. 4. Energies and radii vs shape of charge distribution for
family II limited by the condition 2P3~2—+1S energy=6. 00 Mev.
(a) Binding energies of four lowest states. (b) 2S—+2P transition
energies and 2P doublet splitting. (c) 3D~2P transition energies,
3D doublet splitting, and range parameter p. The quantities are
piotted rs an arbitrarily chosen shape parameter, e'/(e'+16),
which runs from 1 (uniform distribution) to 0 (exponential dis-
tribution).

FIG. 3. Energies es shape of charge distribution for family I,
limited by the condition 2P+&~1S energy= 6.00 Mev. (a) Binding
energies of four lowest states. (b) 2S~2P transition energies
and 2P doublet splitting. (c) 3D—+2P transition energies, 3D
doublet splitting, and range parameter y. The quantities are
plotted es an arbitrarily chosen shape parameter, 3/(n+3), which
runs from 0 (uniform distribution) to 1 (exponential distribution).

»G. 5. "Equivalent" charge distributions for family I, for each
of which the 2P3&2—+1S transition energy=6. 00 Mev. The hori-
zontal scale is in units of the meson reduced Compton wave-
length, A„. The vertical scale is in number of protons per A„3. The
range parameters for these distributions are given in Table IV
and plotted in Fig. 3.
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Tables V and VI). The change from uniform to ex-
ponential changes the 3D—+2P energies by about 4.5
percent and the 2$—+2P energies by about 15 percent.
It therefore appears that a knowledge of these mesonic
transition energies could throw considerable light on
the shape of the nuclear charge distribution.

The 2P doublet splitting, on the other hand, is
sensitive both to the radius and to the shape of the
charge distribution. A 1.3 percent uncertainty in the
radius introduces about a 1.6 percent uncertainty in the
2P doublet splitting, while the change of shape from
uniform to exponential alters the 2P doublet splitting
by about 10 kev or 5.5 percent. The determination of
the 2P doublet splitting, "e.g. , via the 3D—+2P transi-
tions, would be most useful in providing an independent
sensitive measurement of the nuclear radius and check-
ing for the possible existence of an anomalous muon
Inagnetic moment. The 3D doublet splitting, although
small ( 40 kev), is sensitive to the shape of the charge
distribution (Fig. 3). Its determination would provide
another useful datum on which to base a Arm picture
of the nuclear charge distribution.

Figures 5 and 6 show the set of equivalent charge dis-
tributions for which the 2Py&—+1S transition energy is
6.00 Mev. Figure 7 shows the corresponding equivalent
potentials for the extreme case of uniform and ex-
ponential distributions. Sample normalized wave func-
tions are shown in Fig. 8 for the uniform distribution.
The wave functions vary little from one distribution to
another, as is illustrated by the differences between
uniform and exponential wave functions shown in part
(c) of Fig. 8. Additional detailed numerical results are
available from the authors.

The sensitivity of the transition energies to the dis-
tribution of nuclear charge may be seen in a more

p( r )— f4=45.5

ns co
S=O

0.2I

O.I

0 I

0 0.5
I

I.5 2
I

2.5 3
I I

3.5 4 4.5 5

Fzc. 6. "Equivalent" charge distributions for families II and
III, for each of which the 21'3~2—+jS transition energy=6. 00 Mev.
The horizontal scale is in units of the meson reduced Compton
wavelength, X„.The vertical scale in number of protons per X„'.
The range parameters for these distributions are given in Table IV
and plotted in Fig. 4.

dictable to within about 1.2 percent, and the 25—&28
energies to about 3 percent, for any assumed shape of
charge distribution from an experimental 2P3/Q +15
energy measured to within a few tens of kev. The sensi-
tivity of these transition energies to change of shape is
considerably greater, however (see Figs. 3 and 4 and

0 0 2 . . 4 e 8" IO I2 I4 I6

li I l
'I

i l I

.4 I

I

I

v(Mev) I

II
24 "(a,~UNIFORM

(b) ~~EXPONENTIAL

32 /
34

FIG. 7. "Equivalent" potentials for the uniform and exponential
charge distributions, for each of which the 2P3q~~IS transition
energy=6. 00 Mev. {a) Potential of uniform distribution, with
nuclear radius indicated by dashed line. (b) Potential of exponen-
tial distribution. Vertical scale in Mev, assuming a meson mass of
207.0m, . Horizontal scale in units of meson reduced Compton
wavelength, X„.Corresponding charge distributions given in Figs.
5 and 6.

"Preliminary measurements LJ. Rainwater, Phys. Rev. 94,
773(T) (1954)j indicate a 2P doublet splitting of 0.18 Mev.
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5 „(r)L6p(r)/Zej4v. r'dr. (23)

The quantity by which S „ is multiplied in this ex-
pression is the fractional change of charge at the radius
r; and S „, with the dimensions of energy, is given by

5 „=—Ze(v —v„). (24)

Figure 9 shows the weighting functions S „ for the
2P@2—1S, the 3D~2I'y2, the 3D~2Ãig~, and the
2S—+28@2 transitions. The normalized functions shown
in Fig. 8 have been used to evaluate viq, e2q, and @2~,
e» has been neglected in comparison with e2~. For light
nuclei, the weighting functions have the radial depend-
ence: 5(2P—+15) —r', 5(3B~2P&~&) —r4. For Pb,
the peripheral charge is weighted relatively less in rela-
tion to the central charge than for light nuclei.

s (as ~z p~,~ )

o~~
~~~ S(5D~2Ps~ )

S(b0~2Pii2)

-6

-I2

assuming P '+G ' to be normalized as in the caption
of Fig. 8. The change of the transition energies may
then be expressed as single integrals over the change of
charge density'.

-0030 2 4 6 r 8 IO l2 l4

(c)

«I4

-l6

i l S(2'//~IS)

FIG. 8. Normalized wave functions. The horizontal scale is in
units of the meson reduced Compton wavelength, X&. The nor-
malization is: (1/)t„)J's"(psjGm)dr = l. (a) Wave functions for 1S
and 2S states, uniform charge distribution, radius R=3.716XI,.
(b) Wave functions for 2P states, same charge distribution. (c)
Comparison of 1S state wave functions for the "equivalent"
uniform and exponential potentials illustrated in Fig. 7. The dif-
ferences b,F=F„;g—F, p and 8 G=G„;&—G, p are plotted.

-IS

.20

"22

-24
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AE =14v v (r)8p(r)r'dr,
Jo

(21)

where v (r), the eRective potential due to mu meson in
the mth state (adjusted to zero at the origin), is given by

r7 r~
(r)= 4'(e/K„) ' —y 'dy (P '+G ')dx, (22)

o ao

pictorial way by using perturbation theory to examine
the eBect of changes in the charge distribution away
from the uniform distribution with "correct" radius. If
the altered charge distribution is p „;&+5p(r), the energy
shift of the mth level is

FrG. 9. The sensitivity of transition energies to distribution of
nuclear charge is defined by the functions S „of Eqs. (22)—(24)
and plotted here for four transitions. Entering into the calculation
of S „are the expressions for p,-meson density

I' (r) =4rr(t '+G ').
When the normalized exact solutions for uniform nuclear charge
were Gtted to polynomials valid in the neighborhood of the
nucleus, the results were, in terms of the dimensionless distance

$=r/)t„,
10'P (1S)= 140.71@+10.21/ —24.91)4+5.20+—0.32$',

103P(2P j/2) =6.565@+1.194P13.657/ —1.138++0.086$
10'P (2P3/2) =3.423/+0. 243$ —0.537$'+0.108/ —0.007$'

10'P(2S) = 72.34@+3.12@—16.60$'+3.97@—0.27) .
Inspection of Fig. 8 indicates that the above plotted sensitivities
would not markedly change if derived for nuclear charge distribu-
tions other than uniform.
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V. CONCLUSION

For light elements, the mu-mesonic transition energies
determine only (r')A, the average value of r' over the
nuclear charge distribution. ' This is the same quantity
that is determined at low Z by most other sects
sensitive to the extent of the nuclear charge distribution.

For heavy elements, the mu-mesonic spectrum is de-
pendent upon the shape as well as the extent of the
nuclear charge distribution. The present calculations
for Pb serve two functions. (1) They provide predictions
of the mu-meson spectrum for various charge distribu-
tions which may be compared with future, more precise,
experiments on the mu-mesonic transition energies. The
calculations, combined with other considerations on
perturbations and uncertainties in the interpretation,
indicate that the mu-mesonic transitions alone can
provide a reasonable idea of the shape as well as the size
of the nuclear charge distribution. (2) They limit the
set of possible charge distributions which may be
applied to the interpretation of other nuclear charge-
sensitive experiments, if the value of the 2P—&1S

transition energy is used as a constraint. Some con-
siderations of this use are given in the succeeding paper.
More especially, these calculations should help in inter-
preting the high energy electron scattering experi-
ments. In order to test their utility in this regard, exact
calculations of the scattering of very high energy elec-
trons from the conceivable Pb nuclei considered here
are now in progress.

The numerical results here reported were obtained
with one of the Los Alamos I.B.M. Type 701 com-
puters, in the use of which we have benefited from the
experience of members of I.os Alamos Group T-1, who
have developed a number of standard programs em-

ployed in the present work.
Stimulating discussions with Professor John A.

Wheeler of Princeton University contributed much to
the initial formulation of these studies. We have
profited also from conversations with Professor Rain-
water and Dr. Cooper of Columbia University.

APPENDIX I. SOME INTEGRALS OVER THE
ASSUMED CHARGE DISTRIBUTION

The normalization integral Ir (~ ), defined by Eq. (6),
and the dimensionless potential function Jf(x), defined
by Eq. (7), are here given for the various charge dis-
tribution functions, f(x), defined in Part III.

Family I

I,( ) =-;(nyi)(n+2)(n+3),

Ir(m) =
e—"+2e+—,'e'

1
1——e

2

Family IIa

1 1 t'1 —e' 1
Jr(x)= 1+—e' ——x'+e "~ +—e*

)2)

Family IIb

Ir (~ ) =e-"+2n+ ',e'/n'(1-',e-")—-

1 1 1 e "(1—e"* 1+-e-
I

(1 2 e "l
x&1;

(3 e' n' i
1 (1

Jr (x) =—e"—"*~ —+—
~

(e "+2—n+-,'n, '), x) 1.
2i

Family III

1 s coshs —sinhs
Ir(")=

1—2e S

(e'—s') s coshs+ (n2+s') sinhs

s (n2 —s2)

se "

/f2 $2 2

1 s2 ne " 1 sinhsx
Jr(x) =- coshs+

D s'(e' —s') (n' —s')' x s'x

e n en'

+ [(e'+s') sinhsx —2es coshsx]
2s(e' —s')' x

en e—nx

Jr(x)=- —[2ns coshsx
x 2(e' —s')'s x D

0

+ (n'+s') siilhsx]y x)1;
where

D= (1—-', e
—")Ig(~).

X (e--+2e+-',e'), x&e;
e" [(1/x)+k)]

Jr(x) =—— s)e.
x e "+2e+-'e'

where

1 n x~

Jf(x)=—(1—e—)—e *P bi,
g a=a

n+1 k e(n+ 1)——'(k——1)k

e+2 k+1 (e+1)(e+2) (e+3)

A. Exponential:

Family IV

If(~)=2,
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2k+1p- Ax',
y (1+p)+nZ Jf (0)

G=Bx ~,

nZJr(0)+y(p —1)p- gg—&+1

—24+1

k)0;

B. Modified Exponential:

Jr(~) =g

5 x
Jf(x)=-—e ' -+-+- .

x x 8 8
C. Gulssian, :

If(~) =-'-V'x,

1 2 t* 1
Jf (x)=— exp( —s') ds =—erfx.

x gx&p x

D. Modified Gaussian:

If(~)=pV~
1 2

Jf (x) =—erfx — exp (—x').
x 5+~

E. Square (uniform):

Ir( )=p,
Jq(x) =1/x, x&1,

Jf (x) = -,' —-', x', x(1.
APPENDIX II. REMARKS ON NUMERICAL METHOD

A Runge-Kutta method of integration is used to
solve Eqs. (10), with a constant interval size of two-
tenths of the meson reduced Compton wavelength, X.„,
or about (1/19) of the "correct" nuclear radius, as
dined for the uniform charge model, except very close
to the origin, where the first four intervals are —,'„—,',
4, and —', of the normal interval. The integrations are
begun at r = K„/80 with the asymptotic solutions of Eq.
(10):

G= Ax"+'

Here A and 8 are arbitrary constants. Each trial
solution is extended to whatever radius is required to
determine whether the trial eigenvalue is too high or
too low. If the initial values of G are taken positive for
the 15 and 2P states and negative for the 2S state,
common criteria for high or low e may be applied to all
four states: (a) if G exceeds a previously chosen large
number, G, , or if dG/dr passes from negative to
positive while G&0, then e is too small (binding energy
too large), (b) if G passes fron positive to negative, then
e is too large. The initial trial binding energy for the 15
state was one-half of the central potential. The initial
trial binding energy for the 25 and 2P states was one-
half of the binding energy of the 1Sstate. Trial solutions
were repeated for each assumed size and shape until
the apparent eigenvalues had converged to one part
in 2"—1.2&(10'. Some experimentation with interval
size indicated that for the interval above described the
accuracy of the eigenvalues was also one part in 10'.

For each shape of charge distribution, a number of
values of the range parameter y were used which led to
2Pg2~1S energies of 6.00 Mev&20 percent. The initial
value of y was chosen such that the distribution in

question had a mean value of r' approximately equal to
that previously found for the uniform distribution. 4'
Succeeding values of p were chosen automatically by
the machine, and a final value of p was chosen by inter-
polating parabolically among the previous values for
that range which would yield a 2Py&—+1S energy of
6.00 Mev. The final energies calculated with this inter-

polated y and the earlier interpolated energies agreed
to about 1 kev, so that parabolic interpolation among
the values of Table IV may be carried out with high
accuracy.

The sequence of calculations was made automatic
throughout the sizes and shapes of interest within each
family. Listings are available of the potentials, and of
the wave functions for the "correct" range, of each
shape. Each line of Table IV represents about five
minutes of automatic calculation.


