RADIATIVE EFFECTS IN MESON-NUCLEON SCATTERING

(infinite) set of graphs: the ladder approximation arising
from use of the meson-nucleon equation.! Such a calcu-
lation represents another extreme in approximation
schemes: it drops terms with many mesons in the field
in favor of higher order (iterated) scattering graphs.
However, any method which arbitrarily neglects an
infinite number of relevant terms is, of course, open to
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the objection that inclusion of these other graphs could
vitiate all its conclusions.

ACKNOWLEDGMENT

I wish to thank Professor J. Schwinger for suggesting
this investigation and for many helpful conversations
during its progress.

PHYSICAL REVIEW

VOLUME 93, NUMBER 3

The Theory of Quantized Fields. V

JULIAN SCHWINGER
Harvard University, Cambridge, M assachusetis

(Received October 26, 1953)

The Dirac field, as perturbed by a time-dependent external electromagnetic field that reduces to zero on
the boundary surfaces, is the object of discussion. Apart from the modification of the Green’s function, the
transformation function differs in form from that of the field-free case only by the occurrence of a field-
dependent numerical factor, which is expressed as an infinite determinant. It is shown that, for the class of
fields characterized by finite space-time integrated energy densities, a modification of this determinant is
an integral function of the parameter measuring the strength of the field and can therefore be expressed as
a power series with an infinite radius of convergence. The Green’s function is derived therefrom as the
ratio of two such power series. The transformation function is used as a generating function for the elements
of the occupation number labelled scattering matrix S and, in particular, we derive formulas for the prob-
abilities of creating # pairs, for a system initially in the vacuum state. The general matrix element of S is
presented, in terms of the classification that employs a time-reversed description for the negative frequency
modes, with the aid of a related matrix Z, which can be viewed as describing the development of the system
in proper time. The latter is characterized as indefinite unitary, in contrast with the unitary property of .S,

FEBRUARY 1,

which is verified directly. Two appendices are devoted to determinantal properties.

TIME-DEPENDENT ELECTROMAGNETIC FIELDS

HE previous paper in this series! dealt with the
Dirac field, as coupled to a second prescribed
Dirac field. We shall now discuss the effect of coupling
with a prescribed Bose-Einstein field, using the example
of the electromagnetic field. The Lagrange function and
field equations of this system are presented in Egs.
(Iv. 1, 2).

The simplest extension of the work of IV is obtained
by supposing that the external electromagnetic field
vanishes in the vicinity of the boundary surfaces o)
and ¢, while assuming arbitrary values in the in-
terior of this region. We shall retain the gauge 4,=0
to describe a zero field. The decomposition of the
Dirac field into positive and negative frequency com-
ponents on ¢ and o5 can be performed as in IV, and
the history of the system between o; and o, will be de-
scribed by the transformation function (x 'a1|x ™ 0s).
The source substitution (IV. 33) produces the latter
from the transformation function referring to zero eigen-
values,

(00'1]00'2)=6Xp(1:Wo). (1)
The dependence of W, upon the source is expressed by

1 J. Schwinger, Phys. Rev. 92, 1283 (1953).

[@v. 37] ]
o= f (@) [570)-+ (P, @

where now

Vil —10u— €4, (%) K¢ (2))+-m{y () = n (),
[i0u—ed,(x) ](‘Z (@ Wut-m ()= 7 (x),

are the equations to be solved in conjunction with the
boundary conditions (IV. 40, 41). The associated
Green’s function [Eqgs. (IV. 42, 43)] thus obeys the
differential equations

Vul —10u— €A, (%) 1G4 (,0") +mG (x,5)
= [0/ —eAu(&) G+ (5,5 ) yut-mGy (w,5") =8 (w—a'), (4)

and the boundary condition that G, as a function of «,
shall contain only positive frequencies for x> %o/, 4,
and only negative frequencies for xy<xy, 4. We have
indicated by %o>A4 and x9<A4 that the domain of non-
vanishing field is confined, respectively, to earlier or
later times than «,. The same statements apply with «
and &’ interchanged.

The compatibility of these two forms of the boundary
condition, for arbitrary A,, can be ascribed to the
charge symmetry of the theory. If the second differ-

3)
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ential equation for Gy (x,#") is transposed with respect
to the spinor indices and x interchanged with #/, we
obtain the differential equation for the charge conjugate
Green’s function

'Yu[— 10, t+ed, (x)] Gy (2,57)
+m Gy (xa)=8(x—2), (5)

cG+ (x’x/) = CG+ o (x”x)C—l (6)
¥ 'r=—C"y,C. @)

where

and

The charge conjugate Green’s function is thus obtained
from G; by the substitution A,——A,. The relation
inverse to (6),

G+ (x)x’) =C CG+” (x,7x>c—1) (8)

now shows that the boundary condition obeyed by
G+ (x,2"), in its dependence on «/, is the same as that of
G (o )x).

The integration of the differential expression (2)
yields

Wo= f (@2) (@) (@)Gy @2 @) +w, )

—0

where w is the constant of integration, which charac-
terizes the null eigenvalue transformation function in
the absence of sources. We can no longer argue that
this constant vanishes, in view of the presence of the
external electromagnetic field. The resulting trans-
formation function differs in form from (IV. 46, 47)
only by the addition of w to W. In particular,

xo1|xH o2) Jo

=exp[iw—|—i f do, f da, ' (x)

XWG+(x,x’)w//’(x’)], (10)

where Jo indicates the restriction to zero sources.
The dependence of w upon the electromagnetic field
is expressed by

10— < f :l(dxﬁ,;oe(x)}]o

= @peien], v
where
Ju() =3[P @),y ()]
=—e try, @ ()P (&) +e(0,5") Jorszy,  (12)
and we have used the notation of (IV. 35). In the second

version of the current vector, it is understood that an
average is taken of the two limiting forms obtained
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with x¢—x—=0. The symbol tr expresses diagonal
summation with respect to the spinor indices. Now

5,00 (5)) o= f (@')Gy (2 Yo )
- [ <dx'>(¢<x>¢<x’>an(x'>)+>], (13)
so that . i °

KO WD) )e () o= G (55,

which reduces to (IV. 83) in the absence of an electro-
magnetic field. Accordingly,

<ju (x) >:]0 =ie try,G, (x:x>,

where G, (x,x) is defined by the same averaged limit as
in (12). To construct w, we must integrate the dif-
ferential expression

(14)

(15)

dw= f i (dx) triey 04, (x)Gy (x,x), (16)

with the initial condition that w=0 for 4,=0.

It should be noted that w is an even function of the
external field, and therefore is an even function of e.
This aspect of charge symmetry follows from the ob-
servation

try, Gy (%,%) = try, "G ' (,x) an
=—try, cG+ (x:x)’
which shows that

(Ju(®))Jo=%ie tryu(Gy (2,2) — Gy (%,%))

is an odd function of the external field. Hence, w is an’
even function. It is also worth remarking that w is a
gauge invariant, Lorentz invariant quantity.

(18)

Infinite Determinants

To obtain explicit formal expressions for w, we intro-
duce a notation in which the spinor indices and space-
time coordinates are regarded as matrix indices. Thus,
the differential equations for the Green’s functions are
written as

Ly (p—ed)+m]Gi=Gi[y(p—ed)+m]=1, (19)
and the differential expression for w becomes

dw="Tr(1ey0AG) = Tr(GyievdA), (20)

where T7 represents the complete diagonal summation,
with respect to continuous coordinates and discrete
spinor indices.

We shall employ the Green’s function for the zero
field situation, which obeys

(p+m)G =G (vp+m)=1. 21
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If we multiply the two equations of (19) with G,%, on
the left and right, respectively, we get the integral
equations

(1—GlevA)G=G+(1—eyAG") =G,  (22)
which have the symbolic solution
Gi=(1—G%yA)7'G"'=G"(1—eyAG)™. (23)
Hence,
dw=Tr[ (1—eyAG, )6 (—eyAG,Y)] 24)
=Tr[(1—G ey A) 6 (—GLevA)].
We thus encounter the differential expression
TrX—16X=45(log detX), (25)

which, together with the initial condition, detl=1,
completely defines the determinant? of a matrix (or
operator). Therefore,

ev=det(1—eyAG,%)=det(1—G%y4). (26)
The identity of the two forms expresses' the deter-
minantal property

det(1— G, leyA) = det[ G40 (1— ey AG,%) (G40 1]

(27)
=det(1—eyAG,9).
We have shown that w is an even function of e.
Hence, we must have
e =det(1+eyAG,), (28)
which can also be derived directly from the transposi-
tion property of determinants. An explicitly even for-
mula now follows from the multiplication property,
v =det(1—eyAG2vAG,Y), (29)
which would be the result of constructing w from (18).
The relation between the values of e® for two different
fields can also be obtained by determinant multipli-
cation. We first observe that (26) can be written

3iw = det[ (G+)_IG+0]. (30)
Hence,
exp (3w ®) /exp (7w ®)
=det[ (G4 ®)7'G4"] det[ (G)'G+®] 31)

=det[ (G, V)G, @]
=det[1—ey (AW —A®)G, @],

The matrices that enter in these determinants are of
the form 14-AK. An infinitesimal change in the param-

2 The equivalence of this definition with the customary one is
shown in Appendix A.
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eter A yields, according to (25),
5log det(1+-AK)=Tr(14+AK)""0\K.  (32)

If we define the logarithm of the matrix 14+AK by

')

log(14-NK) = f A4+NK)INE,  (33)
we find that ’

det(14+AK)=exp[T7 log(1+AK)]. (34)

Under appropriate circumstances, the matrix log(14+AK)
can be expanded in powers of A and

» 1
Trlog(14+AK) =3 (— 1) 1-A"K ,, (35)
n=1 n
where
K.=TrK». (36)

If we then expand the exponential in (34), we get

det(14-AK) =3 \"d,, @37
n=0
with (KM (—3K9)* Gy
o=y — T2 Y L (38)

ko k! k! k3!

in which the summation is extended over all non-
negative integers ki, ks, « + - such that

The direct expansion?® of the determinant is expressed
by the coefficient

1
dp=— f(dxl) -+ (dwy) det K (x4)%5), (40)
n!

where the summation over spinor indices is understood.
The identity of the two expressions, (38) and (40), is
established by remarking that each of the »! terms in
the development of det(.)K (%;,%;) consists of one or
more cycles in the variables. Thus, for »=6, one of the
terms is

- [:K(x1,x1)][K(x2,xs)K(xsyxz)]
LK (24,%5) K (365,206) K (15,%4) -

On carrying out the integrations, this will yield the
product of three traces, —K1K,K3. In general, we shall
find k; unary cycles, &, binary cycles, etc., and these
integers are related to # by (39). The number of terms
that have the magnitude K Kg¥2- - is

n!

By 1282k 1305k, 1 .

3 See, for example, E. T. Whittaker and G. N. Watson, Modern
Analysis (Cambridge University Press, Cambridge, 1927), Sec.
11.2. A derivation, with the aid of operator methods, will be found
in Appendix B.

(1)
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where the powers of 2, 3, --- express the cyclic sym-
metry of the traces. A binary cycle contains an odd
permutation, and in general the sign factor is

(— 1)krtket - (42)
The resulting expression for (40) is just (38).
The quantity
det’ (14-AK) = e~T™E det (14-\K) (43)

is evidently obtained from det(1+4+AK) by placing
K1=0. Accordingly, in the power series expansion

det’(1-4+-\K) = i Ay, (44)
n=0

the coefficients
1

4/=— f (@) - - - (dxn) deten/ K (xiyey)  (45)
n!

contain determinants which are obtained from those of
d» by omitting all unary cycles. This is equivalent to
striking out the diagonal elements of the #-dimensional
matrix. Similarly,

det” (14-AK) = exp[ — TrAK+ 317\ K*]
Xdet(14+AK) (46)

has a power series expansion in terms of determinants
from which all unary and binary cycles are omitted.
However, the latter process cannot be represented by
simply omitting elements of the matrix.

The modified determinant det’(14+AK) obeys the
fundamental inequality

| det’ (14+AK) |2<exp[TrAKAK)1]. 47
To prove this, we first remark that
|det’ (14AK) |2
=exp[ — T¥AK ] det(14+AK) exp[ — Tr(AK)1]
Xdet(14+AK)t  (48)

=exp[ TAK A\K)T] det T (14-AK) (14+-AK)1].

If H=144 represents a Hermitian, non-negative
matrix, we have

det’ H=exp[ Tr(log(1+4)—A4)]<1, (49)

since, for every eigenvalue 144’>0, there exists the
inequality
log(14-4")— A’ <0.

det T(1-+AK) 1+AK) 1] <1,

which establishes* (47).
We conclude from this inequality that det’(14AK)
is devoid of singularities throughout the finite A plane,

(50)
(51)

Hence,

4 One can also prove (47) with the aid of Hadamard’s inequality,
R. Courant and D. Hilbert, Methoden der Mathematischen Physik
(Interscience Publishers, Inc., New York, 1943), p. 31.
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provided that
TrKKt< o, (52)

The modified determinant is then an integral function
of A, and we can assert that the Taylor series (44)
converges for all A. The same statements apply to
det””(14-AK), since

| TrK?| < TrKKH. (53)

The dependence of det’ (1-+M\K) upon the elements of
the matrix K is described by

dx det’ (142K)
=det’ (14-NK) T (14+-AK) 1= 1)N6K ]

= —det’(14+-AK) Tr[ (1-+AK)"AKNK ],
which indicates that the quantities

det’ (14+-AK) (x| (14+-AK)~AK | ")
= — (/K (' ,x)) det’ (14+AK)  (55)

are integral functions of A. Now

(5/6K (x/7x>)d2,= - K(x)x,), (56)
and
(3/8K (2" %))dx’
1
— [ @@ g s —s(e—a)
1 X (3/0K (x4,5)) det(ny) K (2;,;) (s7)
= J @ @Ky
Xdet(n)’K(xi,xj)]xl =x,59 =2/,
so that
det’ (14-MK) (x| (14+-AK)"\K | o)
© 1
K ()30 AH— f (dwr)- - - (d)
n=1 n!
K 3 ! ) K %)
Xdet<n+1)'[ (,0"), K (x,25) ] (58)
K(xi:xl): K(xfyxj)

is a power series with an infinite radius of convergence,
under the stated condition on K. We have employed a
determinantal notation which corresponds to the par-
titioning of the #-+1 dimensional array with respect to
the elements of the first row and of the first column.
The discarding of unary cycles here implies the omission
of all diagonal elements save the first, K (x,2").
In a similar way, we have

sx det” (14+\K)
=det” (14+NK) T (14+-AK)1— 14+ AK)NK ]

59
=det” (1+AK) Tr[ (1 NK)"NKNGK ], 59
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so that

det” (14-AK) (=] (14-AK)"NK?| +')

= (8/6NK («',x)) det” (14-Nk)  (60)

is an integral function of A, which is represented by the
convergent power series

det” (14-\K) (x| (14-AK)"NK?| ')

© 1
— T f (@) - - (d)

n=1 n!

0 i
K (x,%;) ] 61)

Xdet "[
LK (o), K (oes)

The omission of K (»,%"), in comparison with the series
(58), corresponds to its origin by differentiation from
the binary cycle term $77K2.

To employ these results, we first place
AK=—eyAG "y AG,". (62)

We shall show later that the condition (52) on K holds
for a certain class of electromagnetic fields. Then

det’(1— ey AG, 'y AG, %) = exp[ TryAG, "y AG, ]

is an integral function of e, or of the parameter measur-
ing the strength of the field. But, according to (26) and
(46), we also have

det” (1—eyAG,%) =exp[ 32 TryAG 'y AG, Y ]e™, (64)
in which we have used the fact that
TryAGy0= —TryA (Gy0=0, (65)
since G,°= G,°. Hence
det’ (1— ey AG 9y AG,0) =[det” (1—eyAG,) T,  (66)

which shows that the power series expansion for
det” (1—eyAG4® cannot have a finite radius of con-
vergence, since this would contradict the integral
function property of the left side in (66). Therefore
(64) is an integral function of e, which is represented by
the convergent power series

exp (—ictwy)e?=det” (1—eyAG4Y)

— 143 e

=2 (2n)!

f (dy) - - - (dxan)

Xtr {ﬁ(%z‘l (%)) deteny” G40 (i) } . (67)

i=1

We have exploited the known even character of this
function, and written

wi=3TryAG "y AG, (68)
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for the coefficient of ¢? in the expansion of w. Inci-
dentally, since 7w is the logarithm of an integral func-
tion, its Taylor series will, in general, have a finite
radius of convergence, which is the magnitude of the
smallest root possessed by the integral function (67).

With the knowledge that det”(1—eyAG,% is an
integral function, we turn to (61) which provides infor-
mation about the elements of the matrix

(1—eyAG9)1—1—eyAG,°
=eyA[G"(1—evAGL) ™= G

= eyA (G_|.— G+0) . (69)

On removing the factor eyA(x) from both sides, we
obtain the power series representation of the integral
function

det” (1—evAGL)[ G (w,0) — G4 (wa) ]

© 1 : n
S0 [t @) tr{nmA =)

n=1 n! =1

0, GO (w,;
Xdet(nﬂ)”[ * ( ’ ]> ]} (70)
G+O(xirxl)’ G+0 (xi;xj)
The Green’s function G4 (x,x") is thus obtained as the
ratio of two integral functions,® which are each ex-
hibited explicitly as infinite series. We can also present
(70) in terms of the matrix I, defined by

G =G "+GIGY, (71)
or
G (e,') =G0 (!)+ f (@) (d")G O (")
XI(x”,x”’)G+°(x”’,x’). (72)

Thus,
det” (1—eyAG I (x,x")

0

1 n .
=% (=0 [ (@) tr{HmA (52)
n!

n=1 =1

07 5(x—x1)
Xdet<n+1)” , } (73)
§(wi—a), Gy (xss)
in which § (x— ;) and 8 (x;—«’) also imply delta symbols
for the suppressed spinor indices.

In discussing the condition (52), where AK is given
by (62), it is well to notice that the value of det’ (1-+-AK)
is not affected by replacing K with f~Kf, where f is
an essentially arbitrary function of x, concerning which
we only require that it exhibit the space-time localiza-

5 This result can be identified with the solution of the integral
equations (22) by the methods of Fredholm, Hilbert, and Poincaré.
We have, in effect, developed the requisite parts of this theory
directly from the differential form (25). Applications of the
Fredholm procedure to the theory of scattering have been made by

several authors [R. Jost and A. Pais, Phys. Rev. 82, 840 (1951);
A. Salam and P. T. Matthews, Phys. Rev. 90, 690 (1953)].
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tion of A,(x), consistent with the same property for
f(®)'4,(x). Thus, we may say that f(x)=(4(x))},
where A (x) measures the magnitude of the potential
vector for the external field. Then

TAK (\K)t=¢t f (dx) (d') (des) (davs)

Xtr[ f(x) A (2)G10 (x,%1)vA4 (1) G40 (1,4)
X (@)Y yoG0 (' j22) v A ()
XG_(x2,x)vA (x) f(2) o],

and the integrations are all confined to the interior of
the region occupied by the field. Conditions for the
finiteness of this integral thus refer to the possible
singular character of the field in the vicinity of a point
(or points). Let us suppose that

(74)

A (x)w[(x—-‘xo)zj—%(l—ﬁ) = I x— % I—(l—ﬂ) ' (75)
in the vicinity of x,. The convergence of the integral
involves the behavior of G.°(x,x") for x~=x’. Since the
Green’s functions satisfy a first-order differential
equation with a four-dimensional delta-function
inhomogeneity, we have

z~ws GO )~ |x—a |3 (76)
The sixteen fold integral (74) will converge about the

point %, despite the singularities of the four 4 and the
four G° provided that 16>4(1—8)412, or

8>0. (77)
Hence F(x), the measure of the field strength,
a~xor  F (%)~ |a—x| =9, - (78)

cannot be as singular as |x—o|~2, which implies the
integrability of F(x)%. Accordingly, our discussion
applies to those electromagnetic fields for which the
space-time integrated energy density is finite.

We must observe, finally, that

w=14 f (dx) (dx') tr[vA (x)G40(x,%")

X’YA (x,>G+0 (x’)x)] =, (79)
independently of the field. This stems from the coin-
cidence of the singularities of G.%(x,2") and G,°(x',x)
at x=2'. Since w, must be gauge invariant, the potential
vectors always occur differentiated, and the singularity
of each Green’s function is effectively reduced to
|#—2|~2. Hence the integral (79) is logarithmically
divergent at x—a’=0. The explicit result obtained

& This criterion is also stated by A. Salam and P. T. Matthews,
reference 5.
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elsewhere’ can be transformed without difficulty into

wy= — f (d2) (@) 3F w (e)un(r—2)E (&), (80)
where

1 0
=)= f kdk[ (1— (2m/x))}

‘8 2m
—3(1— 2m/K))* ]G+ (x—2', 6), (81)
and
1 eik(z—-z’)
—2, k)= k) , e—>+0 (82
(== [ (32)

is the outgoing wave Green’s function associated with
the differential equation

(=9 +K) G (=o', 1) =5 (x—2).

The quantity «, which appears as a mass parameter in
the last equation, ranges from 2m to infinity, thereby
producing the logarithmic divergence that we have
already recognized.

The divergent part is separated by writing

(83)

Gy (w—o/, 1) =k (x—2")+x20,2G (x—a', k), (84)
which yields
w(x—2)=Cé(x—a")+9,2w(x—1'), (85)
where .
1
C=6‘7r7(10g (K/m) - %)JN-M) (86)
and ) oy
w(x—2)=— —[L(A— (2m/x)?)?
=)= [ == Gmion
—3(1— 2m/))¥]G (x—o', k). (87)
Thus,
w=—C [ @R+ [ @)@
X0 F () (x—2") 0N Fur (x), (88)

and the second term is finite for the class of fields to
which our results refer. This follows from the remark
that Gy (x—o/, K)~|a—a'|~2f(x|x—2'|), for x~a'. If
the derivatives of the fields have the singularity
| x— 0| ~@—H 8>0, the integral

f (02) ()3, B ()G (=, ) NFin ()

is convergent, and behaves like k2 for k—c0. The final
integration is therefore convergent.

7 J. Schwinger, Phys. Rev. 82, 664 (1951). In Eqgs. (6.26) and
(6.29), the denominators printed as 4x? should be (4x)2.
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Although w is divergent,

'eiw12=e~21mw (89)
is finite, since the divergent parameter C is real. We
shall derive a useful determinantal expression for this
quantity. The matrix 7, which has been introduced in
(71), is also defined by

eyAGL=1G°, GieyA=G\, (90)
I=eyA(1—G%yA) = (1—eyAG %) eyAd. (91)

The adjoint matrix — _
I=~ Ity (92)

is characterized by the same equations, but with G_9,
G- replacing G;% G;. If we solve (91) and the analogous
adjoint equations for ey4, we find that

eyAd=(1+1G ) I =1(1+G,I)™

=I(1+G2D) 1= 1+IG9, (93)
which yields the important equations
I-I=I1(G~GOI=I(G,*~GOI. (94)

The zero-field retarded and advanced Green’s func-
tions are given by

Gret (2,2") =Gy (2,0") +45 O (w,")
=G_O(x,0")+iS (x,07)

LS (a,2)+SO (x,2') ], x> %0’
-| 05)
O, xOS xo/,
and
Gaa? (2,2 ) =G0 (2,2") — 1S (x,2")
=G_(x,x")— 1S (x,x")
0, Xo Z xo’
= [ (96)
—i[S® (2,0 ) +SO (x,2)], xo<xd,
in which we have written
S (x,x) =3 rp(@)Pp (&),
+»
. 97
SO (w,0") =22 ¥ap(@)Pnp (&),
Y4
Now .
1—Gretleyd= (1—iSOI(1—G%yA) 08)
= (14+iSDON (1—-GLeyA),
and
1—GagyeyA= (14+iSHI) (1 -G lev4)
(99)

= (14+iSOD (1—=GLeyA),
from which we obtain

det (1—GreleyA) = det (1—iSOT) det(1— G leyA)

- (100)
=det(1—iS®I) det(1—G_ ley4)
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and

det(1—GaaleyA)=det(14+iS (+)I- ) det(1—GylevA) on)

- = det(14+iSOT) det (1—G_OeyA).
det(1—GreeyA) = det(1—Gaaleyd) =1, (102)

since all cycles vanish when the matrix K (x,%") is pro-
portional to Grl(®,%") or G.a’(x,#’). In particular,
unary cycles do not occur, in view of the definitions® of
these Green’s functions at xo=xy'.

Therefore,

o= det (1= G ey A) =[det(1—iS D) T

=[det(1+iSPI) T (103)
and
e " =det(1—G leyd)=[det(1+iSOI) ]
=[det(1—iS®ODH T (104)

On multiplying together corresponding expressions
in (103) and (104) we encounter determinants of the
matrices

(1—iSONA+iSON=1—iSO I —-D)+SOISOT

=1+4+SOISH], (105)
and _ _
A4+iSPNA—=iSHN=14+SDISOI, (106)
in which we have used (94), written as
I—T=il (SO —=SNI=iI(SH—-SNI, (107)
in virtue of the relation
G- G O0=i(SH—-5O), (108)
Hence
[eiw]2=[det(14+SOISHI) T
(109)

=[det(14-SPISOD) T,

Only matrix elements of I and I connecting positive and
negative frequency modes are involved here. With an
evident notation to designate these submatrices, we
have

lew|2=[det(14+1_ I )T
=[det(14+7, I_)T (110)
8 The arbitrariness of the definitions for xo=x,’ is without in-
fluence on the final result. Let Gre(x,x"), for example, be more

generally defined at x—x¢’=0 as the numerical multiple
1(0 <u<1) of the value for xo—x¢’=-+0, namely,

Then i Zrp ¥ap(@O¥ap @) [=dvod (x—x")].

det(1— GreleyA) =exp [— f (dx) trGre (x,x)evA (x)]
~exp[—inZ [ @ihserd W),

which is of absolute value unity. This is the property actually
employed in deriving (109).
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and

I+_=I_+*, T_+=I+__*. (111)

Hence /_ 4/, _and I, _I_ are nonnegative Hermitian
matrices, which possess nonnegative real eigenvalues,
and

[e*]*<1. (112)

The Scattering Matrix

The history of the Dirac field under the influence of
the external electromagnetic field is given by the trans-
formation function (10), which we now employ as a
generating function for the occupation number trans-
formation function (ne¢1|#n’s2), according to

(a1 x D)= 6 |1) (n | o) (' | x).
' (113)

We shall represent this transformation function in
terms of the matrix, referred to the standard surface,
of a unitary operator S,

(no1|n'os) =exp(iP(n)x1) (1] S|n') exp(—iP (n')xs).
(114)

We can regard S as describing an equivalent disturbance
which is localized on the standard surface. .
On introducing the matrix I, according to (72), we get

f do, f 4oV By, Gy (e Yy ()

=f d"#fd”v'\l?'(x)qu+°(x,x')w//'(x')

+ f (@) @)W @) W (), (115)

in which we have written at interior points, as in IV,
¥ (x)=1i f do,/ Gy (@ )yl (o),

¥ (w)=—i f do/V (& )7G ('), (116)

and, it should be noted, the Green’s functions are those
for zero external field. Hence,

(x (~)’Ull x P ay)=(x 01 ] x'a3) Joe™
xessi [ @@ 1w @] @)

where, in this section, |, designates the absence of an
external electromagnetic field. It will be recalled that

(X(“)'01‘X(+)/0'2)]0

=exp[ 2y xrp PP, )], (118)
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and that
¥ (2) =224 ¥ap(a)e oy,
+Z— ll’kp(x)eimlxkp(_y:

i ] . (119)
Y (0) =2 hrp(@)e Py,
+2 4 Dap(®)eireix, ).

On incorporating the phase factors e, ¢~7%: into
the eigenvalues, we arrive at the generating function
for the scattering matrix, (#|S|#n’),

O |) (] S|) (0 | ")
=™ expLZ X005 GrmrvarHil (VN
++

+2 2007 Grprr =L (NP AP))x0 '
+§ xap T PN P )xnr
+22 0PI PN P )30 4], (120)
where o

TN = f (@) (@) )] (w8 Worr (). (121)

A simplified generating function that describes the
transitions of a system known to be initially in the
vacuum state, is obtained by placing the eigenvalues
x ) equal to zero,

T [0) (1] 50)
= expli X 00 TN P ovw 7] (122)
=

Hence,

(0].5]0)=e™,
(n41_| S]0)=0bnyn_e®i" det )l (4,—),

(123)
(124)

and

where n=mn,=mn_ is the number of pairs of oppositely
charged particles that are created, and the #-dimen-
sional determinant is constructed from the elements
I(\p,Np"), where the row index Ap ranges, in standard
order, over the positive frequency modes that are
occupied in the final state, and the column index
similarly refers to the negative frequency modes. The
factor ¢"*(=1, n even; =1, n odd) arises from 7" com-
bined with (—1)¥D_ the latter being introduced on
bringing the eigenvalues into standard order. The
determinant can also be written as

d I ! d. d dx,’ dx,,’
eten (+,-)—@!—);f( )+ (dwa) (dr’) - - - (da’)

X (det Py () )(det I (x:,3)
X (det (¥ ().

The probability that the system persist in the vacuum
state is thus given by

p(0,0)=10[S[0)[*= [e™]*,

(125)

(126)
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while the probability for creating % pairs of particles
in specified modes is

P(”Iq_’ﬂ_,o) = I eiw [ 2[ det(n)I(-I_ y ) |2’

The total probability for the creation of # pairs is,
therefore,

(127)

P 0= +=Z_= P(’l’b+n_,0)
1
=Je™|*—— 3 (detm! (+, =)
(m)2+—

X(det(n)j('_ 7+))’

in which the latter summation is extended independ-
ently over the # positive frequency modes, and the
n negative frequency modes. The factor 1/(n!)? thus
removes the repetitious counting of final states. We
insert (123), together with the analogous expression for
det(yl (—,+), and employ determinantal relations of
the type

(128)

1
" 2 (det (ayp—(x:))(det (nyP— (%))

= det(n)S<_) (x,»,x,-’), (129)
and
1
— [ @) @) et i)
7.
X (det(n)S(”) (x]-',xk”)) =det (n) (x,; I IS™ | xk") . (130)
This yields
1
pua= el [ (@) (@)
n!
Xdet ny (2:] SPISOT |w;).  (131)

The probability for encountering the system in some
final state is thus

w © 1
A Ll RCNERCEN

n=07!
X det (2] S('HIS(‘)Tl x5)
= |e® |2 det (14+-SDISOT)

=1, (132)
in virtue of the expression (109) for the quantity which
is the vacuum-vacuum transition probability.

The general matrix element of S is advantageously
presented in terms of the classification introduced in IV,
which employs a time-reversed description for the
negative frequency modes. We take the generating
function (113) for the matrix of .S and write

[SIxP)=e[¥'[Z1¥], (133)
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so that
721 1=eni § do § a0/¥ G,

><G+<x,x'>w'<x'>], (134)

and it is understood that the eigenvalues on the right
are to be referred to the standard surface. This ex-
pression serves as the generating function for the occu-
pation number matrix of ), according to

W’IZlt//]=Nlele7’lN][NlZIN’][N’IW]- (135)

In virtue of the relation

(x& l n) (n' ] XN = (= 1N~ (= 1)IV—N")WNA1=N_")

X[ NIV [¥'], (136)

we have the following connection between the matrices
of Sand > :

(n] S| )= e (—1)N-(— 1)} NN WA=N-")

XVIZINT].

The occupation numbers N=#x,n_' are associated
with modes that propagate out of the region bounded
by o1 and g5 (positive frequencies on ¢, negative
frequencies on o,), while the occupation numbers
N'=n,’'m_ are those of modes that propagate into the
region (positive frequencies on o3, negative frequencies
on 7). Hence 3~ connects an “initial”” state described by
incoming fields with a “final” state specified by outgoing
fields. The sense of development is that of time for the
positive frequency modes, but is reversed for the nega-
tive frequency modes. Without attempting to justify
the term here, we speak of 3, as describing the develop-
ment of the system in proper time. Tt should be noted
that the number of “particles” is conserved, N=N’, as
is evident from the structure of the generating function
(134). Thus, n,+n'=n/+n_, or ny—n_=n,'—n_';
the conservation of particles in proper time is equivalent
to the conservation of charge is conventional time.’

In the absence of an external field, we have S=1, and
> =¢, where, according to (IV. 96)

[ |ely'J=exp[X Do ey
=X [NI(=D¥N|y],  (138)
[I\TIGIN’]= (SI\T,N/(— I)N“. (139)

This also follows from (137). On using (115) and (138),
the generating function (134) assumes the form

[0/ |5 19T explS daslo 08, N9 Wary '], (140)
with

(137)

so that

"O\P:NP’) =€e(\)Oxp,nprt3f O‘P:NP/)-
9 See R. P. Feynman, Phys. Rev. 76, 749 (1949).

(141)
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The general occupation number matrix element of 3
is thereby obtained as

[N | N"]=6xn, v detanyo Ap,N'D),

where Ap and N'p’ range, in standard order, over the

- occupied modes of the “final” and ‘“initial” states,

respectively. _

We shall now use the connection between I and I,
Eq. (107), to prove that ) satisfies the relations

Sted =2 t=e (143)

This indefinite-unitary property will first be established
for o(A\p,\'p’), which represents the sub-matrix of 3
for single “particle’” states. We combine (141) with

atApN'D) = eN)onp v —il \pN'p),  (144)
and construct
I 0PN )N Ye BN )= Wb
HILIOPNP)~T0pNP)]
+ 2 T0pN 0 IOCHAP). (145)
But (107) implies that

IQpNP)—=IpN'p')
=i T IOpN'P)e0N)INDND). (146)
Ilpll

(142)

Therefore

2t NP )N ) (NP N = e(N)orp vy,  (147)
k'lpll
or, in matrix notation,
clec=c¢. (148)

Since the fundamental relation between I and I is

unaltered by the substitution J«<»—1, we also have
(149)

The general statement can be deduced from (142).
With

geat=e.
VXN ]=bw, 5 detanatp,N'p),  (150)
we get

ZLVIZt | NIV N']

1
=0N,N— > d(‘)t(zv)(tfT ()\;D,)\"p’/)e ()\”))
N! N
Xdeta(e(\'p", N'p")
=bn,n detany( 22 atAp NP )eN)a (D" N'p"))
x/lpll

=by, v (—1)¥-=[N|e|N'], (151)

which establishes the first part of (143). The proof of
the second part is based analogously upon (149). In a
closely related derivation, we combine the partial
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generating functions
§EN |Z NN l¢']=p(§.‘.’ a(\pNP W Y, (152)

and
;[J/IN’JEN’IZ*EIN]
=’g(k§, Dy dt VP NP MY, (153)
into
VXt eXZ|y]
=exp[ X ¥/ at (AN "D ) e )a (VD" N p W]
=exp[ 2 ¥ay'eW¥ns']
=[¥']el¥].

The indefinite-unitary property of 3 implies, in par-
ticular, that

I(=D¥-N|IN|EIN] =1, (155)

which indicates that |[NV|X|N’]|? is not necessarily
less than unity. But this is to be anticipated from the
significance of these quantities as relative, rather than
absolute probabilities,

IEN[Z|N7][*=p(n,n")/(0,0).

Consider, for example, the probability for no change in
a single particle state, relative to the probability for the
maintainance of the vacuum state,

(154)

(156)

(Lo 1p)/2(0,0)= [ (Ap,Ap) | % (157)
The one-particle version of (155),
%2, eMeM) e’ Ap)|*=1, (158)
asserts that
lo(ApAp) [2= I—WE#M eMe) [aWp'Ap)[% (159)
Thus, for \>0, say, we have
p(hap1an)/0(0,0) =131 [ I(N'p' Ap) |2
+2-[INp'Np) |2, (160)

where the positive frequency mode summation omits
Ap. These oppositely signed summations express the
changes in the probability ratio, relative to unity,
produced by transitions of the particle to other positive
frequency modes, and by the exclusion principle sup-
pression of pair creation in which a particle would have
occupied the mode Ap.

We shall now supply the explicit verification that .S
is a unitary operator. The proof is more involved than
the elementary demonstration of the indefinite-unitary
property possessed by 3. This is attributable to the
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non-conservation of the number of particles, as com-
pared with the number of “particles.” Our procedure
begins with (117), written as

(@ (ST ()= (B ()T (e
Xexp[i [@ <dx'>¢'<x>r<x,x')¢'<x'>], (161)

with the usual understanding on referring eigenvalues
to the standard surface. By introducing the operators
that possess the eigenvalues x»," we can exhibit the
vector S¥(x™’), and thereby the adjoint vector
®(x)St. We must then prove that the product
(x| StS|x D) equals (x| x ). The evaluation of
this product is accomplished by bringing the operators
to bear upon their eigenvectors, which will yield a func-
tion of the eigenvalues, multiplied into (x'|x").
This function of the eigenvalues can also be obtained by
making the substitution xx,®—xx,®+x2,&’, and
evaluating the null eigenvalue matrix element. Thus,
the demonstration of StS=1 is reduced to the veri-
fication that

le*|*(0] F|0)=1, (162)
where

Feexp| i [ @) 0P G+ Fap(ahas ]
XTI 6+ S @]
Xexp [ (@) @Y7 1+ Er o]
XIa?)V WS dow s 1). (169

The commutation properties of the operators x,®
should be noted. Since

T [x D) =exp(E x0T x0pM),  (164)
Ap

we have
(x| x)
. (X(_)'|X(+)')§:.(BXxp(_)'Xxp(+)'+xxp(_)'5Xxp(+)')
P
= (x© lg (3300300 P 300030, ) [ X)),

(165)
and therefore

Gem=1 Y x0T, Gyo=1 3 x0,Hx2p .
Ap Ap
(166)
The implied commutation relations are
Gor ™0 Y= D0 xv e O3 =0,

(167)
{X)\p(+);x)\’p’ (—)} =0rp, N p'-
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Naturally, the same results are obtained from the
operator properties of ¥ and .

Our first task is to demonstrate that the left side of
(162) is independent of the eigenvalues. Now

(/8 ())F

=—i f (@) (22 ) @' @)+ Lt a0 (@00 ) F

+Fi f (@) (8" ) (&) 2 —dap (#)3057). - (168)

Furthermore, for A>0,
Do F 1= (81/0x00 ) F

—Fi f () (@ Wrp (2) (5,)

X(‘l/(x')+2—%'p'(x')pr'(_)), (169)
and, with A <0,
[FaXM)(—)]= (ar/aX)\pH-))
=i [ @) @) @) ()
X@' @)+ v ()xnp PIF. (170)
The latter results can be expressed by
W @)+ 2+ ¥rn@)x0, ™, F ]
=Ff (dx") (x|aSDI | x)
X @)+ 2w ), (171)
and
[P )+ ¥ ()20 ]
- f (@) (x]iSOT| %)
X (@) + 24 ¥np v OYF, (172)

where S (x,%”) are defined in (97). On introducing the
notation

O ¥/ @+E s s o PF 0= OIFI0)(s),
OIF W @)+ 5 ¥2s (@05 [0)= O] F|0) /@),
(168) asserts that
®/60' () (0| F|0)

=~ OIF|0) [ @)1 wa)f+ ()

_I(x)xl)f—(xl)]7 (174)
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while (171) and (172) supply the information
fA@—ijouuSMIM&L@®=wwx
(175)
1-@= [ @) GliSOI) 1) =9 .

By subtracting the two equations in (175), we get
(suppressing the indices)

(A4+iSOD) fr= (14iSHI) f_. (176)
But, according to (107),

I(14iSOD) = (14415, 77
while

T(A4iSPI) = (14+iISH)]T. (178)

Hence, if we multiply (176) with 7, and remove the
ensuing common factor, 14215, we are left with

If,=1If, (179)
which shows that

(6:/8¢' (x)) (0] F[0)=0. (180)

Evidently, (0|F|0) is also independent of the eigen-
values ¢¥/(x). The problem remaining is the demon-
stration of

le[2(0]expl —i = xas TN P )xn ]
—+
Xexp[i > XM)(_)IO‘P:)"P,)Xk’p’(_)];O)z 1. (181)
+ —
But this is just the statement that
(0]515]0)=3] (n[S]0)|*=1, (182)

the proof!® of which has already been given, in (132).
The substitution I«»—1I convert this verification of
StS=1 into one for SST=1.

The discussion of time-independent fields will be
deferred to a subsequent paper.

APPENDIX A

We want to verify here that the differential form

(25) correctly defines detX. The integrability of this
expression must be demonstrated first. By considering
two independent variations, we confirm that

85Tr (X~6:X) — 6, Tr (X 16, X)
=—Tr(X%:X X16,X)
+Tr(X5,X X716,X)=0, (1)

in virtue of the fundamental trace property, 7rXY
=TyYX. With infinite matrices, the applicability of
this property requires suitable convergence of the
traces. On using a discrete labelling of the matrix ele-
ments, we can express (25) as

(a/aXij) detX= (X);; detX. )

10 For further discussion, see Appendix B.
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A second differentiation with respect to an arbitrary
element of the matrix yields

(0/0X:;)(9/3Xr1) detX=[ (X1 ;;(XDu
— (X ) (X)) detX. (3)

The right side reverses sign on interchanging the row
indices %, k, and on interchanging the column indices
7, }. Hence, the second derivative vanishes for equal
row, or equal column indices. In particular,

(6%/0X;7) detX=0. 4)
We also conclude that
> Xii(0/0X ;) detX =3 ; X;;(X7) ;i detX
=detX, (5
>i X:j(0/9X ;) detX=detX. (6)

and that

Therefore detX is a linear, homogeneous function of the
elements in each row, and in each column, which is
antisymmetrical in the rows and in the columns of the
matrix. This establishes the identity of detX, as defined
by (25) and the initial condition detl=1, with the
conventional concept.

The multiplication property of determinants follows
directly from the definition (25). Indeed,

Tr(XY) B(XY)=TrXWX+TrV- 157 )
states that
d(log detX V) =6(log detX)+5(log detY),  (8)

whence
det XV =detX det?. 9

The constant of integration has been fixed by the initial
condition. Note also that the trace property

TrX=TrXt (10)
leads immediately to

detX =detX . (11)

APPENDIX B

In this section we discuss the connection between
determinants and ordered operators. Let x> be a set
of operators that satisfy

6P xe Y = {x: O x: 3 =0,

{(x:Pxs D} =0r, g
and consider the ordered exponential
V=exp[¥ x4 MK roxa ], )
in which we have usedr 8the notation
 exp[4; B]= ’2 —’%A"B". )
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We deduce the commutation properties
b, V]=—(8,/0x, ) V= _Zp x»NK p, V,  (4)
and

LVx: 1= = (0/ V==V L AK:x: ™, ()

whence _
Zp X <1+)\K)prV= V™, (©)
d VZt(l'!")\K)xtXt( )=Xs( )V)
an
x-PV=V Zp Xp(+)[1/(1+)\K)]pn (7)

Vx: =21/ A+AK) ]t OV.

On differentiating V with respect to \, we get

8/ V=2 K,x; P VxS
=Z Vx5 (K/1+)\K)rsX3(—)
=2 VxsO% P (K/14+2K) .
=VTr(K/14AK)
=2 X:OVx, DK/ AN s, (8)

and the integration of the final form supplies the
identity

eXP[Z XT(+) > )\KrsXs(*)]: det(l—l-)\K)
Xexp[ =2 x5 %P AK/14+AK) s ). (9)

The (x©'||x®’) matrix element of this operator
relation states that

x l eXP[Z x5 )\Krsxs(~)] l x4

=det(1+\K) exp{2 x. "% P '[1/A4+rK) ..}, (10)
and, in particular, that
det(14+NK) = (0] exp[ 32 x5 MNKx,]]0),  (11)

which exhibits det(14-AK) as the matrix element of an
operator. The derivation of this result requires no more
than the first two rearrangements of (B8). Now

exp[Z Xr(+) )\K”}X‘( )] Z An Z X71(+) (+)
n=0 n 7,8
XH Krisi)(s"('—) e 'x‘n(_), (12)
i=1
and
X+ X O (0) = ey -5 (), )
\I/(O)Tx”('f') ceeXTa +) = €ry oV (n>T’

where the occupation number eigenvectors are preceded
by alternating symbols, which are unity if the operators
appear in some standard order. Therefore,

o 1
det(14+AK)=3 N“" 2 detyKrirj, (14)

n=0 pl r
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since the s;---s, must be some permutation of the
1***7a, and the factor er.. sp 18 +1 or —1,
according as the permutation is even or odd. The
analogous result for a continuously labelled matrix is
obtained with the substitution

rp€81- -

Kﬁ"‘]_» (dxi){K(xi;xf) (dxj)%’ (15)
namely,
det(14+-AK) =3 A— f (dar) - - - (d)
n=0
Xdet(n)K(xf,xj). (16)

It is of interest to consider the similar properties of
ordered exponentials constructed from operators that
obey the B.E. commutation relations

[, 9 ]= [ O, 1=0,
[:Xr(+);Xs(_)]= Ors.

Then the minus sign is to be omitted from (B4) and
(BS), so that the sign of K is reversed in (B6) and (B7).
This results in (B8) being replaced by

(8/N)V=VTr(K/1—A\K)

(17

+2 %:OVx, DK/ (A=NK)D) s, (18)
which yields the B.E. identity
exp[2 x5 AK o, O ]=[1/det(1-AK)]
Xexp{2 x: 75 x,PNK/(1-NK) ]} (19)
Thus the B.E. analog of (B11) is
1/det(1—AK)=(0]exp[ 2 x,; NK,ox,]]0).  (20)

In the expansion (B12), the order of left and right
factors is now irrelevant, and repeated indices can
occur. Thus (B13) is replaced by

X-"n(—) t 'Xsl(~)‘1’(0)= (II ! ')%‘I,(n’)x
W (0)txry ) o, @ = (T 1 NI (m)1,
The indices s;- - s, must be some permutation of the

71- - *7a, and each term carries the factor IIz,!. Hence
the expansion of (B20) is represented by

(21)

w 1
1/det(1—7\K)=Z )\"—"Z perm(n)Krirj, (22)
n=0 n! r
where the so-called permanent is defined by
permmyKrirj=3_ H Korisq, (23)
s=r i=1

and the summation with respect to the s; is extended
over all ! permutations of the ;. This quantity differs
from the corresponding determinant by the omission of
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the alternating sign factor which, in the latter, enforces
the nonoccurrence of identical rows or columns. In the
continuous limit [Eq. (B15)], repeated indices produce
no contribution and we get

o 1
1/det(1—AK)=3" A*— f (dr) - - - (d)

n=0 9 !
Xperm K (%:,%;). (24)

This permanent coincides with a special case of the
symmetrant defined in IV. The relation between the
expansions (B14) and (B22) can be understood in
terms of the expressions

det(14+AK)=exp[ 77 log(1+AK)]
1/det(1—AK)=exp[— Tr log(1—AK)],

(25)
(26)

and

since the sign factors in (38) arise from the successive
sign changes in the series (35), which are missing in

w 1
—Trlog(1—AK)=3_ -\"K,.

n=ly

@7

Finally, we shall use operator techniques to prove
that

(0] Fo|0)=det(1+SPISOI), (28)

where F, represents (163) with zero eigenvalues, thus
verifying (181). The dependence of Fo upon the quan-
tities I (x,2’) is given by

(8/81 (w2')) Fo= —i}.—

Xp(@)x00D ok Yo () x002 P Fo. - (29)
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Now, according to (171) and (172),
[+ ¥ @)x0p ™, Fo ]

= Fo [ @) GISPTIS) - ey @
and
[Fo. T Y ()05
= [[@ SO (e,
which are combined in
f (@) (& 14+ SDPISOT )T 4 Y ()0 F
=Fo 2+ ¥ap(®)x0s P
+ [ @) @1iSDT#)E @ rs P

We deduce that
© ] > D@0 Z—t Yarp (& )xnrpr Fo ] 0)

= (| A+ SPDISOI)HSHIS | x) (0] Fo0),
and consequently
(/81 (x2)) (0| Fol0)

= | A+SPISOI)LSHISE | 2) (0] Fo|0).
We thus arrive at the differential expression
3 log (0] Fo|0)=Tr[(14+SHISI)~

X8(SHISOTI)],

which proves (B28).

(30)
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(32)

(33)

(34)

(35)



