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An examination of the signs of nuclear quadrupole moments and of the nuclear states which produce
them aGords fairly striking evidence that a positive quadrupole moment tends to lower the energy of a
nuclear state.

For nuclei containing several particles outside of closed shells the shell model often does not uniquely
spec'ify the sign of the quadrupole moment. The ground states of such nuclei are, however, known to have
positive quadrupole moments in the great majority of cases. Additional evidence for this tendency is pro-
vided by a discussion of:

(a) The ground states of Cu, Ga, As, Br, and Rb.
(b) The exceptions to the single-particle version of the shell model, Na~, Mn~', Sev', Eu'~, and Yb"'.
(c) The spina of ground states of odd-odd X=Z nuclei.

The favoring of positive quadrupole moments appears to be accounted for by electrostatic and other known
forces in conjunction with large core deformations. It may, perhaps, also be inQuenced by tensor forces.

INTRODUCTION
' "T has been known for some time that quadrupole
~ ~ moments of odd-A nuclei vary in a more or less
regular fashion with the number of odd protons or
neutrons. "Some features of these variations can be
accounted for on the basis of the shell model. '' Ac-
cording to the independent-particle j-j coupling shell
model, one would expect that quadrupole moments (Q)
of nuclei containing one proton outside a closed shell
would be negative and that nuclei lacking one from a
closed shell would have positive Q. This expectation
agrees with experimental observations for all major
shells. However, for nuclei containing several particles
(or holes) outside closed shells, the sign and magnitude
of Q cannot be so uniquely predicted.

The size of some measured quadrupole moments
(particularly of rare earth nuclei) is much larger than
such a model would predict. Also, a number of odd-
neutron nuclei are known to have a quadrupole moment
in spite of the absence of electric charge on a neutron.
The latter observation can be accounted for on the
basis of polarization of the proton distribution by the
neutrons. ' If this type of polarization is allowed to
deform the proton distribution including those in
closed shells or the nuclear core, qualitative agreement
can be obtained with experiment as far as magnitudes
are concerned. ' In fact, simple calculations of this
polarization eGect tend to overestimate quadrupole
moments somewhat. The assumption of a deformable
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core does not prevent a definite prediction of the sign
of Q for nuclei containing one proton outside of, or
missing from a closed shell, and it allows prediction of
the sign of Q to be made for odd-neutron nuclei.

An examination of the signs of nuclear quadrupole
moments and of the nuclear states which produce them
aBords fairly striking evidence that a positive quadru-
pole moment tends to lower the energy of a nuclear
state.

In Sec. I, evidence for a predominance of positive Q
for odd-A nuclei is discussed. Those odd-A nuclei
which do not correspond to a closed major shell plus or
minus one particle and for which Q has been measured,
have a positive quadrupole moment in the large ma-
jority of cases. For a number of other nuclei for which
the quadrupole moment has not been measured, an
interpretation of the measured spins and magnetic
moments can be taken as further evidence for a pre-
dominance of positive quadrupole moments. In addi-
tion, certain exceptions to the expected spins of ground
states can be interpreted as due to a favoring of positive

Q
In Sec. II, evidence for the predominance of positive

Q in odd-odd X=Z nuclei is discussed. As in the case
of odd-A nuclei, support for this tendency comes both
from measured Q's and from an interpretation of some
splIls.

In Sec. III and in the appendix, some theoretical
discussion of this tendency for favoring positive Q's is
given. It is pointed out that electrostatic and surface
forces in conjunction with large core deformations can
produce such an e6ect. Second-order eGects of tensor
forces might also contribute to it.

I. EVIDENCE FOR FAVORING OF POSITIVE
QUADRUPOLE MOMENTS (ODD-A NUCLEI)

Consider a nucleus made up of closed shells of
nucleons plus an additional even number of neutrons
and an odd number of protons, It is normally expected
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that for the ground state of such a nucleus, the neutrons
will all be paired' and all but the last odd proton will
be paired; i.e., the state has seniority 1. If all of these
protons are in the. same shell and subshell, it can be
shown that the nuclear quadrupole moment is a simple
linear function of the number of protons, having a
maximum negative value when there is only one proton
in the subshell, a maximum positive value of equal
magnitude when the subshell is complete except for
one proton and a value zero when the subshell is half-
6lled. Hence if this subshell 6lls regularly as protons
are added (or if it 6lls in a completely random way),
there will be an equal number of nuclei with positive
and with negative quadrupole moments. A similar
argument holds for the signs of the quadrupole mo-
ments of odd-neutron nuclei if it is remembered that
the neutrons can create an electric quadrupole moment
by polarizing the core of the paired protons.

All odd-2 nuclei whose quadrupole moments have so
far been measured are listed in Table I with the values
of their spins. ~" Except where noted, the data are
taken from Klinkenberg's recent comprehensive table. '
Klinkenb erg's configuration assignments for these
nuclei are given in Table I except for some cases
discussed below.

A number of nuclei can reliably be considered to have
exactly one particle outside of, or missing from, a closed
major shell. Such nuclei are labeled by the symbols
+I and —1, respectively. For nuclei of this type, the
configurations are uniquely specified, and so are the
signs of the expected quadrupole moment. In all these
cases, the measured signs of the measured quadrupole
moments are in agreement with the expected ones. For'
the other nuclei, the configurations are not necessarily
speciIied uniquely, and in some cases, it is possible to
construct reasonable configurations having positive Q
and others having negative Q. Table II shows the
relative occurrence of positive and negative quadrupole
moments. It is seen that positive quadrupole moments
clearly predominate, particularly for those nuclei which
have several particles outside of, or missing from, a
closed shell. It should be noted also that positive
quadrupole moments are in general two or three times
larger than negative ones, as may be seen from inspec-
tion of the plot of quadrupole moments given by
Townes, Foley, and Low. '

Quadrupole moments for many nuclei may be pre-
dicted from the con6gurations given by Klinkenberg. '
Of those for which con6gurations are given and quadru-
pole moments have not yet been measured, 26 are
predicted to be positive and 22 negative. This indicates
that for the con6gurations assigned by Klinkenberg on
reasonable bases to those nuclei whose quadrupole

TABLE I. Signs of measured quadrupole moments of odd-A nuclei.

Number of
Nucleus odd nucleons Spin

Configuration of
odd nucleons

Sign Foot-
of Q notes

@11
O17
Na'3
Al27
S33
Cl35, 37

S35
Mnss

u63,

Ga69, 71

As"
Br79 8'

GeV3
Se'9
Kr83
In113, 115

Sb121
Sbl23
I127
I129

Eulsl
Euie3
I ul?5
T3181
R el85, 187

Xel31
Ir191,193

@1209

Qbl73
Osl89
Hg201

5 3/2
9 5/2

11 3/2
13 5/2
17 3/2
17 3/2
19 3/2
25 5/2
29 3/2
31 3/2
33 3/2
35 3/2
41 9/2
45 7/2
47 9/2
49 9/2
51 5/2
51 7/2
53 5/2
53 7/2
63 5/2
63 5/2
71 7/2
73 7/2
75 5/2
77 3/2
77 312
83 9/2

103 5/2
113 3/2
121 3/2

(Ps/s)s
~SI2 +&
(d. )'»
(de)'
d3/2

~3/2
(ds/s)'
(fs/s) '
(p3f2) +1
(p .)
(pg2) 3(.fg2)2
(Ps/s) s(fs/s)s
(plf2)2(g9/2)
(g912)'
(P»2)'(g9/2)'
(Pl&2)2(g9/2)9-1
~5/2 +1
gv/2 +1
(g//s)%/2
(gv/2}'
(g»2)'{d6»)'
(gz/s) (ds/s) (hsl/2)
(gvn)'
(gv/2}'
(d / )'
{An)
(d3/2)'
h9/2 +1
(fv/2)5
(p3/2}3
(p3/2}3

h
I

3

a Na2'. Q measured by Sagalyn (reference 7). (d6/2)3 would give Q =0.
b Mn». Q measured by Javan, Silvey, Townes, and Grosse (reference 8).
e Ge73. (gg/2)3 is an alternative configuration, which also has negative Q.
d Se». Q measured by Hardy, Silvey, and Townes (reference 9).The con-

figuration (pi/2)2(gs/2)5 would not be expected to have the large positive
quadrupole moment which is observed.' Krs3. (ge/2)9 is an alternative configuration which also yields positive Q.

f Eu». This configuration assignment is suggested by both the large
deviation of measured p, from the d5/2 Schmidt line, and by the large
positive measured Q. (In contrast to values of pa and Q for Eu»1.)

I Ir»1»3. Q measured by Murakawa and Suwa (reference 10). The assig~-
mente d3/2 would give Q &0.

& Ybi73. This assignment is suggested by the large deviation of the
measured p from the f6I2 Schmidt line and the large positive measured Q.
The assignment (z512)s would give Q =0.

1 os». I and Q measured by Murakawa and Suwa (reference 10).
1 Hg201, The assignment (reference 6) ps/2 would give Q &0.

TABLE II. Number of odd-A nuclei having measured positive
(or negative) Q.

moments are unknown, there is no strong preference for
positive or negative quadrupole moments. However,
there are alternative reasonable con6gurations for many
of these nuclei, and we would expect that measurements
will show that there are more positive quadrupole
moments in this group of nuclei than are expected from
Klinkenberg's assignments.

An examination of Klinkenberg's con6guration
assignments shows that types of deviations from a
simple regular 6lling of shells and subshells occur to
produce a predominance of positive quadrupole mo-
ments. There is a pronounced tendency to fill a subshell

6 M. G. Mayer, Phys. Rev. 78, 22 (1950).
P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952).' P. Sagalyn (to be published).
Javan, Silvey, Townes, and Grosse, Phys. Rev. 91, 222 (1953).' Hardy, Silvey, and Townes, Phys. Rev. 86, 608 (1952)."K.Murakawa and S. Suwa, Phys. Rev. 87, 1048 (1952).

Type of nucleus

Closed shell &1
Other
Total

Q&0

3
22
25

Q&0

6
7

13

Total

9
29
38
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almost, but not quite full. This of course produces
positive-quadrupole moments. The usual ideas of shell
structure and additional stability inherent in a closed
shell' would lead one to expect a more or less regular
filling of a shell, with some tendency to complete the
shell. However, experimental results show that some
subshells are filled except for the last particle, after
which subsequent particles go in pairs into new sub-
shells, hence giving the nucleus a positive quadrupole
moment. The tendency to leave shells in an almost
filled condition accounts for the large majority of
irregularities in the filling of shells.

Consider, for example, the nuclei ~9Cu", 3$Ga",
33As", »Br", and»Rb '—odd-pro ton nuclei following
immediately after a closed major shell of 28 particles.
The first particle after 28 occupies a ps/s level, neces-
sarily giving Cu a negative quadrupole moment. In
Ga, two more particles have been added to give the
filled shell minus one configuration (ps/s)'. Pairs of
additional particles go into the fs/s shell, so that As
and Br also have positive quadrupole moments. Such
behavior might possibly be attributed to a large pairing
energy in the fs/s state, which requires always an even
number of particles in this state, rather than a tendency
to leave the ps/s shell almost filled. However, with the
addition of two more particles, a configuration
(Ps/s)'(fs/s)' is obtained in Rbs'. Here the P3/9 shell has
been able to fill in spite of the greater pairing energy in

fs/s, because the fs/s shell can be left almost filled, thus
giving a large positive quadrupole moment. A similar
anomaly occurs in the neutron levels at this same
number of particles, and in several other subshells.

Another interesting case is the odd-neutron nucleus
Hg"' for which Ioinkenberg' gives the reasonable con-
figuration (fs/s)'(ii3/s)" (ps/s). If this configuration were
correct, Hg"' would have a negative Q instead of the
measured positive value. "The alternative configuration
which gives the proper positive quadrupole moment can
be fairly uniquely assigned as (fs/s)'(its/s) (ps/s), A
similar situation exists for the pair of odd proton nuclei
Ir' ' '" for which Klinkenberg' made the assignments
ds/s. Recently the Q of both nuclei was measured and
found to be positive, " which requires instead a (d&/s)'

assignment. In these three cases, the tendency for posi-
tive quadrupole moments appears to dominate over any
tendency to complete subshells (e.g. , its/s) Measur. e-
ment of quadrupole moments for some of the other
heavy nuclei may reveal other similar cases where
Klinkenberg's assignments need modification,

There are five well-known nuclei which represent
exceptions to Mayer's' scheme for nuclear spins. These

a" 25Mn 34Se 63Eu'" and Yb' '." The
quadrupole moments of all five of these nuclei have now
been measured, and all are large and positive, again
indicating that some interaction which tends to lower

"W. G. Holliday and R. G. Sachs have also pointed out in a
private communication the necessity for modifying Klinkenberg's
assignments for this nucleus and for Yb"' (see following).

the energy of nuclei with positive quadrupole moments
is strong enough to produce exceptions to the normal
nuclear ground states. A more detailed discussion of
these five well-established exceptions is given below.

~~Na" has recently been found to have a rather large
positive quadrupole moment. ' This is inconsistent with
the configuration (ds/s)' which is usually assumed for
Na23, since this configuration would give zero quadru-
pole moment in accordance with Table III. A more
likely configuration is (ds/s) (si/s). With a spin of 3/2
this gives a rather large positive quadrupole moment
as observed, and furthermore gives a magnetic moment
of 1.77 nuclear magnetons. This is closer to the observed
value 2.22 nm than the 2.87 nm to be expected from a
(ds/s)s configuration with spin 3/2. There appears to be
no good reason why (ds/, )'(si/s) should be less favored
energetically as the ground state of Na" than (ds/s)',
and it is the only configuration of three protons in d5/2
and si~2 orbits which gives the observed positive
quadrupole moment.

The alternative configuration (ds/s)' (protons used

neutrons outside of closed shells), with spin I=3/2,
"charge" T,= —1/2, isotopic spin T= 1/2, "seniority"
t/=3, and "reduced isotopic spin" 3/2 which was sug-
gested by Umezawa, '~ gives a theoretical p, of 1.98 nm
in good agreement with experiment. " It has, in fact,
been shown" that magnetic moments of light odd-A
nuclei calculated by considering both protons amd

neutrons outside of closed shells are in better agreement
with observed values than those calculated by con-
sidering only the odd nucleons (e.g. , the Schmidt lines
for only one odd nucleon or hole). However the quadru-
pole moment of the above configuration was calculated
and found to vanish, in disagreement with the experi-
mental result.

In both V" and Mn" with 23 and 25 protons, respec-
tively, all the protons above 20 are believed to go into
the f&/s orbit. The only proton assignments consistent
with the sPins of these nuclei are (f7/s)sr/s for V" and
(fr/s) s/s —for Mn". At present it is not too well under-
stood why these two nuclei have di8erent spins. Two-
body velocity-independent interactions between any
pair of 7/2 protons would, in first order, give the same
level spacing for the configuration (7/2)s as for the
complimentary configuration (7/2)' provided the radial
wave functions are the same. "

The quadrupole moments expected for both con.
figurations can be calcUlated by the method of traces-
Relative values of quadrupole moments for some con-
figurations of interest are given in Table III. Suppose
that for both V" and Mn" there is competition for the

~ M. Umezawa, Prog. Theor. Phys. 8, 509 (1952). See also
B.H. Flowers, Phil. Mag. 43, 1330 (1952).

"Seniority=number of unpaired particles. Reduced isotopic
spin = isotopic spin of unpaired particles. Umezawa (reference 12)
gives 2.38 nm for this configuration, but our calculat':ons give
the above value.

"G. Racah, Phys. Rev. 62, 438 (1942); A. M. L. Messiah,
Atomic Energy Commission Report NYO-3212 (unpublished).
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TAnLn III. Relative values of quadrupole moments Q„ for some proton configurations of interest (in terms of the inagnrtude of
quadrupole moment ~Q. , ~, ~

produced by a single proton). ' 3= seniority number=number of unpaired particles.

Config. (j)& Spin I Quadrupole moment of protons OP

(1/2)"

(3/2)"

(5/2)"

(7/2)"

(9/2)"

3/2

5/2
3/2

7/2
5/2

9/2
7/2

3

1
3or5

n=1
0

n=i—1
n=1

n=1—1

n=1—1

3 (or —1)
+1

3
0
0
3—0.33—0.93
3—0.5—1.34

5 (or —1)
+1

5 (qr —3)
+0.33
+0.93

5
0
degen.—0.2 (Q„&+0.2

7 (or —1)
+1

7 (or —3)
+0.5
+1.34

9 (or -1)
+1

a The quadrupole moment for a single proton in a state of spin j and es +j is

2j —1
o...=- ~Q I» lw).

2j+2

ground state between the states 7/2 —and 5/2 —.Then
the suggestion that the state of these two which has
the largest algebraic (most positive) value of Q is
favored energetically would, according to Table III,
account for the spins of both V" and Mn"."

The (gs/3)3 configuration has two states of spin 7/2.
The nuclear quadrupole moment depends on what
combination of the two possible states make up the
ground state of the nucleus. Hence in Table III the
moment is labeled by the word "degenerate, " indicating
that some, but not much variation is possible. Recently
the quadrupole moment of 34Se", which has 45 neutrons
and a spin of 7/2, has been found to be large and
positive. ' Its magnetic moment' has also been found
to be consistent with that expected from a configuration
of 9/2 neutrons. Hence its state is probably (gs/3)'. In
any case, this exception to Mayer's rules for nuclear
spin has a large positive quadrupole moment.

33Eu'" has been assigned the configuration (g&/3)3(ds/3)3

by Klinkenberg. However, its magnetic moment does
not correspond to the value expected for a d5~2 proton.
The most reasonable configuration which would give
the correct spin and magnetic moment would be

'5 The spins of Ca43 and Ti47 recently measured by C; D. Jeffries
(private communication) are 7/2 and 5/2, respectively. This
provides another case of the same type of behavior.

The spins of these nuclei may possibly also be accounted for
in the following manner. (See the recent paper by A. Bohr and
B. R. Mottelson, Kgl. Danske Videnskab. Selskab. Mat. -Fys.
Medd. 27, 16, (1952), pp. 34-37). For a nucleus containing three
particles or holes in a subshell of spin j, the ground state is ex-
pected to have spin j if the interactions between particles are of
short range and if other interactions, such as surface eEects, are
not significant. Such a situation is likely to occur in 20Ca~3'3 and
23V28", for which the even particles form closed shells. On the
other hand, if the nucleus under consideration is strongly de-
formed, one would expect that surface eGects become important
and perhaps even dominate over interparticle forces with resulting
spin of j—1 for the ground state. This may be the case for the
nuclei 22Ti2~" and ~SMn30", in which the even particles do not
form closed shells.

'3 W. Hardy (private communication).

(g7/3) (ds/3) (hii/3) ~ In accordance with Table III, a
spin of 5/2 in this configuration would give a large
positive quadrupole moment as observed.

Yb'33 has been assigned the configuration (hs/3)" (fr/3) '
(fs/3)' by Klinkenberg. If this assignment were valid,
Yb'" would have a zero or very small quadrupole
moment instead of the very large positive value which
has been measured. Moreover, its magnetic moment
does not correspond to the value expected for a fs/3
neutron, as pointed out to us by M. G. Mayer. A
reasonable configuration which gives both the correct
magnetic moment and the observed positive sign of Q
» (hs/3)" (fs/3)'(fr/3)'3/3

II. EVIDENCE FOR FAVORING OF POSITIVE
QUADRUPOLE MOMENTS (ODD-ODD

NUCLEI WITH N=Z)

Quadrupole moments of four odd-odd N=Z nuclei
have been measured to date. Three of these (H', 8",
and N") are known to be positive. One, I.is, has a very
small value and its sign is not yet determined.

If it is assumed, in addition to j-j coupling, that the
shells fill up in known order (vis. , st/3 p3/3 p]/3,
ds/3 si/3 d3/3 f7/3 etc.), and if the spin of a given
nucleus is also known, the assignment of the nuclear
state can often be uniquely determined. From the
latter, the expected sign of the quadrupole moment
can be predicted.

The ground-state spins of five of these nuclei, H',
Li', 3' N" and Na", have been measured. The
ground state spins of F1s P3o and K.ss can be deduced
from beta-decay schemes. ""In all the above cases it
is likely that T=O and I is odd."However, a recent

' R. W. King, Ph.D. dissertation, Washington University,
St. Louis, Missouri, 1952 (unpublished). See also R. %. King
and D. C. Peaslee, Phys. Rev. 90, 1001, 1953.' L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951).

~ This point is discussed in more detail in a forthcoming paper
by D. C. Peaslee and one of the present authors (S.A. M.).
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analysis of the Cp' decay scheme suggests an assignment
T= 1, I=O for the ground state of this nucleus. "

These data are summarized in Table IV, which also
gives j-j coupling condguration assignments, as well as
measured and expected signs of quadrupole moments
(the latter deduced from Table V, below). In none of
the cases listed in Table IV, is a negative Q found
experimentally, or expected on the basis of a j-j
coupling model with the known spin values. As is seen
from Table V, one would expect that a favoring of
positive Q would lead to exactly the trend of spins

TABLE IV. Spins, isotopic spins, configuration assignments,
and signs of quadrupole moments for ground states of odd-odd
E=Z nuclei.

Nucleus
Spin Isotopic Quadrupole moment
I spin T Configuration Measured Expected

H2
Li8
@10
N'4
F18
Na~
P30
C13'
K38

$S
$S
3s
jS

3s
1
0
3

(si/2)2
(P312)'
(P312) '
(PI/2}'
(A/2}'
(A/2)6
(SI/2)2
(d3/2)'
(~3&2)

'

0
+
+
0
+

degen.
0
0
+

Denotes measured spin.

TAmz V. Relative values of quadrupole moments calculated for
various j-j coupling configurations of isotopic spin 0.

found in Table IV; vis. , low spins near the beginning
of a subshell and high spins near the end. The analysis
of spins of odd-odd E=Z nuclei thus furnishes addi-
tional evidence of some mechanism which favors
positive quadrupole moments.

shaped) is proportional to the square of the deformation,
in lowest order. However, it can be shown that there is
slight favoring of the elongated shape, which increases
with the extent of the deformation. A rough estimate
of this effect in nuclei (see Appendix) suggests that it
is large enough to account for the observed predomi-
nance of positive quadrupole moments.

Because of the fact that the positive quadrupole
moment of the deuteron can be attributed to tensor
forces, it seems reasonable to speculate on whether
tensor forces acting between any pair of particles will

energetically favor states of positive quadrupole mo-
ment also in heavy nuclei. A first-order calculation of
the energy matrix of tensor forces shows no such
favoring. "In fact, it has been shown by several authors"
that velocity-independent two-body forces which satisfy
certain invariance requirements" are expected to give
the same level spacing for a configuration of particles
as for the corresponding configuration of holes, provided
the radial wave functions are the same. However, in
second order, a favoring of positive quadrupole moment
is quite possible due to the distortion of the nucleus by
"attractive" tensor forces s4 Le.g., for a system of
nucleons with L=O, SAO, Vis ——SisV(rio), V(rio)(0, a
positive quadrupole moment results from the defor-
mation of nucleon orbitsj. Repulsive tensor forces,
V(ri, ))0, would lead to a negative quadrupole moment.
Although the known positive quadrupole moment of the
H' ground state can be accounted for on the basis of an
attractive is ptens-or force in the 'Si state, the character
of the p-p tensor forces is not yet known.

Thus it appears that the tendency for positive
quadrupole moments in nuclei is consistent with the
presently known information about nuclear forces.

Config. (j) Spin I Quadrupole moment Op
ACKNOWLEDGMENTS

(1/2)"

(3/2)"

(5/2)"

n=2
0

n=2
+0.4

n=2
+0.32
+0.03—1

6 (or -2)—0.4
11

6
degen.
degen.
degen.

10 (or —2)—0.32—0.03
+1
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APPENDIX. FAVORING OF POSITIVE QUADRUPOLE
MOMENTS AS A CONSEQUENCE OF LARGE

CORE DEFORMATIONS

m. COZCLUSrOms

The regularities pointed out above suggest that in
nuclei there is a tendency for states with positive
quadrupole moments to be lower in energy than those
with negative quadrupole moments. Such a tendency
appears to be accounted for by electrostatic and other
known forces associated with large core deformations. '
It may perhaps also be influenced by tensor forces. It
is well known that the energy required to deform a
spherical nucleus into a spheroid (either disk or cigar-

~ W. Arber and P. Stahehn, Helv. Phys. Acta 26, 433 (1953).

Let the nucleus be treated as a system of' (1) a core
containing the "inner" nucleons in filled shells, the
boundary of this core being assumed to change slowly
with time compared with the motions of the individual
nucleons; (2) "outer" nucleons in unfilled shells.

Let the core be deformed from a sphere of radius Ro
into an axially symmetric shape of radius p(0) given by

p(0) =&st I+&o+&4I s(0)+@4&4(0)+ .j, (1)
~ E, Talmi, Phys. Rev. 89, 1065 (1953).
~ L. Eisenbud and E. P. signer, Proc. Nat. Acad. Sci. 27, 282

(&94&)."G. M. Vollmlf, Phys. Rev. 62, 126 (1942).
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where a2 and a4 define the sign and magnitude of the
deformations, I'2, P4 are Legendre polynomials, . and cp

is a coeKcient whose value is adjusted so as to conserve
volume. The magnitude of known quadrupole moments
suggests that in many nuclei the core is deformed
strongly and that at least a~ is no more than one order
of magnitude smaller than unity.

The change in surface and electrostatic energy of the
core, relative to spherical shape, is, for uniform charge
and mass density, given by 9'

IP„E=c R, eDo 4 0.4~—)~.s
—(0.03810+0.07619m) ass

+ (1—0.3704m) a4s —(0.1143+0.3429m) assg4

—(0.2171—0.2563m) as4. (2)

Here f) is the surface tension, and x=3Z'e'/40rrRp'8,
which is half the ratio of Coulomb energy to surface
energy for a sphere. The 6rst term of AE&+z has been
considered by many authors. 4 The second term, how-
ever, is of interest for large deformations and gives
lower energies to positive quadrupole moments (as) 0).

The interaction energy between the outer (identical)
particles and the core is taken to be 2'

APr&T= (+ I ~'I V(r~) —Vo(r~) j I +»

with the potentials assumed to be:

V(r) = D for r(p—, Vp(r) = D for r(Rp, —
=0 for r& p, =0 for r)RO,

and where N is the wave function of the outer particles,
an antisymmetrized linear combination of products of
single-particle wave functions

y;=(ft„((r;)I(; '((),, y;, ~;),

characterized by the quantum numbers 0;, the compo-
nent of angular momentum along the axis of deforma-
tion. Then AEz» is given approximately by

EErNr = —DRp'(R P(Rp)L (as+ 2/7rs. ')(Ps)
+ (84+ 18/35as')(P4) $, (5)

where
j(j+1)—3Q

(Ps)=E
4j(j+1)

and, in general,

'~ R. D. Present and J. K. Knipp, Phys. Rev. 57, 751 (1940).
"Second-order terms due to nondiagonal contributions of this

Grst-order interaction may well be signi6cant here, as was pointed
out by Dr. B. R. Mottelson in a private communication. These
terms are probably of at least the same order of magnitude as the
other terms in aP from the Grst-order interaction. They act in
such a way as to lower the energy of the ground state (a general
property of all second-order perturbation terms) but do not in
general give the same lowering for states of positive and negative
quadrupole moments. However, a detailed calculation of their
eQect on the relative energies of states with positive and negative
Q for a half-filled shell requires knowledge of the radial wave
functions of excited states and has not yet been made.

The total energy change of the nucleus is

APT ~~sos+ ~PINTg (6)

if direct interactions between the outer particles are
not taken into account.

To find the expected ground state for a given number
of outer particles, we minimize AEp with respect to a2
and a4. Although this minimum energy DE~ depends on
both (Ps) and (P4), the terms in (P4) are ignored here
for the sake of simplicity. A more detailed calculation
shows that the inclusion of the terms in (P4) leaves the
following conclusions essentially unchanged.

The minimum energy to terms up to the third power
in (Ps) is given by

where

and

~&M = —et(Ps)s —es(Ps)s,

[DRps@ P(Rp)]s

16s.Rps 8 (0.4—0.4x)

I DRpsS„P (Rp) $s 1 0.03810+0.07619m
62

32s'Rp'Bs(0. 4—0.4x)' 7 4 (0.4—0.4x)

The deformation a2~ giving lowest energy is

2et(Ps)+ 2es (Ps)'
~2M

DRps(R P(Rp)
(8)

I 2I—16 4
Q = ZsRp Ossa+ —gssr-

I+1 2I+3 5 7
(9)

The value of hE~ depends on the occupation num-
bers of the various substates in the outer shell and hence
on the fraction f to which a shell is 6lled. For example,
for one particle in a state of j)3/2, the lowest energy,
i.e., the most negative value of AE~, is obtained if
0;=&j, with Ps, assr, and Q, all negative.

To the approximations made in this paper, the lowest
state is always one of the following two:"

"The quadrupole moment Q of the nucleus is, of course, the
sum of the quadrupole moments of the core Q, and of the outer
particles Q„. The latter was discussed in Secs. I and II. If the
core deformation is not negligible; i.e., if amsr)1/Z, one would
expect that the main contribution to the nuclear quadrupole
moment comes from the core. This is likely to be the case for
the great majority of nuclei. The factor PI/(I+1)jg(2I —1)/
(2I+3)g is the ratio of Q, (for a substate with HE=I) to the
intrinsic quadrupole moment of a symmetric top (with 0=I), as
was pointed out by Aage Bohr, Phys. Rev. 81, 134 (1951}.

8 The spin values I of the ground state, calculated according
to this model, are (see reference 4)

(a) for Q, &0, I=Q=Z;0;=N0 —N if N is odd
=0 if N is even

(b) for Q, &0, I=Q=ZQ;=N if N is odd
=0 if N is even

where j is the spin of each particle. X is the number of nucleons
in the subshell.

where e2' is identical with 62 except for the replacement
of the factor 4 by 8/3.

The quadrupole moment of the core'7 is:
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(a) (b)

Fn. 1. Expected qualitative behavior of energy lowering as
subshell is being ulled. j=Fraction of subshell 61led. E~=Mini-
mum energy for states with Q, (0 and for states with Q.)0. In
(a) only terms in eI are taken into account. In (b) both terms
in eI and in e2 are taken into account.

(b)

Fn. 2. Expected trend of equilibrium deformations as subshell
is being filled. j=Fraction of subshell 611ed. a&sr=Equilibrium
deformation. In (a) only terms in p& are taken into account. In
(b} both terms in e~ and in eg are taken into account.

(a) substates filled from j downward

0;=&j, &j—1, etc., P2 assr Q (0.
(b) substates filled from 1/2 upward

0;=~1/2, &3/2, etc , Ps, assr, Q.&0.

Approximate values of (Ps) for the fractional filling f
of an outer shell of Xo particles, for large Eo, are given
by

(10a)

(10b)

In previous discussions, ' only the term in ei LEq. (7)$
has been considered. . In this limit, the energy lowering
is proportional to (Ps) . As a consequence, for a less
than half-filled shell (f(1/2), the disk-shaped form is
favored, while if the shell is more than half-filled

(f)1/2), the cigar-shaped form is lowest in energy.
However, if the next order term in e2 is included in
minimizing the energy, the "crossover" between these
two forms occurs before the shell is half-filled. To the
approximations employed here, the fraction f at cross-
over is given by

f,=0.S (91Vpes/128ei)—. (11)

Then from Eqs. (7) we have

e&
——5.7 Mev. e2

——1.8 Mev. (13)

According to Eq. (11),the calculated crossover between
states of negative and positive quadrupole moments
occurs when the subshell is about one-third filled

(f, 0.3). For a half-filled shell, it follows from Eq. (12)
that the lowest state of positive Q is below the state of
negative Q, by 1.5 Mev. The maximum deformation of
the core can be fairly large. In the above example,
a2M =0.22 for a half-filled shell.

It should be kept in mind that this crude calculation
may well over-estimate the expected core deformation'
and therefore the energy lowering. Nevertheless, the
surprisingly large result obtained here suggests that the
energy lowering of states with positive Q relative to
states with negative Q due to large core deformation is
enough in many cases to overshadow other eGects
which might tend to act in the opposite direction, e.g.,
the known tendency of outer particles to couple to
zero spin in pairs.

The qualitative trend of equilibrium deformations
@2~ which can be deduced from measured quadrupole
moments, is plotted as function of shell 6lling in Fig. 2.
The trend of deformations shown in Fig. 2(b) is in
qualitative agreement with that deduced from measured
quadrupole moments for nuclei in the region Z=50 to
82.' Negative quadrupole moments mainly appear
immediately after the closure of major shells. This is
presumably connected with the fact that the subshells
do not All strictly one after the other. Thus the de-
pendence of quadrupole moments on Ailing of subshells
tends to be suppressed relative to their dependence on
61ling of major shells.

For a half-61led shell the state of positive quadrupole
moment is .lower than that of negative quadrupole
moment by an energy

~~ g, (p—~M. o, )p= (27/16384)Xp'ep. (12)

The expected qualitative behavior of energy lowering as
function of fraction of subshell 611ed is sketched in
Fig. 1. In Fig. 1(a) only terms in ei are taken into
account. In Fig. 1(b), both terms in ei and in es are
considered.

The dependence of energy lowering on the fraction
of subshell filled has been calculated PEqs. (11), (12)j
for a special case to estimate the order of magnitude of
this eGect in a nucleus. The following assumptions were
made

j=7/2, Z=70) A =170 4sR 'f1=14A'~P Mev,

@=0.60, and DRp'R P(Ep) =40 Mev.


