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An Instance in Theriacal Convection of Eddington's "OverstabilitJJ"*
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The existence of modes of cellular convection driven by thermal instability which are oscillatory in type,
rather than steady, has been predicted theoretically for systems that are rotating as a whole. Such modes
are of a type called "overstable" by Kddington in a different connection. The result of an initial successful
experiment with mercury is given.

'HE theoretical study of the convective fluid
motions due to thermal instability stems from

Rayleigh's 1916 attempt' to explain the experimental
observations of Benard on cellular convection. The
standpoint in Rayleigh's and the subsequent studies
has uniformly been to investigate the conditions just
sufhcient„ for the initiation of motions of a cellular

type by means of perturbation techniques relative to a
state of rest. All dependent variables in the perturba-
tions are assumed proportional to a factor e". %hen r"

is real, the conditions are investigated for 0 first to
become positive. The critical dividing point is taken at
marginal stability a =0, thus corresponding to a
neutral or steady perturbation. The steady cells
observed experimentally when the work is done care-
fully are then expected first at the physical conditions
corresponding to the marginal stability point.

While the possibility that 0- may be complex had
at least been noted by Rayleigh himself' and by
Jeffreys, ' none of the published work in this area until
recently dealt with problems in which a could actually
be complex in such a way as to give ampli6ed motions.
Pellew and SouthwelP for example, show that in
ordinary Benard convection problems, motions corre-
sponding to such complex 0's are always damped.
It. is apparent that in more general problems of cellular
motion the possibility may occur of first attaining a
positive real part for 0- with a nonzero imaginary
part. The corresponding perturbation will be an

exponentially amplifying oscillation or, at the point
where the real part=0, a neutral oscillation. The
former type of behavior has been named "overstability"
by Eddington4 who made some controversial applica-
tions of the idea to astrophysics. His reasons for the
name are best described in his own words: "In the
usual kind of instability a slight displacement provokes
forces tending away from equilibrium; in overstubility

it provokes restoring forces so strong as to overshoot the
corresponding position on the other side of equilibrium
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4 A. S. Eddington, 1nlernal Constitution of the Stars (Cambridge

University Press, London, 1926), p. 201.

and set up an increasing oscillation. " In the last
two years Chandrasekhar' and, independently, Frenzen
and Nakagawa have shown theoretically that over-
stability can occur for cellular convection in a rotating
system and Chandrasekhar has shown that the same
is true of certain cases in hydromagnetics. The pertur-
bation system governing rotating cellular convection
can be arranged so as to depend on three nondimen-
sional parameters: the Rayleigh number R=goPd'/»v,
the Taylor number T=4Q'd'/v', and the Prandtl
number I'=v/», where g is the acceleration of gravity,
o. the volume coefFicient of expansion of the fluid,

P the vertical adverse temperature gradient, d the
depth of the fluid, v the kinematic viscosity of the fluid,

the thermometric conductivity, and 0 the basic
rotation rate of the system. The above authors show
in one particular case that, provided P&0.6766, for
all suSciently large T the criterion for overstability
(osci1lating cells) is reached before the marginal
stability criterion for ordinary cells.

Mercury is a liquid whose Prandtl number is about
0.025 at ordinary temperatures and consequently it is
suitable for a search for overstable motions; In addition,
convection cells in a rotating system have at the top
surface individual rotations about their axes which

depend in sign on whether the motion at the center
of the cell is up or down. This gives a very simple
means of detecting whether oscillating cells are occurr-
ing simply by noting whether particles floating on the

top free surface show periodic reversals of the axial
rotation.

A trial carried out with preliminary equipment on
November 20, 1953 showed rather conclusively that.
overstable (oscillating) cellular motions are obtained
at approximately the expected conditions. A glass
cylinder of 14-', -cm diameter containing 5.0 cm of
mercury was rotated at about 10 rpm. Heating was

applied uniformly from below by means of a Corning
electrically-conducting glass plate. The estimated data
for the point where the cells first became visible in the
particle motions at the free surface and in the tempera-
ture gradient measurements were:

P=O 024, T=2 2X10', 8=7 6X10',

' S. Chandrasekhar, Proc. Roy. Soc. (London) A217, 306
(1952).' P. Frenzen and Y. Nakagawa, Tellus (to be published).
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corresponding to a temperature difference over 5 cm
of 1.7'C. While the field of motion at the top was
somewhat irregular and not strictly cellular, some cells
of about 2-cm diameter were always visible in the
overstable range and at least two were observed to go
through two full cycles of reversal of the axial rotation
without moving away or deforming appreciably. The
period of oscillation of the cells ranged from 15.1 to

16.2 sec in a set-of several determinations. The theoreti-
cal data available at present are not strictly applicable
because the boundary conditions are slightly diferent
but the above values may roughly be compared with
theoretical values for the given P and T of R= 2.1&(10'
and oscillation period=13. 9 sec. Systematic experi-
ments along these lines are planned at this laboratory
and should be the subject of later reports.
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The matrices of elementary particles are generalized to general coordinates, and a new covariant displace-
ment operator is defined, in order to generalize the theory of elementary particles to general relativity,
and obtain general commutation rules. The elementary particle is considered as a singularity, with spin-
structure of a gravitational field which gives Riemannian structure to the space-time. It is shown that the
transformation properties of the space-time are determined not only by the aKne structure due to the
gravitational field but also by the spin-structure of the particle singularity.

INTRODUCTION

&~IRAC'S equation has been generalized by Bhabha'
to describe elementary particles of any integral or

half-integral spin. However, in his theory of elementary
particles' Bhabha assumes that his theory is valid in
the framework of special relativity only.

Since a particle and its gravitational field are in-
separable, it is desirable to extend the theory of ele-

mentary particles to general relativity by making it
covariant for general continuous groups of transforma-
tion of Riemannian space-time. Even though, for par-
ticles of integral spin, tensor formalism is easier to
handle, the spinor form will be retained here in order
to keep the underlying unity of the theory for particles
of integral and half-integral spins always evident.
Pauli' has generalized Dirac's equation (for spin st) to
general coordinates; we shall show that 8habha's
equation can be generalized in a similar manner. To do
this we have to modify Einstein's idea of considering
a particle as a singularity in its gravitational field which

gives a Riemannian structure to space-time. The spin
structure will be described by the operation of a set of
spin matrices g" on the spin variables which are com-
ponents of a wave function P. It will be shown that the
I5& satisfy a certain commutation relation (dependent
upon the spin of the particle) which we shall for the
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August 29, 1953. This research was completed while the author
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s H. J. Bhabha, Revs. Modern Phys. 21, 451 (1949).' W. Pauli, Ann. Physik 18, 337 (1933).

moment write in the symbolic functional form:4

where g&"g„,=8&, g„„being the metric tensor of Rieman-
nian space-time.

y'o= go+ @LE;,+ r.,oy.1=ye+ego. , (2)

where g&, ,=8)&/Bx', e' is an infinitesimal parameter,
and I1&,, defines the covariant derivative of p".

Under a local infinitesimal spin-space rotation

$=1+e'0„
po transforms as

I1' =5 'I1"5=g"+e't(1")Q,g,
4 G is a rational integral function of I1" and g"".

SPIN AFFINE TRANSFORMATIONS

In Eq. (1) we assume that the matrices p& are con-
travariant components of a vector point function whose.
operation on f is determined by g„„at each point of
space-time. The eGect of the gravitational field is to
make this operation nonintegrable, i.e., dependent
upon the path chosen. Hence, under a parallel displace-
ment along a path, the increment in $o is

bgo= —F.„og dx",

where I' „f' is the alone connection constructed from the
gravitational potentials g„„.

Under an infinitesimal affine transformation, the g&

transform as


