


gUANTVM STATISTICS OF CLOSED AND OPEN SYSTFMS

sition is implied in previous work. ' The restriction
resides in the fact that certain assumptions concerning
the spectrum of energy levels were made throughout
this paper, since they were required for the subject then
under discussion. The demonstration that these restric-
tions are not in fact required for the present purpose is
quite straightforward, but will be brieQy given here for
convenience of exposition. It suKces to appeal to the
important result'

n(N+1, j))n(N, j ) (for Rnite systems), (4)
when ce4

1&+(Ny1, ~)/n(N, j)&[Px n(N+1, rC) j/
[Pz n(N, E')j= 1+1/N (Rnite systems). (5)

It follows that n(1V+1, j) n(N, j), so that
u-~- 2;[1/{*exp'(j) -1}3 (6)

must be satisfied by both x=e and x=Z&+&/Zz in
the limit 1., so that e ~Z~+&/Zz and v(Nj )~n(N, j)
(all N, all j).

In the case of fermions the analog of (4) does not
appear to be available in the literature. We shall,
therefore, indicate a method of establishing it. Let
S(N;r, X) denote the sum of all those terms in the
partition function ZN of the system which are obtained
by allowing distributions of E particles over all the
quantum states j, subject to the condition n(N, X)=r,
where r is a given nonnegative integer (which must be
0 or 1 for fermions). It is known' ' that

S(N; 1, X) = e «"'S(1V 1;—0, X).

We establish first an auxiliary result. Let

S(N; 0, X)S(N+1; 1, X) ~-"("'Z "ZZ "Zexp[—n( ) "—~( )—n(P) "—n(P )j
col ~N |31 PN

S(N;1, X)S(N+1;0,)) e &&'& P P P P exp[—g(y~) —q(yN ~)
—q(b~) .—g(8~+&)j

'Y& P N-1 ~1 ~ N+I

~1 ~2N q=l

In this summation, (1) a„, b, WX for all p and q, and (2)
relations of the form a, Waq, b;Abq (jAk) must be
imposed. There are —,'N (N —1)+~~N(N —1)=N' —N
of them for the numerator, and 2 (N —1)(N —2)
+,'(N+1)N=N' N+-1 of them for —the denominator.
Thus, for each term in the sum of the denominator
there exists an equal term in the sum of the numerator,

' P. T. Landsberg, Proc. Cambridge Phil. Soc. 50, 65 (1954).
~ A. R. Fraser, Phil. Mag. 42, 165 (1951).

The summations on the right are subject to the follow-
ing restrictions: (1) For each term in the sum no two
of the 0, suffixes must be equal, and the same applies
to the P, y, b suffixes, since an equality of this kind
would indicate the presence of two particles in the
same quantum state. (2) The Xth quantum state must
be omitted from all summations, as it is either empty
or, if it is occupied, has already been accounted for by
the factors e &'~~. Thus,

2N

X={P P exp( —P g(a„))}/
+1 +2N @=1

2N

{2 2 -p(—2 ~(b,))}

but the latter has additional terms, since its suffixes
are subject to a smaller number of restrictions. Hence
our auxiliary result,

X)1 (6nite system).

Since

n(N, X)=S(N;1,X)/{S(N;O,X)+S(N;1,X)},
therefore,

n(N, X) n(1V+1, X)

S(N; 0, X)

S(N; 1, X)

S(N+1; 0, X)
&0,

S(N+1; 1, X)

This notation was devised in conjunction with Dr. F. Ans-
bacher, University of Aberdeen, Aberdeen, Scotland.

so that (4) holds in virtue of (7) also in the case of
fermions. The argument now continues as for bosons,
and the required proposition is established.

Further properties of quantum statistical systems
in the limit I will be established in a subsequent
communication.


