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We have compared the level density of a nuclear model deduced from a statistical analysis with the
results of the exact counting of the levels of the same model. The tables of levels of Ne® given by Critchfield
and Oleksa have been used as a test of the statistical theory. A new derivation of thelevel density is presented.
It starts, as usual, from the independent-particle model. However, it differs from the previous treatments
in two respects: (a) the exact states of the nucleons in the central potential are kept throughout the calcula-
tions instead of being replaced by a continuous distribution; (b) the effect of mutual interactions of the
nucleons of the Majorana, Bartlett, or Heisenberg type is taken into account in the long-range approxi-
mation. With these modifications, the statistical theory agrees very well with the exact counting of the
levels, both for the total density and for the density of the levels having a given angular momentum. It is
shown that the replacement of the nucleon states by a continuous distribution introduced in most previous
derivations, and the neglect of the Majorana forces can produce very large errors. An interpretation is
presented of the distribution of angular momentum among nuclear levels in terms of rotations of the whole
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nucleus as a rigid body.

I INTRODUCTION

HE theory of nuclear level density was initiated
by Bethe! many years ago, on the basis of the
Fermi gas model of the nucleus. It was soon realized,
however, that the pure free-particle model which he
used was only a very crude approximation. Moreover,
it was not clear to what extent the conventional statis-
tical analysis could be applied to systems containing
relatively small numbers of particles. Therefore, a more
detailed calculation of the potential energy was intro-
duced, and the statistical analysis was replaced by an
explicit counting of the levels of the nuclear model.>*
Unfortunately, this procedure is so lengthy that it
cannot be repeated for many different values of Z and
A. In addition, such a calculation is not feasible for
heavy nuclei. It will be shown, however, that after
proper modification, the statistical theory yields a
reliable and accurate counting procedure even for com-
paratively light nuclei. It will also be shown that nuclear
models, which include a dependence of the potential
energy on the symmetry of the wave function, can be
treated by statistical methods. The validity of the
nuclear model, itself, will not be discussed here.

As usual, the independent-particle model is taken
as a basis of the statistical theory. After the energy
levels of the individual nucleons in the central potential
have been determined, the calculation of the level
density of the nucleus can be treated as a purely com-
binatorial problem, the solution of which is expressed ex-
actly by the Darwin-Fowler integral (3). The main step
in the statistical theory is the evaluation of the latter
integral by the saddle point method. It will be shown
by comparison with the calculations of Critchfield and
Oleksa,* based on an exact counting of the levels, that
this approximation does not introduce large errors even

1 H. A. Bethe, Revs. Modern Phys. 9, 53 (1937).

2 J. Bardeen and E. Feenberg, Phys. Rev. 54, 809 (1938).
3 L. Motz and E. Feenberg, Phys. Rev. 54, 1055 (1938).
4 C. Critchfield and S. Oleksa, Phys. Rev. 82, 243 (1951).

when the number of nucleons is not very large. The
standard treatment of statistical mechanics, however,
includes additional approximations which lose their
validity in systems containing small numbers of par-
ticles. Among these is the replacement of the individual
nucleon states in the central potential by a continuous
distribution. This leads to a very simple expression for
the level density, but a comparison with Critchfield’s
results shows that its accuracy is not very satisfactory.
The fact that it does not take into account the shell
structure of the ground state of the nucleus is a great
weakness of the method of continuous distributions.?
Thus, for example, if the outer shell has a large angular
momentum, and is about half-filled, the outer nucleons
can be rearranged in a large number of different ways
with very little excitation energy. The level density is,
then, larger than it would be in a closed shell nucleus
of comparable mass.

In nuclear reactions, the transition probabilities vary
so rapidly with angular momentum that only the
levels having the appropriate angular momenta are
excited with reasonably large probabilities. Therefore,
it is important to determine the density of the levels
with given angular momentum. More generally, one
can compute the density of the levels for which any
number of constants of the motion take given values.
The isotopic-spin formalism is, then, very convenient
for representing Z as a constant of the motion similar
to an angular momentum. Another application of these
calculations, is the treatment of more complex nuclear
models. The determination of the densities of levels
with given spin, isotopic spin, or symmetry type is, in
fact, the key to an estimation of the effects on the level
density of Bartlett, Heisenberg, or Majorana forces.

II. THE CONTINUOUS APPROXIMATION

In the following three sections, we shall consider a
nuclear model in which the nucleons move indepen-

5 H. Margenau, Phys. Rev. 59, 627 (1941).
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dently in an average central field V (r). For simplicity,
we shall assume that V' does not depend on the spin
and the isotopic spin of the nucleons. The theory can
be applied to a j-j model with a few obvious modi-
fications. Let ¢q, ¢1, - -¢cx be a set of commuting con-
stants of the motion of a single nucleon. Such constants
will be, for instance, the projection along the z axis of
the orbital angular momentum /., or the spin s, or the
projection along the { axis of the isotopic spin 7;. We
shall assume that the values Cy of the constants of the
motion for the whole system are the sums of the values
of the ¢ for the individual nucleons. The states of the
nucleons in the potential ¥ (r) can be classified according
to their values of the ¢;. It will be convenient to call
a ‘“component” the set of all nucleon states for which
the ¢, have the same value. Thus, a component « is
defined by the specification of the my, o

Co=M0,ay C1=Mla, *°*, CE=MEK, a (1)

For instance, if we introduce only one constant of the
motion s,, we have two components: the states with
s.=32, and the states with s,= —1. If /, is taken as one
of the constants of the motion, the number of com-
ponents becomes infinite, corresponding to I,=0, %1,
:}:2, .

In what follows, ¢, will always stand for the number
of particles. Thus, mg, =1 for all components, and for
the whole system Co= 4.

We shall denote by e; the states of a nucleon in the
central potential V(r), and by g;. the statistical
weight of e in the component a. For simplicity, we
shall assume that each of the constants of the motion
¢1, Cy, *+Ck 1s similar to the projection on an axis of
an angular momentum. Hence, the statistical weights
g « associated with two components which differ only
through the signs of the iy, . are identical.®

The central problem in the statistical theory is that
of finding the density p(E,M) of the levels for which the
total C have given values:

Co=Mo=A, C1=M1, ct Yy CK=MK. (2)

The exact solution to this problem is given by the
well-known Darwin-Fowler integral.”8

p(E;Mk) = (Zfi)—K_zf oo fdtdxo. .o de

Xexp(Et—2 " M+ e Ba),  (3)

6 This assumption is introduced in order to decrease the number
of terms in the expansions and could be removed easily. It excludes
parity, which can be represented, for instance, by a constant of
the motion such that m,=0 for the even nuclear states and mq=1
for the odd states. The density of the even nuclear levels would
then be the sum of the densities of the levels for which C=0, &2,
=+4, etc. The density of the odd levels would be the sum of the
densities of the levels such that C=4=1, 43, &5, etc. In general,
the level density will be a smooth function of C, and the densities
of levels of both parities will be equal in the first approximation.

7R. H. Fowler, Statistical Mechanics (Macmillan Company,
New York, 1936).

8 G. E. Uhlenbeck and C. Van Lier, Physica 4, 531 (1937).
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where

Dot 20) =3 gs,a log[ 14exp Ck wmy,a—eit) ] (4)

.In (3) the integrals are taken along contours going

from —iw to +4ic. It is customary in statistical
mechanics to replace the distribution of states e; by a
continuous distribution. Let then p.(€) be the density
of nuclear states in the component a. We can replace

(4) by .
B (t0) = f depu(€) log[ 14-exp (s 2w a—ei)]. (5)
0

We shall first describe the continuous approximation
which is based upon the Egs. (3) and (5).

In the terminology of thermodynamics, the variable
tin (3), (4), (5) would be the inverse of the temperature.
It is well known that for all excitation energies of
interest, a nucleus is a highly degenerate system. Thus,
the important values of ¢ in the integral (3) are the
large ones. For ¢ large the integrand in (5) falls off very
rapidly as e becomes larger than the ‘“Fermi energy of
the component o :

€a= (O XM, o) /1. (6)

This permits an asymptotic estimation of the integrals
for e, >>1. According to Sommerfeld,?10

fI),,E:i(eaNa*' sz)‘*‘ (7"2/609«(601)7 (7)
where

Nale)= f “ depale)

is the total number of nucleons which can be accom-
modated in the component @, when all states are filled
up to the energy e,, and

We(ed = f " deepale

is the corresponding total energy.
The next step is the evaluation of the integral (3) by
the many-variables saddle point method.” This yields

p(E,My)= (2m)~E+DRD~11%S, ®)
where the “entropy” S is the value at the saddle point of
S= Et— Zk kak+Za (I:‘a,

and D is the determinant formed with the values at the
saddle point of the second derivatives of ®=3", ®,
with respect to ¢, xo, %1, - - -, #x. The coordinates of the
saddle point are given by

9 A. Sommerfeld, Z. Physik 67, 1 (1928).

10 This expression is the beginning of an asymptotic expansion.
However, the following terms depend on the derivatives of the
pa(e), and therefore have little meaning in nuclear problems,
where the replacement of the discrete energy Jevels of the nucleons
by continuous distributions is quite ambiguous (see Sec. 4).
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Substitution of (7) into these equations yields

E= Za[Wa+ (7r2/612) (pa+ eapa,)jy

(10)
Mk = Za M, a[Na+ (7r2/6t2)p¢:|5

where all functions of € are taken at e= ¢, as defined by
(6).

The lowest energy level satisfying the conditions (2)
is obtained from (10) by putting /= . The energy FE'
and the Fermi energies of this state are given by

El:Za Wa(eal)> Mk=2a ", aNa(eal)' (11)

The ground-state energy, on the other hand, is the
minimum of E! for Mo=A and arbitrary M, ---Mx.
It is easily seen that in the ground state of the model
M, ---Mg vanish and that the Fermi energies ¢, are
all equal to a value € defined by

2alNa()=4.

We shall now assume that the excitation energy
Ul= E— E', measured above the energy E! of the lowest
level having the given values of the constants of the
motion, is sufficiently small so that 1/# and the varia-
tions e,—e€,! can be considered as infinitesimal quan-
tities. Then, from (10) we get in the first approximation

Ul= (7r2/6t2)2a pa(eal)'

Moreover, if My, Ms, --+-Mxk are small, the ! do not
differ very much from € and we have

Za pa(eal)zZa Pa(fo) = 1/5

Here 1/6 is the total density of states dvailable to a
single nucleon at an energy equal to the Fermi energy
" of the ground state. It can be easily shown that the
difference,

Zm Prx(eal)—za pa(eo) =Za(eul'— O)Pa'(eo)y

which is neglected in (12) vanishes in the first order in
M. A short calculation finally yields for the level
density in the first approximation

p(E,M)=[(2m)X 2(1/48)U'c105- - -ox |
Xexplw (2U1/38)%],

(12)

(13)

where the o, are defined by

ai2= (1/7){m2)a (6U/8)%. (14)
In (14) we have written
<mk2>Av= Za M, o’ P (50)/201 Pa(fo) (15)

for the quadratic mean of m;, at the top of the Fermi
distribution. A remarkable property of this result is
that the level density depends on the M, only through U*.

We must now compute the energy difference E'— E°.

CLAUDE BLOCH

The relations (11) yield

K
5a1 - 50: 5 Z mk. aMk/<mk2>Av,
h=1

) (16)
Bim B= U= U'=8 S M3/ 2(mdn.

k=1

Here we have introduced the excitation energy U
measured from the ground state. By substitution of the
value of U! given by (16) into (13), we get the Gaussian
distribution law:

o(U,M)=p(U)[27)E 26162+ - rox I
K
Xexp(—=X M¥/20:%), (17)

where
p(U)= (Ur/48)7 exp[w (2U/36)%] (18)

is the well-known expression for the total level density.!-?
In deriving (18) we have introduced the difference
U'—U only into the exponential which is the rapidly
varying factor. Similarly, in the expression (14) de-
fining o, U' may be replaced by U. It is seen from (17)
that oy is the dispersion of M) among the levels.

The results obtained for the continuous model can
be summarized as follows: The density of the levels with
given values of Cy, - - -Cxk is proportional to the total level
density (18) at an energy U— (E'—E°), where E! is the
energy of the lowest of all the considered levels, and E°
the energy of the ground state. The constant of propor-
tionality is independent of the values of Cy, and can be
obtained by mormalization of the total density at each
energy.

III. MORE ACCURATE TREATMENT

The calculation of the level density of a highly
degenerate gas starts from the assumption that only
levels near the top of the Fermi distribution are in-
volved. The replacement of the distribution of the
nucleon states by a continuous distribution, on the
other hand, requires that the number of nucleon states
in the relevant energy interval around the top of the
Fermi distribution is large. Moreover, the distribution
of these states should be fairly regular so that an
equivalent smooth density function could be defined.
These conditions are not well satisfied in nuclei, espe-
cially in the lighter ones. Actually, the number of
relevant energy values of the nucleon states is usually
rather small, and some of the states are highly degen-
erate due to spin, isotopic spin, and angular momentum.
The density functions are then not well defined. A more
accurate treatment should start from the exact defini-
tion of ®, given in (4).

Let us assume, for example, that in the ground state
of the nucleus, the states €, €, - - - €,-1 are filled, that e,
is partially filled, and that €nt1, €nya- -+ are empty. We
have seen in the preceding section that as {—o, the
value of ¢, at the saddle point tends to €, the energy of
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the top of the Fermi distribution. In other words x;—te’,
and the x; remain finite. Similarly, in the present case
we can expect that o will have the limit te, for large 2.
Hence, let us write

Xo= t€n+a+5xo, (19)

where @ is a constant which must be adjusted in such a
way that

dxe—0 as t—w,

We have also seen in the continuous treatment that
the x, (k=1, - - - K) at the saddle point are proportional
to M. Consequently, for a certain range of values of
My, we can consider the x, as small quantities. For
convenience, we shall write x,=6éx; for k=1, .--K.
Thus,

K
Z XMk, 0= ten‘l" a+z 5kak, a-
k k=0

The method we shall use here consists in treating
exactly the dependence of ®, on ¢ and ¢, and in using
a power series expansion for the dependence on the éxy.
Thus,

gi,a K
=3 —[ 3 8w J7f P [t(en—e)+al, (20)
i p p! k=0
f(x)=log(1+e),
f@)=1/(1+e),
J" (x)=1 sech®(x/2),
f® (x)=—1 tanh(x/2) sech?(x/2), etc.

In the sum (20), the main contributions at low excita-
tion energy come from the state €, and the states which
are close to it. This follows from the rapid decrease of
the functions f® with |e,—e¢;| for large ¢. The terms
involving f or f/ do not decrease with |e,—e;| when
e;<e,. These terms, however, can be written

fli(en—e)Fal=t(en—€)Fa+ f[—t(en—e€) —al,
flt(en—e)tal=1—f[—t(ea—e)—al,
where the remaining functions f or f’ now have the

proper behavior. It is convenient to introduce the
notation

JP= [P lker— e+ a)
[i®= (=) fP[—t(en—e)—a] for ei<en (21)
The distinction e;=e, is, of course, relevant only for
p=0, 1, since
[P (—x)=(—)2f®(x) for p22.

If we assume, as above, that C;- - -Cg are such that
the numbers g; . of states with given values of the
constants of the motion depend only on the absolute
magnitudes of these values and not on their signs, then
only terms containing even powers of 6x,, * - -6xx appear

where

for €2 en,

1097
in (20).1 Thus, we get an expansion of the type
= (te,.—l—a—}—&xo)N,._r— th.1+F+F,5xo
K K
+% Z Fk"éxkz—l- %F(3)6x03+% Z F;,(”Bx;ﬁéxo
0 1
1 & .
+— Z Fkk“‘)6xk4+% Z sz(‘”éxk?ﬁxl?-{— teey, (22)
24 o k7l

where NV, is the number of nucleon states of energy
less than e,, W, is the corresponding total energy,
and the coefficients F are given by

F® = Z g ufi(p),
i,
Fk(P) — Z i, oM, azfi(p),
i,
Fra® =3 g ot oMy o2 f: P, etc.
i

These coefficients are expressed by elementary functions
in terms of the parameter ¢, and are easily computed,
especially since at small excitation energy, only the
terms associated with the state e, and its close neighbors
contribute appreciably. We shall further need the fol-
lowing coefficients:

G =5 (e en)giaf 7,

Ge'P =3 (e;— €n)gi a2 f+P, etc.
1,0
and
H® = Z ((:r— e,,)zgi, afl.(p), etc.
1,0

The latter coefficients are related to the coefficients F
by
AF(»/3t= —G, PtV 9GP /dt= — H, (7t etc.

Equations (9) defining the saddle point read, now,
K
A= AV,,__1+FI+FHBOCQ+% Z Fk(3)6xk2+ ey (23)
k=0

M}c= Fk"axk-l- Fk<3)6xk6x0+ cee, (24)

The equation in E can be written after some simple
transformations

K
U=Gl+G”59€0+% Z Gk(S)axk2+ KN

k=0

(25)

where U is the excitation energy measured above the
ground state
E'= Ww—l—l_en(A ”‘Nn—l)

1'When S, T}, Y¢ are introduced at the same time, the three
corresponding 7 values for a single nucleon are related by
mgmomy=%. From this correlation, it follows that the expansion
(20) will contain additional terms such as, for example, a term in
dxgdxrdxry, which will yield terms in S.T¢¥¢ in the final level
density formula. This minor correction will be omitted.
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The limit of F’ for large ¢ is given by the contribution
of the level e, which is the only term independent of 2.
Thus, we see from (23) that for large ¢, dxo is propor-
tional to A —N,_1—F'({= »). Consequently, the con-
dition that éx, should go to zero for large ¢ reads

A"‘N,,,_1=F,(t= °°>=f'n, Za gn. -
This condition defines a. As f./=1/(1+4¢7%), we have
er= [A_Nwﬁlj/[:za grna— (A—=N.1)] (26)

The quantity 4 —N,; is the number of nucleons of
energy e, in the ground state, and ). gn, « is the total
number of nucleon’states of energy e,. Thus, e is equal
to the number of nucleons occupying the level ¢, in the
ground-state configuration divided by the number of
holes in that same level.

We must now solve Egs. (23), (24), and (25) giving
¢, 820, dxy, in terms of U, A, and M}, and compute the
entropy S=Ei— i 2:M;—®, end the determinant D.
The calculation is quite straightforward, and the
resulting value of the entropy can be written

K K K
S= SU+S1—Z Mﬁ/Zo,}——Z Z Bksz2M12, (27)
1 1 1

where the two first terms depend only on U and give
the general level density, the third term gives the
Gaussian law already obtained in the continuous theory
and the fourth term gives the deviations from this
simple law.

The term .So is a constant equal to the value of S in
the limit #—o0, M;=0; it is given by

So=a(Nn_1~—A)+fn Za gn a-

Upon introducing the values of f, and of @ this becomes

So= (m~+n) log(m~+n)—m logm—n logn, (28)

where m and » stand for the number of particles and of
holes in the level e, in the ground-state configuration.
In what follows, we shall give the first approximations
only of the various quantities occurring in the level
density formula. More complete expansions are given
in the appendix.

The term S is given by

Sy=Ut+F—F?/2F",
F=Zzgi,afi; F”::'Zzgi.afi,

i#n a i#En

(29)

where

are identical with F and F’ except that the term coming
from e, is omitted. The ratio F’/F"” is a small quantity
at low energy; it vanishes in the limit of U—0. Thus,
terms proportional to the successive powers of F’/F"
are correction terms of increasing order. The dependence
of the excitation energy on ¢ is given by

U=G'—G"(F'/F"), (30)

CLAUDE BLOCH

and the dispersion coefficients by
ot=F" —F® (F'/F"). (31)

The coefficients By; of the fourth-order terms are very
small in practical cases; their expression is given in the
appendix.

The determinant D is readily computed because the
off-diagonal terms are much smaller than the diagonal
terms. One finds in the first approximation:

K
D=(1—G"/H"F"Y(H"—H®F /FN] o2 (32)
k=0

The preceding derivation does not apply when the
outer shell is complete in the ground state, since in this
case (26) gives a=-+o or a=—» depending on
whether e, is the last filled level, or the first empty one.
Let €, be the first empty level. It is natural, then, to
replace (19) by

xo= 1€+ a0,

where € is some energy between e,—; and e, to be
determined by the condition that éx¢—0 as +—ow. We
have A= N, 1, and the relation (23) giving 6xo becomes

0=F'~4F"sx0+- - -.
In the limit of large ¢ we have

F'=3 agnaexp[—t(e,—€)—a]
—gn1,eXp — (e~ €,1)+a],

F'2=Y o gn o expl—1t(e,— ) —a]
+gn1, a€xXp[ — (= €r_1)+a].

Consequently, if we choose € and @ according to

= (€n+€n_1)/2, e2a=Za 8n, a/Za 8n—1, ay

F’ goes to zero much faster than F”, and éxo goes to
zero. In conclusion, € has to be taken halfway between
€, and e, 1, and ¢* is the ratio of the weight of e, to
the weight of e,_;. With this modification, all the
formulas given above-apply, provided that in the
definition (21) of the f;(? e, is replaced by €°. Of course,
in the present case, all the functions F go to zero as
U—0. In particular, So=0.

We shall finally mention the modifications which
have to be made, if one wishes to calculate the number
N(E,M) of levels of energy less than, or equal to, E.

This quantity is immediately derived from (3):

[V(E;Mk):' (271’1.)_1{_21\ .. -f(dt/t)dxodxl- - -dxg
K
Xexp (Et—3 xxMi+®).
0

This integral can be evaluated by the saddle point
method, and the calculation is identical with that of
the level density, except that ® has to be replaced by
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$—logt. The result is

N(U,My)= (2r)~E+D D315, (33)

where S is identical with the expression (27). However,

the relation (30) between energy and temperature is

replaced by? _
U=1/t+G—G"(F'/F"); (34)

and in the calculation of D, H" has to be replaced by
H'+1/2.

As an example, let us compute the total number of
levels of excitation energy U=0 in a system of A
nucleors. The exact value is given by the binomial coef-
ficient (™1"), where 7 and # are the numbers of par-
ticles and of holes in the level e, in the ground-state
configuration. On the other hand, we apply (33) taking
K=0. In the limit U—0 we have

S=So+t(1/t+-G'+- - -)—=So+1,
D= (1/2+H"+-- Yo —{1/B)F" (t= ).
From the definition of F”/ we have

Fl't=0)=Y4 Enafa’’
=% Za 8n,a SeCh2(a/2)=mn/(m+n),

where the value (26) for ¢ has been used. Finally we
get, after substitution of (28) for Sy,

m+n
N (0)=[e/(2m)*]X Stirling approximation for ( )
m

m+n
=1.084X Stirling approximation for ( )
m

It is seen that even in this extreme case the error
introduced by the saddle point method is very small.
The integration with respect to xo has had the effect of
replacing the binomial coefficient by its Stirling ap-
proximation, whereas the integration with respect to ¢
has introduced an error of the order of 8 percent.

IV. ANGULAR MOMENTA

In this section, we shall study the distribution of
angular momenta among the nuclear levels.

The present experimental knowledge of the spins of
the nuclear-excited states is very scarce except for a
few low-lying states to which the statistical theory
does not apply. Therefore, it is not possible to verify
directly the theoretical predictions. It is, however,
interesting to check the accuracy of the statistical
treatment by comparing its results with those obtained
by a direct counting of the levels performed on the
same model. Thus, the discussion of the validity of the
model itself will be left entirely aside. Critchfield and
Oleksa* have given a complete account of the levels of
energy less than 25 Mev for the nuclei with 4=20,

12 Note here that the relation between energy and temperature
depends on the integral which is computed.
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F1c. 1. Number of levels with a given angular momentum and
an energy less than a given value. The dots represent the results
of Critchfield and Oleksa corresponding to four different energies.
The curves represent the function (36) with parameters adjusted
for best fit at each energy.

which permits an excellent test of the statistical method.
Their model actually includes Majorana forces, but it
will be shown in the next section that these forces do
not change appreciably the distribution of angular
momenta.

The number N, of the levels with total angular
momentum J and energy less than E is given in terms
of the number N (M) of the levels with angular mo-
mentum M along the z axis by

N;,=N{J)—NJ+1). (35)

The dependence on M of the number of the levels with
the angular momentum M along the z axis is given in
the first approximation by a Gaussian law N (M)
~exp(—M?/2q%) [see (17) or (27) and (33)]. Hence,
we have for the dependence on J of the number of
levels with angular momentum J and energy up to a
given value

Ny~ (2J+1) exp[— (J+3$)*/20*]. (36)

First, we shall verify that Critchfield’s results obey this
law.

The numbers® of levels of given angular momentum
and of energy less than a given value have been plotted
on Fig. 1 as functions of the amgular momentum for
four different energies together with the curves defined
by (36). The parameter o in (36) and the proportionality

13 These numbers have been taken from Table IV in Critchfield
and Oleksa (see reference 4).
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factor have been adjusted each time for best fit. It is
seen that the agreement is excellent as soon as the
number of levels is sufficiently large. The errors are, in
fact, of the order of magnitude of random fluctuations.
The most probable angularfmomentum Jn,=oc—3%
exhibits a slow increase with the energy. Actually, the
curves on Fig. 1 correspond to J,=3.0 for 24.8 and
21.6 Mev, and to J,=2.82 for 18.2 and 12 Mev. Below
12 Mev, J,, is not well defined.

For a discussion of the values of o, the detailed
features of the model have to be introduced. Critchfield
and Oleksa assume that the nucleons move in a 16.8-
Mev deep potential hole of radius R=1.4543X10~1
cm. The corresponding nucleon states are given in
Table I, together with the statistical weights >« gi«
and the sums of m2 The latter sums include the con-
tribution of the spin. The parameters § and {(m?)s of
the continuous theory have to be derived from these
data. For this purpose, it is convenient to first introduce
the sums

N(5)=Za Na(e): >« Ma’Nal(e),

where N.(e) is the number of states of energy less than
or equal to e in the component a. The quantities 1/8
and (m?),,/8 are then the derivatives of the expressions
(37) with respect to € at e=¢". The sums (37) can be
deduced from the data of Table I when e is equal to
the energy e; of one of the nucleon states. For other
values of ¢, an interpolation procedure should be used.
Moreover, there is some arbitrariness in the definition
of the sums (37) even at the energies ;. A procedure
which yields smooth plots consists in taking the sum
of the contributions of the states below e;, plus half of
the contribution of the state ¢;. Thus, we get five points
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Fi1c. 2. Determination of the parameters of the continuous
theory from the nucleon states. The dots indicate the values of
the functions N(e) and Z, ms2N4(e) at the energies of the five
nucleon states given in Table I. The curves are interpolated
between these points.
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for each function, through which we have to draw con-
tinuous curves (Fig. 2). The Fermi energy € is the
value of € at which & (e) is equal to 4=20. The values
of 1/6 and (m?)a,/8 are then given by the slopes of the
two curves at €. Clearly, the definition of the latter
quantities is not very precise, and this shows one of
the weaknesses of the continuous approximation for
light nuclei. Measurement of the slopes on Fig. 2 yields'*

1/6=1.40 Mev™, (m?)a/6=2.36 Mev'. (38)

With these values, the relation (14) gives for the most
probable angular momentum J,,

Tm=124U1—1.

The plot of this function on Fig. 3 (curve a) shows
that the values of J,, obtained by the present approxi-
mation are significantly smaller than the values deduced
from the curves of Fig. 1.1 The reason for this is easy
to understand. The nuclei with 4 =20 have aa incom-
plete d shell with four particles. This is a very favorable
situation for producing large angular momenta. An
almost empty, or almost filled shell, or an outer shell
of small angular momentum, would, on the contrary,
yield exceptionally small angular momenta. The con-
tinuous theory, which ignores these peculiarities of the
nuclei, must deviate one way or the other, depending
on the ground state configuration. However, it predicts
correctly the order of magnitude of J,,.1¢

We shall now discuss the values of J,, given by the
theory of Sec. 3. This theory introduces directly the
nucleon states described in Table I. Thus, the functions
F, G, - -+ become sums of five terms which are easily
computed numerically. The energy e, is that of the 1d
state. The outer shell has 4 particles and 16 holes.
Hence, e*=1. In the limit U=0, F’ vanishes. Therefore,
the limit of ¢ is simply given by the contribution of the
1d state to F;”. Thus,

‘72 (O) — Z « mazgn, « (eal2+e—a/2)—2.

For the present nuclei, ¢?(0)=7.2 and J(0)=2.3. The
values at higher excitation energies are easily computed
by means of the expansions given in the appendix. The
correction terms in ¢® have three different origins and
it is necessary to take the first few terms in the ex-
pansions of each kind of correction. These expansions
are rapidly convergent. The final results are represented
by the curve ¢ on Fig. 3. They are in excellent agreement
with the values corresponding to the four energies con-

14 Modifications of the procedure used in plotting the curves of
Fig. 1, do not usually alter these values by more than 10 percent.

1s Everywhere in the present discussion we have neglected the
fact that the most probable angular momentum among the levels
of energy less than or equal to E, is not exactly the same as the
corresponding quantity for the levels of energy equal to E.
However, the difference between the two quantities is very small
because of the rapid increase of the level density with energy, and
the slow variation of Jp.

16 Tt has often been stated incorrectly in the literature that the
statistical theory predicts much too many levels with very large
angular momentum.
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F1c. 3. The most probable angular momentum and spin or
isotopic spin among the levels having an energy less than a given
value. The dots indicate the values corresponding to Fig. 1.
Curves (a) and (b) give the most probable angular momentum
derived from the continuous theory, with the values of the param-
eters determined directly from the nucleon states and by means
of the B.W.K. approximation, respectively. Curve (c) gives the
values obtained from the method of Sec. 3. The curves (a’) and
(c) give the corresponding values of the most probable spin or
isotopic spin. The curve (b") would be very close to (c¢’), and,
therefore, has been omitted.

sidered above. It should be noted that J,(0) is an
important fraction of J, in the interesting range of
energy. The value of J,,(0) depends entirely on the
outer shell. It vanishes for a closed shell, and reaches a
maximum when the outer shell is half-filled (¢=0).
For the 14 shell, the maximum value which occurs at
A=26is equal to J,,=2.85.

The coefficient B in (27), which gives the deviation
of the distribution of the angular momenta from the
Gaussian law, is easily computed by means of the ex-
pression given in the appendix. One finds that B has a
very slow variation with energy, and is of the order of
10~% at 25 Mev. Therefore, the predicted deviations
from the Gaussian law are less than 2 percent for J <6.

Finally, we shall return to the continuous theory for
a more general discussion of the distribution of angular
momenta among the nuclear levels. The discussion will
be restricted here to nuclear models involving a spin-
independent central potential V(r). Then, the pro-
jections along the z axis m; and m, of the orbital
momentum and of the spin of the nucleons are inde-
pendent, and we have for the projection of the total
angular momentum # the relation

(M= M+ (M= (mn+1.

In the heavy nuclei, the contribution of the spin is
small compared with the orbital term, since large
orbital momenta occur near the top of the Fermi dis-
tribution. On the other hand, the orbital term is very
simply related to the moment of inertia I of the
nucleus'” by

(mPm/d=2_ mip(sm)=1I/h2

(39)

(40)

17 This relation is implicitly given by Bethe (see reference 1)
for the special case of an infinite square-well potential.
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In this relation, I is the moment of inertia around an
axis of the nucleus considered as a rigid body with a
mass density at each point given by the usual expression
for a Fermi gas in an external potential:

p(r)=4(4r/3)[2M (V) PM K.
The proof of the relation (40) starts from the B.W.K.formula,®
Ni(@)=@/x) [ L @M /B &= V) —B/r D,

giving the number of states of a nucleon with the angular mo-
mentum / and an energy less than . The density of states with
a projection of the angular momentum on the z axis equal to m
is given by

Imax

p(&m1) =‘/|‘m“

An elementary integration yields, then, the identity

f dmmo (9,m1) = (2/342) J; R driu(r);

where dr is the volume element and R the nuclear radius defined
as the distance at which ¥ becomes equal to . This relation is
equivalent to (40).

/AN ().

The moment of inertia of a nucleus of given mass and
radius depends somewhat on the shape of the potential
V. Potentials which attract the nucleons more strongly
toward the center yield smaller moments of inertia. For
example, the harmonic oscillator potential and the
infinite square-well yield for I the values M R?4 and
ZM R?A, respectively.

k: The same procedure gives for the parameter 1/8 the
value 1/6= (d/de®) N (&), where

N(&)=4(x/3)h? f dr[2M (o= V) A,
0

It is interesting to compare the values of the param-
eters of the continuous theory deduced from the
B.W.K. approximation for 4 =20 with the values (38).
One finds with the B.W.K. approximation J,,=1.5U%—}
for the infinite square well, and J,=1.24U%—1 for the
harmonic oscillator potential® (contribution of the spin
included). The values corresponding to a finite well
should lie between the later values. This shows that the
B.W.K. approximation overestimates J.., and, there-
fore, in the present case, it corrects to some extent the
errors introduced by the continuous approximation. It
follows that the values of J,, corresponding to an infinite
well (curve b on Fig. 3) are more accurate than the
values obtained with the parameters determined directly

TasLE I. Independent particles states for 4 =20.

State 1s 1p 1d 2s 1f

Energy ¢; (Mev) 0 10.3 23.1 28.5 37.6

Zalia 4 12 20 4 28
a M2, « 1 11 45 1 119

181, I. Schiff, Quantum Mechanics (McGraw-Hill Book Com-
pany, Inc., New York, 1949), Sec. 28.

19 The parameter of the potential is determined by the condition
V(R)=¢", where R is the nuclear radius.
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from the nucleon states. This conclusion, however, does
not hold for all values of 4.

For the heavy nuclei, the contribution of the spin in
(39) can be neglected in the first approximation. A
simple physical interpretation of the relation (40) can
then be obtained by introducing the quantity U! defined
in Sec. 2. This quantity here is the excitation energy
measured above the lowest nuclear level having an
angular momentum M along the z axis. From (16) and
(40) we obtain for the difference between U and U*:

U'—U=—M#?/21. 41)

Thus U! is the remaining excitation energy when the
kinetic energy due to the rotation of the nucleus as a
rigid body around the z axis is subtracted from the
total available excitation energy U.? It follows that
although we have considered a pure independent-
particle model, the distribution of angular momentum
among the energy levels is the same as it would be for
a rigid body. More specifically, this distribution could
be obtained in the following manner: (a) we determine
all the levels with J=0 (states of internal motion);
(b) we deduce the levels with angular momentum J by
adding the kinetic energy J(J+41)4%/21 to each energy
level with J=0.

This property, of course, does not imply that the
Hamiltonian can be split into two nearly independent
parts, one involving only the internal coordinates of
the system, and one involving only the coordinates
determining the position of the system in space. Such
a separation is possible only in the case of an actual
rigid body, and the detailed level scheme is then very
different from that of an independent-particle model.
This can easily be shown by considering a system con-
sisting, for example, of four particles (a-particle model
of O'%). For suitable kinds of interactions, the particles
will form a tetrahedron which can rotate and vibrate.
The behavior of the system depends, then, essentially
on two parameters, its radius R, and the amplitude e
of the zero-point vibrations. The spacing of the vibra-
tional levels is of the order of #2/Ma?, and that of the
rotational levels of the order of A%2/MR?. In the case
a<R, the system has a well-defined shape; it is a rigid
body to a good approximation. The spacing of the
vibrational levels is then very much larger than that
of the rotational levels. Consequently, we shall observe
well-separated groups of levels corresponding to the
same vibrational state and different angular momenta.
In the other extreme case where a= R, the particles are
nearly independent. The spacing of the vibrational
levels and of the rotational levels are then of the same
order. Therefore, the groups of levels which existed in
the case of the rigid body now overlap in such a way
that it becomes actually impossible to distinguish
between rotation and vibration. However, the statis-

2 J, H. Jensen (private communication) has proposed to take

this simple property as a starting point for the calculation of the
distribution of angular momenta in statistical theory.
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tical distribution of angular momentum among the
levels is the same in both cases. It depends only on the
moment of inertia and not on the ratio a/R.

V. THE EFFECT OF SYMMETRY

We shall now assume that, in addition to the central
potential introduced previously, the nuclear potential
energy contains symmetry-dependent terms. A simple
approximate description of the dependence of the
potential energy on the symmetry of the wave function
is provided by Wigner’s uniform model.!

Under the assumption that the nuclear forces do not
depend on the spin and isotopic spin of the nucleons
(pure Majorana and Wigner forces), the symmetry of
the wave function of every nuclear level is characterized
by three “partition quantum numbers”2 P> P' > | P"|,
and the symmetry-dependent part of the potential
energy is given by

V= au[ P(P+4)+ P (P'+2)+ P"2].

From the discussion of the binding energies,® one finds
for the value of the parameter ax:

ayr=20/4 (Mev).

(42)

It is reasonable to assume that the same expression
gives approximately the potential energy of the excited
states.

Spin and isotopic spin-dependent forces can also be
considered. Their contribution to the potential energy
of the nucleus depends on the total spin or isotopic spin
of the levels according to?

Vs= dsS(S-l- 1), VT== GTT(T+ 1) (43)

The first effect to be considered, is the displacement
of the ground state. Since the excitation energy is
measured from the ground state, one must in all for-
mulas replace U by

U'=U+V0, (44)
where V? is the part of the potential energy of the
ground state which is not included in the central
potential. With the uniform model, for example,

Vo= au[ PO(PO4-4)+ PO(P+2)4 (P"0)?].

A consequence of this effect is the fact that among
isobar nuclei, the level density increases with T’y for
small 7¢.% In Secs. 2 and 3, we have found that the
level density was decreasing with Ty according to a
Gaussian law. However, U’ increases with T, and this
results in an increase of the level density which for
small T overbalances the Gaussian factor.

21 E, Feenberg and E. P. Wigner, Phys. Rev. 51, 95 (1937).

2 E, P. Wigner, Phys. Rev. 51, 106 (1937).

B E. P. Wigner, University of Pennsylvania Bicentennial Con-
ference (University of Pennsylvania Press, Philadelphia, 1941).

)24 See, for example, Table VI in Critchfield and Oleksa (reference
4).
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The second, more complex effect is the displacement
of the excited states by variable amounts depending on
their symmetry. In order to illustrate the method fol-
lowed here, we shall first consider a potential energy
of the type Vg, for example. The more realistic ex-
pression V3 is mathematically more complex to handle,
and it will be discussed later. 4

Let p(U’) be the total level density when the spin-
dependent potential energy is neglected. The density
of states with given S, can be expressed by a formula
of the type

p(U",S2)= 2m) Yo7 p(U’) exp(—S/20%), (45)

where o is an appropriate dispersion coefficient to be
determined by the methods of Secs. 2 or 3. The density
of states of spin S is then

ps(U)=p(U",S)—p(U",S+1), (46)

= (2m) 2 (S+3)p(U') exp[— (S+3)*/0*]. (47)
Under the influence of the spin-dependent forces, the
energy of the states of spin .S is increased by Vs. Con-

sequently, the density of states of spin .S at the excita-
tion energy U becomes

ps (U)=ps(U'—Vyg). (48)

If we want now the density of states of given S, we
have to compute the sum

p’(U,JSZ) = Z pS(UI_ VS)) (49)
8=|8z|
and for the new total level density we get
p'(UN)=2(2S+Dps(U'=V5). (50)
8=0

These summations can be carried out very simply in
the first approximation. We shall assume that logpe(U")
is a sufficiently smooth function over the interval Vg so
that we can write?

logp(U'—V ) =logp(U")—Vd loge(U")/dU’. (51)
Actually, Vs becomes arbitrarily large with increasing
S. However, if ag is sufficiently small, the approximation
(51) fails only for values of S so large that the density
of the corresponding levels is practically zero. Thus, the
condition for the validity of (51) is that the third term

in the Taylor expansion should be very small for
S+3=¢. This reads

ag’ct| (d/dU")? loge(U") | K1.
Substitution of (51) into (48) yields
ps' (U")= (2m)~2~3(S+3)p (V")
Xexp[ — (S+%)%/20
—asS(S+1)d logp(U")/dU"]
= (2m)#0—2(S+3)p(U')C exp[ — (S+5)%/2"7],  (52)

2 The validity of this approximation is clearly shown by the
fact that the curves on Fig. 4 are almost straight lines over large
intervals of energy.
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where the new dispersion coefficient ¢’ is given by

o’ = (142as0%d logo(U")/dU"), (53)
and where C is the correction factor
C=exp[ (as/4)d loge(U")/dU"]. (54)

This factor which originates in the replacement of
S(S+1) by (S+3)? is usually very near unity. Since
the expression (52) for ps” has the same dependence on
S as pg, we can immediately go back to the total level
density and to the density of states of given S,. One
finds immediately from (45) and (47) that

o' (U)=C(14-2as0cd logp/dU") 312 (U"),

55

o (U',S,)= (2m)~%6"1p' (U") exp(—S.2/20"). 9
It should be noted that ¢ is a function of U’, and that
strictly speaking U’ should be replaced by U’—V s also
in . However, ¢ is a very slowly varying function of
the energy and this would only introduce a very small
correction. The above expressions simplify if we use
the results of the continuous theory. We have then,
roughly:

o= (1/4m) (6U'/8)},
d loge(U")/dU =z (6U’8)~2.

Hence,

14-2a50%d logp/dU’=14-a5/25, (56)

which is independent of the energy. Thus, it is seen
from (53) and (55) that in the present approximation
the dispersion coefficient and the total level density are
simply multiplied by constant factors, except for the
small additional correction of the latter quantity due
to C.

In the case of the Majorana forces we have to con-
sider the constants of motion S,, T, Y. The density
of levels with given values of these quantities can be
written

p(U", s, Ty, Vi) = (2m) 740 %p(U")
X eXp[—“ (S22+ Tg-2+ Yg-z)/202:|.
The problem of deducing from (57) the density of
levels with given symmetry character has been treated
by Bardeen and Feenberg.?® The result is more con-
veniently expressed in terms of the partition numbers
A1, Ag, Asy Ay These numbers are related to the partition

quantum numbers by

2P=A+As—Az—Ay,
ZP’ =A1—A2+A3‘-A4,
2P"=A1—‘A2'—A3+A4,
A=A1+As+As+As

Similarly, we replace S,, T't, ¥ by A1, Ag, A3, Ag such

(S7)

(58)

% J, Bardeen and E. Feenberg, Phys. Rev. 54, 809 (1938).
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that
252'—‘ >\1+)\2—)\3“'>\4,

2T =A1—AgFha—\s,
2Y§-=A1‘— _)\3+)\4,
A=NFNeFNsH s

With the new notation, the relation (57) reads
p(U’ Ai,A2\3\4)

= 2n) o5 (U") exp[(iAZ—li /2. (59)

Let E; (1=1,2,3,4) be a set of operators which increase
the variables A; by one unit according to

Er"f(A,ha,h8,00) = f(A17,)2,A3,As), etc.

The density of levels with the symmetry defined by the
partition numbers (A)= (A1,As,A3,A4) is then given by*

1 Ez_l E3_2 E4—3

 |E. 1 E/ Ef

P(A)(U)= Ex; E, ; E:—l
E#® E? E; 1

XP(U,7A1)A2)A3)A4)' (60)

This relation is the generalization of (46). It involves
a sum of 24 terms, and hence it is not very easy to
handle in general. To a good approximation, however,
if the function in the right-hand side of (60) is suf-
ficiently smooth, we can replace the operators E; by
differential operators according to

Er=14n(3/N)+ (12/21)(8/0N )+ . (61)
For greater accuracy, it is desirable to transform the
déterminant (60) in such a way as to make the argu-
ments #» in the Taylor series as small as possible. There-
fore, we rewrite the determinant as follows:

El_ E2—% Ea_% E4—*
E 3 Ez_é Es_k E4—%
Ef E;}} Eit Eg
E} E)} Ef Eg¢

E1%E25E3 %E 3

We now replace in the new determinant the E; by the
expansions (61). After a few algebraic manipulations,
we obtain as the first nonvanishing term in the density
of states of given symmetry character:

14$ 13 14 1
d! 9 95t a4
oy(U)=E3ERE;E3 02 95 92 94
dd 9° 958 98
- Xp(U' A1, AzA5,A4),
27 This relation is to be compared with Eq. (13) of Bardeen and

Feenberg (reference 26) where the expansion of the determinant
given here is written explicitly.

=]
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where ;™ stands for (9/9\;)™. If we use for p(U’ A,Az
As,\s) the expression (59), we get?

ey (U= (2m) te BEER}EsE (A1 — As)
X (A1—A3) (A1—Ay) (A2—As) (Ae—Ay) (Ag—Ay)
Xp(U") exp[(iAz—;4 A3)/24%].

By transforming this expression back into the notation
of the partition quantum numbers, we finally obtain

peprpr (U) = (2m) 30715 (P+4)*— (P'+1)7]
X[(P+2)*—P"][(P'+1)*— P"*]p(U")
Xexp{—[(P+2)*4 (P'+1)*+P"?]/25%.

This expression is the required generalization of (46).
It gives the distribution of symmetry types among the
levels.

The Majorana forces increase the energy of levels
with the partition quantum numbers P, P’, P" by
the amount V3 given by (42). Hence, the density of
these levels becomes

o' pprpr (Ul) =pppp(U'—Vu). (63)

The density of the levels with given S, T, ¥ is now
p/(U,)521TI"Y§')= Z NPP’P"(SZ;TbYQ')
PP’ P

Xppprpr (U'—Vi), (64)

where Npppr(S,,T,Y¢) is the number of states with
given values of S,, T, V¢ in the supermultiplet P, P,
P". The total level density is similarly

(U= %

P,P’ P

Nppprppprp(U'—Var),  (65)

where Npp/p is the total number of states in the super-
multiplet P, P, P”. For a very accurate calculation,
the sums (64) or (65) should be carried out numerically.
However, if p(U’) and @y are such that an expression
similar to (51) can be used, the dependence of p'pp/p:s
on P,P'P"” is the same as that of ppp/p». Hence, we can
immediately deduce p’(U’,S.,T¢,Y¢) and p’(U’). The
new coefficient of dispersion is given by

o’ =o[14-2ay0o?d logp(U’) /AU T3, (66)
and the total level density becomes
o (") = CL1+2a30%d logo (U') /U T3 (U7),  (67)
where C is now
C=expl[ (San/2)d logp(U")/dU"]. (68)

% Each term of the determinant is the product of a first-order
derivative, a second-order derivative, and a third-order derivative
with respect to the N;. These derivatives introduce the factors
%74 a8 respectlvely A factor ¢73 is present in the expression
(59) for p(U A,AzAs,Ne). Thus, altogether one gets the factor o715,
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Finally, the density of levels with given S,,T¢, V¢ is
p'(U',S:,TY o) = (2m) " (U")
Xexpl— (S24+T¢2+7V2)/24%].  (69)

If the continuous approximation is used, the above
expressions become

o'=a(1+anu/26)73,
p' (U")=C(14ax/20)52p(U"),
C=exp[ (Swan/2) (6U's)~1],

and the relation (69) remains unchanged.

(70)

It should be mentioned that the three kinds of forces considered
above can be introduced simultaneously. The procedure consists
then in taking into account first the Majorana forces, and in intro-
ducing the effect of the spin and isotopic spin-dependent forces
into the formulas (67) or (70). As a result, the level density is
multiplied by three factors corresponding to the three kinds of
forces. The dispersion occuring in the factors (55) caused by the
spin and isotopic spin-dependent forces has to be replaced by the
expression (66).

As a first application, we can estimate the effect of
Majorana forces, for example, on the distribution of
angular momentum. It is clear that, instead of com-
puting directly as in Sec. 4 the density of the levels
having a total angular momentum M along the z axis,
one can proceed in two steps. First, one determines the
density of the levels having an orbital momentum M,
and a spin M g along the z axis. This yields a two-vari-
ables Gaussian distribution with two dispersions oy,
and ¢5. The second step consists in deducing from the
two-variables distribution law the density of the levels
for which M 1+M s has a given value M. The result is
a Gaussian law with a dispersion ¢, given by

(71)

This procedure gives, of course, the same result as the
method of Sec. 4. If Majorana forces are introduced, the
Gaussian distribution law of M, and M g remains valid,
with the only change that og is replaced by os’ ac-
cording to (66) or (70). However, the spin contribution
og to the dispersion of the total angular momentum is
usually much smaller than the orbital term o. There-
fore, the substitution of ¢g” into (71) introduces only a
small correction of os. For the nuclei of mass 4 =20,
the continuous theory yields

o1}/ ogt= (mi*n/(ms?)n=0.7,

when the values (38) of the parameters are used. With
ay=1, we get from (70):

o?/og?=1.7.

or=or ok

One finds then:

(65—07")/o7=0.03. (72)

The level density computed by means of the method of
Sec. 3, increases more slowly with energy than that
obtained from the continuous theory (see, for example,
Fig. 4). It follows from (66) that the correction to o
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Fi16. 4. The number of levels having an energy less than a given
value and the most probable angular momentum. Curves (a),
(b), and (c) correspond to the continuous theory neglecting the
Majorana forces (Bethe), to the continuous theory with Majorana
forces included, and to the theory of Sec. 3 with Majorana forces
included. The results of Critchfield and Oleksa are represented
by (d).

due to the Majorana forces, is somewhat smaller in the
more exact treatment than expressed by (72). Actually,
it is of the order of 2 percent at 25 Mev.

Finally, we have to discuss the absolute values of the
level density. Therefore, the numbers of levels of energy
less than a given value and having the most probable
angular momentum corresponding to each energy have
been plotted on Fig. 4. These numbers refer to levels
of Ne® only, i.e., with T;=0. The corresponding theo-
retical expression is

@2r) o2 N (U)e s, (73)

where N(U) is the total level density computed ac-
cording to the procedure indicated at the end of Sec. 3,
oy and or are the dispersion coefficients of angular
momentum and isotopic spin, respectively. For the
present case U’=U. The results obtained from the
continuous theory, without taking into accountjthe
Majorana forces (curve @), are in good agreement with
the results of the explicit counting as was already men-
tioned by Critchfield and Oleksa.* The Majorana forces,
however, according to (70) and (73) reduce the number
of levels by a factor of the order of (1.7)7~40, and the
resulting level density is then completely wrong (curve
b). The method of Sec. 3, however, gives very much
larger level densities than the continuous theory. This
is essentially due to the term Sj in the entropy. This
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term, which does not exist in the continuous theory, is
of the order of 10 in the present case. Therefore, the
level density is much larger at low excitation energy in
this method than in the continuous approximation. The
explanation of this larger density is that the nucleons
in the incomplete 1d shell can be rearranged in many
different ways with no excitation energy. On the other
hand, of course, the level density obtained from the
method of Sec. 3 increases more slowly with energy,
since the two theories should agree at very high energy.
However, the energy at which the agreement occurs is
very much outside the range of energy considered here.
When the Majorana forces are introduced into the
theory of Sec. 3, the results agree very well with those
of Critchfield and Oleksa (curve c).

Thus, it is seen that the agreement with the exact
counting of the continuous theory without Majorana
is the result of compensation of two very large errors.
This does not occur for other nuclei, or even for a dif-
ferent strength of the Majorana forces. Moreover, even
in Ne®, the simplified theory does not yield exact
results above 25 Mev.

The author is indebted to Dr. R. G. Thomas for
pointing out the importance of this problem, to Pro-
fessor R. F. Christy and Professor R. P. Feynman for
their interest in this work and for many stimulating
discussions, and to Dr. A. Rich for his help in preparing
the manuscript.

APPENDIX

For accurate calculations, additional terms in the
expansions of Sec. 3 are necessary. These are easily
obtained from (22) by the derivation outlined in the
latter section. Thus one gets for Sy, U, and D:

S1=Ut+F— (F2/2F")— (F's/6F"")

— (PR ®2/8FS) - (PR /UF" -+, (29)
U=G'— (F'G"/F")+ (F*/2F") (14-F'F© /F")
X (F'G®—F®G")— (F?/6F")
X (F'GO—F@OG")+---, (30

D= [1_ (GII_F"IG(3)/F/I2)2/ (FII___ F/F(s)/Fu)
X (H"—-F"H“VF")][H"— (F//F//)
X (14+F'F® /2F")H® 4 (F'/F":(H®/2)]

K
XIT a2 (32)
k=0

The expansion of ¢;? includes terms of different kinds.
The terms of the first kind are the coefficients of the
terms in M;? appearing in the entropy when this
quantity is computed as a function of ¢ and M3. The
corresponding expression for oy, is

ox=Fy"'— (F'F,®/F'")(14+F'F®/2F"")

+ F2R,@/2F" 2. ... (31"

CLAUDE BLOCH

However, the entropy should be computed as a function
of U and not of ¢. Since ¢ is a function of U and My, it
is seen that the entropy depends also implicitly on M}
through f. This yields the following correction which
should be added to (31"):

60'Ic= (FYIGII/FIIgH/I) (FIIGk 3) __GIIFk (3)) + e,

In an accurate calculation one finds that the deter-
minant D depends also on the M. We can then write
the determinant as '

K
D(l__z akMk2+ o '):
1

where the oy are small. The final formula for the level
density is multiplied by the power —3% of the deter-
minant. This introduces the factor

K K
(1 - Z akMkz)‘%gexp (Z OlkMkZ/Z),
1 1

which can be considered as producing an additional
correction 6May, of ox. This correction is given by

(ox+0801+8War) 2= (or+d01) 2 —au,
or

8Dy = (ar/2) (or+00%)°.

The oy are given by

Fi"ay=FyOH® /2(H"F"— F'H®)
K
+ Y (B ®F,0 [ — Fy®) /2(Fy— F'F,® /F"")
=1

+[F® A+ F'F.®/F'F/)—F'F.@ /F" T/
X (Fy'—F'F,®/F")(F'—F'F®/F")
+[Ge® (14-F'E® /F'F") — /G [F"' 7/
X (B — F'F,® /F") (H"— F'H® /F"")
—2(G"=F'GO/F"[(F PGP /F")— (G®/2)]/
X (F/'—F'FO/F")(H'~F'H®/F").

Here, the two first lines are the contributions from the
diagonal terms in the determinant, the other lines are
the contributions of the terms 9°®/dx0dxx, 0°®/dtdxw,
9%®/ dx0dt, respectively. It should be mentioned, finally,
that a very small correction is produced by the de-
pendence of D on M), implicitly through ¢.
The coefficients By; in (27) are given in the first
approximation by
F®/8  if ks#l,
Fk"2Fz”2Bkl= - (I/SFI’)Fk(S)Fl(3)+
Fkk(4)/24 ifk-:l.



