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Following Fock,2let us denote the operator i#c) . c;0/ dx;
by L, and its quantum-mechanical average by Lo. Then
from Eq. (6)

d oy
—Ly=—ikc | X ———[1//*ai(z x,—)Jdr-i—(Z x,F ;).

For the case of a hydrogen atom, for example, ¥ vanishes
at infinity, the first term on the right of (7) is zero, and
we arrive at Fock’s result. However, in some cases of
physical interest other boundary conditions arise.
Einbinder,” for example, has considered a system of
free electrons enclosed in a finite volume. He has applied
Fock’s result to this case, arguing that the virial of the
pressure p is —3pv, where v is the volume. In fact,
however, Fock’s result is not applicable to this problem,
whereas Eq. (7) can be used. The boundary conditions

7 H. Einbinder, Phys. Rev. 74, 803 (1948).

N. H. MARCH

in this case are the periodicity conditions, and one can
evaluate the first term on the right of (7) using the
explicit wave functions of Darwin,® representing an
electron confined in a volume v. The result is simply
—3pv, thus verifying Einbinder’s form of the theorem.

In this case, then, it appears that the first term on
the right of (7) can be interpreted as the contribution to
the virial arising from the forces represented through the
boundary conditions rather than through an explicit
potential in the Dirac equation.

It would be necessary to consider the first term on
the right of (7) when dealing with the problem of an
electron in a spherical hole in the manner of Broch,®
and it is also clear from (7) why the result of Rose and
Welton® cannot be applied to continuum states.

The writer wishes to thank Dr. G. L. Sewell for a
critical reading of the manuscript.

8 C. G. Darwin, Proc. Roy. Soc. (London) A118, 654 (1928).
9 E. K. Broch, Phys. Rev. 51, 586 (1937).
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The relativistic corrections to the Lamb shift, i.e., terms of order a(Za)5mc?, are calculated. For this pur-
pose, the Lamb shift is separated into one term in which the Coulomb potential acts only once, and another
term in which it acts two or more times (Sec. II). The one-potential term is shown to be equal to the ex-
pression calculated in previous papers except for corrections of order a(Za)® (Sec. III), and a method is
given by which these corrections could be evaluated if desired (Appendix). The many-potential term can-
be separated into a nonrelativistic part which is again equal to the term calculated in previous papers, and
a relativistic term which can be calculated by considering the intermediate states as free (Sec. IV). The
calculation of the latter-term which, of course, involves the Coulomb potential exactly twice, is described in
Sec. V. A correction to the vacuum polarization term which is of the same order, is evaluated in Sec. VI.

The result for the relativistic correction is 7.13 Mc/sec, and is in agreement with the result of Karplus,
Klein, and Schwinger which was obtained by an independent method. The result for the complete Lamb
shift has been given in a recent paper by Salpeter. The small remaining discrepancy of 0.6 Mc/sec between
theory and experiment might be due to the next order relativistic correction which should be of order

a(Za) In(Za).

I. INTRODUCTION

INCE the first accurate measurement by Lamb and
Retherford! of the displacement of the 25 level of

the hydrogen atom now known as the “Lamb shift,”
theoretical calculations, based on quantum electro-

* Part of the material presented in this paper, in particular
Sec. V, is taken from the Ph.D. thesis of M. Baranger (Cornell
University, June, 1951).

1 Partially supported by the U. S. Office of Naval Research.

I Now at the California Institute of Technology, Pasadena,
California.

( 1 V;/) E. Lamb, Jr., and R. C. Retherford, Phys. Rev. 72, 241
1947).

dynamics and using the mass renormalization pro-
cedure, have been given by several authors.2=% A simple
way to obtain their result is to start from the operator
for the radiative corrections to scattering? [F II, Eq.
(22)], or more exactly its limit for small momentum

2 H. A. Bethe, Phys. Rev. 72, 339 (1947).

3N. M. Kroll and W. E. Lamb, Phys. Rev. 75, 388 (1949).

4J. B. French and V. F. Weisskopf, Phys. Rev. 75, 1240 (1949).

5R. P. Feynman, Phys. Rev. 74, 1436 (1948), corrected by
Phys. Rev. 76, 769 (1949), reference 13 on p. 777.

6 J. Schwinger, Phys. Rev. 76, 790 (1949).

7R. P. Feynman, Phys. Rev. 76, 769 (1949), referred to as F II.
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transfer [F II, Eq. (24)],®

e

1 4 7 m 3
—~[—<qV—Vq>+——V(1n———)], 0
4wl 2m 3m? A 8

where  is the 4-momentum transferred by the poten--

tial V and M a fictitious “photon mass.” The level shift
is simply the expectation value of this operator for the
state in consideration. But there is an infrared catas-
trophy, i.e., the result becomes infinite when A goes to
0. For this reason, X is not put equal to 0, but the result
is added to the nonrelativistic Lamb shift,?

22

Zn I Pro ] Z(En—EO) ln (2)

3rm? | En— Eo| ’
which is certainly correct for very small photon energy.
Pro is the matrix element of the electron momentum
between the state under study ¥, and another state
¥, of the hydrogen atom. Ey and E, are the energies of
these two states. K is an ultraviolet cutoff. French*
has shown that the correspondence relation,

InA=In(2K)—§, 3)

should be used. It is then found that A or K disappears
from the total. To terms (1) and (2) should still be
added the so-called ‘“‘vacuum polarization” term, con-
sidered here in Sec. VI. The numerical work given by
Bethe, Brown, and Stehn,? and corrected by Salpeter’®
for effect of the finite mass of the nucleus, gives the
result 1051.0 Mc/sec for the 25;—2P; transition in
hydrogen.

In the meantime, experimental accuracy has been
much improved. The recent experiments of Triebwasser,
Dayhoff, and Lamb! yielded 1057.774-0.10 Mc/sec
for hydrogen and 1059.002-0.10 Mc/sec for deuterium,
thus leaving room for more accurate calculations.

It can be seen [reference 2, Eq. (11)], that the non-
relativistic term (2) is of order a(Za)* In(Za). The ex-
pectation value of the operator (1), called in the follow-
ing the “one-potential Lamb shift,” is of order a(Za)*
The purpose of this paper is to evaluate all corrections
of order Za with respect to the main term, that is terms
of order a(Za)®In(Za) or a(Zae)®. Among all terms in
af, these can be characterized as the one-photon part
of the Lamb shift, represented by the diagrams of Fig. 1.

8 Units and notations: Z=c=1. m is the electronic mass, ¢ the
positive quantum of charge in nonrationalized units. 22=a=1/137.
V=—_Ze/r is the Coulomb potential energy. A is a 3-vector, of
components 4; (=1, 2, 3) and length 4. A is a 4-vector, of com-
ponents A, (u=0, 1, 2, 3). The summation convention is 4,8,
=AoBo—A1B1— A2Bs— A;3Bs. The fundamental tensor §,, is such
that 6,,4,=A4, and 8,,=4. The conventions for Dirac matrices
are: vi=PBai, vo=8, A=vudy, V=7,V ,=—BZe/r. Dirac’s equa-
tion reads (p—m)y= V. ¥=y¢*B is the relativistic adjoint of ¥,
¢* being the ordinary Hermitian conjugate. A is the infinitesimal
mass of the photon.

9 Bethe, Brown, and Stehn, Phys. Rev. 77, 370 (1950).

1 E, E. Salpeter, Phys. Rev. 87, 328 (1952); 89, 92 (1953).

1 Triebwasser, Dayhoff, and Lamb, Phys. Rev. 89, 98 (1953).
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(a) (b) (c)

-Am \

Fig. 1. Diagrams for the one-photon part of the Lamb shift.
In these diagrams, the electrons should not be considered as free,
but as bound electrons propagating in the field of the nucleus.

Terms of order o?(Za)*, or two-photons parts, are not
considered. Terms of order a(Za)% or a(Za)® In(Za) are
neglected throughout. However, a method for evalu-
ating some of them is given in the appendix.

The main part of the paper is concerned with dia-
grams 1(a) and 1(b). The vacuum polarization diagram
1(c) is evaluated at the end.

II. SEPARATION OF TERMS

The energy shift contributed by diagram 1(a) is easy
to write down by a straightforward modification for a
bound particle of the argument given in F II, p. 773.

AEa:ezf’:&O(b)'YuK-{—V(xZ; ) vabo(2y)

[ (Ta—10) "] xod*x:d (t— 1),
where ¥, (%) is the electronic wave function, normalized
by

[onwanoes= [wrewwa=1, @

K,V (xs, 11) is the kernel for propagation of an electron
bound in a hydrogen atom® [F I, Eq. (15)], 8, is de-
fined in F II, and ¢ is the time component of y.

Diagram 1(b) comes from the following cause: We
use everywhere the propagation kernel K,,”, com-
puted with the physical or measured mass m,;, and
solution of the equation®®

(V= V(L2)—m1) K 1V (X2, £1) =1 (Ezf ). (5)

But we really should use the kernel K,o¥, computed
with the bare mass mo=m;— Am, and solution of the
equation

(1Va— V(x2) — m14Am) Ko7 (L2, £1) =18 (L2—11).

A solution of the last equation correct to first order in
Am is

K0V (X, £) =K1 (82, L)
+i f K17 (x2, x5) AmK 417 (L3, §1)d*Ls.

2 R. P. Feynman, Phys. Rev. 76, 749 (1949), referred to as F 1.
13 Here V, stands for the vector (8/dt, —8/9x, —98/dy, —9d/3z) .
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The correction gives the following contribution to the
transition amplitude from ¥, to y:

idm f To(Oo(r)ds,

and therefore the following energy ‘shift:

ABy=—Am f @dx.  (©)

In this paper, the convergence factor defined in F II,
p- 776, will be used. Therefore, we replace Am by*

Am= (&¢/2m)m[ 3 In(A/m)+3]. 7

The most important part of the Lamb shift is therefore
given by AE,+AE,. As usual, it is easier to work in
momentum space. Define

Yo(2) =vo(x) exp(—iEd), )

eo(p) = (273 f bo(x) exp(—ip- 0Bx,  (8a)

V(@)= (2n) f V(x) exp(—iq-x)dx
— e/ 28/,
KoV (2, 12) = (2 f K7 (92, 1)

(8b)

Xexp(—ipg-Latip1-L1)d*pad®ps, (9)
K.V (po, p1)=08(Es—E)K,V(E; ps, p1),  (9a)

where E is the time component of p. This part of the
Lamb shift then becomes

AEapy=— (/) f 20 (P K+ (Eo—r; po—k, pr—0)
Yupo(p1) F 2 rd®p2dip,
—Am f &0(p) wo(p)d&p.

(10)

w is the time component of f. *fr means d*f/4x* and
will make it easier to use the formulas in the appendix
of F II, where df is defined in this manner [see ap-
pendix of F IT, second line after Eq. (1a)].

Expression (10) is exact, for diagrams la and 1b,
i.e., for the part of the Lamb shift involving one virtual
photon, exclusive of vacuum polarization (diagram 1c).
The difficulty of the problem comes entirely from the
lack of a convenient expression for K.". In previous

treatments, e.g., F IT, the kernel K,V was approximated"

in the relativistic region by an expression of first order
in the Coulomb potential V, and in the nonrelativistic
region by the ordinary Schrédinger kernel; these parts

14 A and A stand for A and Amin of F II, respectively.
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were then fitted together. Our first aim will now be to
make a rigorous separation of (10) into one part which
is of first order in V, and another part involving the
potential twice or more often. .

We can perform this separation most easily using
operator notation. The kernel K,V may be written as:

—iKy V= (p—m)'+ (p—m)V(p—m)™
+B=—m)"V(p—m)V(p—m)"+---, (11)

where p stands for the momentum operator p=1iV.
Equation (11) may be formally simplified into

—iK V= (p—V—m)L, (12)

In (12) there occur the noncommuting operators p
and V; Eq. (11) defines the order in which these opera-
tors should be applied.

The expression (12) for K.V follows, of course,
naturally from (5). We shall use (12) essentially in
one way only. We know that

—i(p—=V-mK,V=—iK,"(p—V—m)=1, (13)

where 1 is the unit operator. This follows directly from
(5), or from (11), by straightforward algebra,
The expression for AE, is

AE,=—i(é¥/m) f @ovu exp(—if-1)

“(p—V—m) "y, exp(if-D) ool 2d*f.  (14)
The exponentials give the space-time variation for the
emitted and absorbed photon which has been expanded
into components of momentum f. The operator p=:Vv
acts on everything that follows it, i.e., on ¢g, on V
inasmuch as is required by the defining Eq. (11), and
on exp(if-1). The exp(if-r) commutes with all quan-
tities except P, and exp(—if-x)pexp(if-r)=p—k so
that (14) becomes!®

AE,= —i(¢/) f vu(p—k—V—m) "yt dst. (15)

Now p=1V only acts on ¢, and on V as required, no
longer on exp(if-1); f is a ¢ number. The function ¢,
satisfies the Dirac equation,

(p—V—m)py=0. (16)
We shall now rearrange the integrand in (15),
povu(p—k—V—m)"yu00, (15a)

16 In any expression involving operators one can perform an
equivalence transformation:

Sf(A; B,-- ')S—1=f(A/’ Bl: o ')7

where A’=S4S571, etc. With S=exp(—if-r), and f= (p— V—m)™?
we get

exp(—if- 1) (p— V—m)lexp(t-1)= (p'— V'—m)7,
V'=exp(—it-r) Vexp(it-r)=V,
and p'=exp(—if-p)p exp(f-r)=p—k.



RELATIVISTIC CORRECTION TO LAMB SHIFT

by use of the following lemma.:

A_.(p m\pbA_}"Apa pbA+Apa
— (e
T LR T

which is valid for any operator A which causes the
momentum to change!® from P, to Ps.

The identity (17) is verified by direct algebra using
the fact that p.2=y,? is free of Dirac operators. We
apply (17) to re-express the left hand v, in (15a) (which
replaces 4), with p,=Y, p=p—F and obtain

@0 (p—m)B,—B,(p—k—m)]

an

(Pa"m),

) X (p—k—=V—m)y.po, (18)
with
wtvu(d—R)  2p.—v.k
B,‘=‘b7 +vu(p )= Pu—. . 19)
pP=0-0*  pP—(p-1?
(18) may be rewritten:
@ (p—V—m)B,—B,(p— k—V—m)]
X (P“ k—V— m)_17u¢0
+&0(VB,—B.V)(p—k—V—m)Tvup0. (20)

The first term vanishes because ¢, satisfies the Dirac
equation (16), and the second term is simply

(21)

In the last term of (20) we now transform the second
Y4 again using the lemma (17). This time P,=P and
ps=p—T and the last term of (20) becomes
IT4-11T

=&o(VB,—B,V)(p—k—V—m)™

~[(p—k—=V—m)B, =B, (p—V—m)]ey (22)
+&0(VB,— B,V)(p—k—V—m)(VB,'—B,'V) ¢,

with

I=— @By e0.

i (p”" k)')’u'*")’up_ 2p— Ry,

g
The first term of (22) gives
1I= 3o(VB,—B,V)B, ¢ (21a)
thé second vanishes, and the last term is
1I1= 3o(VB,—B,V)(p—k—V—m)!
X (VB =B, 'V)p,. (21Db)

The term (21b) is now the only one which still contains
the propagation kernel in the Coulomb field, K,V. Of
the other two terms, (21) does not contain the potential
at all but is a self-energy for a free particle which will
largely cancel the mass renormalization Am. (21a) is
the one-potential part of the Lamb shift. In (21b), the

16 More generally, s and P, can be thought of as operators
ordered according to the rule [see R. P. Feynman, Phys. Rev. 84,
108 (1951)7 that p, precedes and ps follows the variables in 4;
the 4’s operate in the order in which they are written.
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potential acts at least twice, once with the emission of
the virtual photon (term VBf—B'V) and once with its
absorption. In addition, the potential may also act in
the propagation kernel K,". Thus in (21b) are con-
tained all terms in which the potential acts twice or
more, and they are cleanly separated from the terms
involving only one or no potential, thus fulfilling the
first point of our program."”

It is interesting to note that in (21b) the emission
and absorption of a virtual photon is coupled with the
action of the potential. This expresses the physical fact
that emission and absorption can only take place when
there is an external field acting on the electron.

It is convenient to introduce an abbreviation for the
expression which occurs repeatedly, viz:

VB,—B,V=M,, (23)
and M, correspondingly. Then we have explicitly :
Zp, - k
Moy, =B =V (0~ p)—————
2p,;-T—F
2psu—vuk
——V(p—p), (24)
2, I— 12
and
2pu—ky
Mt~ ¥ p)=V(p,— Pi)-——n——‘-“
f2—2p,-f
2p5u—ky
————V(p,—p) (24)
2—2p,-f
=M,(p;, p,—9),

where M, is the operator relativistic adjoint of M.

V(p;—p:) is the Fourier component of the Coulomb
potential corresponding to a momentum change p;s— p:.
The operator M,! corresponds to the emission of a
quantum of momentum f and polarization u; the elec-
tron has initially the momentum Y, and after emission
the momentum P,— £, so that the total final momentum
of electron plus quantum is p;; the initial and final
momentum of the electron are put in evidence as the
arguments of M,'. M, corresponds to the absorption
of the same quantum; the momentum of the electron
before absorption is p;— £, after absorption p,. We shall
call M,' and M, “radiation operators” or, specifically,
emission and absorption operators.!8

We can now collect the various parts of the Lamb

17 The same aim could have been achieved by using the more
straightforward identity:

K, V=K 9—iK VK 9—K VK,V VK,O.

But our method presents certain advantages which will become
evident later.

18 The method given here for separating the electrodynamic
shift into three terms such as (21), (21a), and (21b), has been
used previously, in connection with the radiative corrections to

hyperfine structure, by N. M. Kroll and F. Pollock, Phys. Rev.
86, 876 (1952).
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shift and get
AEG.N; = AE2+ AE 1

AEy=—(&/m) f 20(02) M 4 (D2, Pa—a—T)

XK,V (Ey—w; pa—s2—k, p1+81—k)

(25)
) XMuT(pI"I—SI_ f; pl)
X goo(pl) f—2d4fpd3p1d3p2d381d382,
AE,=AE\+AE;y+AE;3+AE,,
¢ 2pou—yuk
AEy=— #o(ps)————V (po—ps)
e f2—2p2'f
2p1.— Ry
. -&——“400(111) f"2d4de3P1d3P2,
P—2p,-f
e 2p1u—vuk
AE;y=—— f 20(p2)V (po—p)———
B f2—2p,-f
2p1.—ky
. —Pi“———‘:wo(m) 2t rdpidips,  (26)
P—2p,-f
é 21’/1_ uk
AE=— | &o(p)—————vueo(p)E?d*Trd®p,
) 2—2p-t

AE=—Am f 2o(p) ¢o(D)p.

In (25) and (26) the p’s have time component E, and
the &’s have time component 0. M ,(p,, Ppo—8:—F) is
obtained from Eq. (24) by replacing p; by ps and b,
by Pa—82; similarly M,' comes from (24a) replacing P,
by p1 and pf by p1+§1.

Of the terms in AE;, Eq. (26), AE;; and AE,, arise
from (21a) and thus contain one potential; AE;;
arises from (21) and contains no potential at all; AE;,
is the mass renormalization term, i.e., the last term of
(10). The entire term AE; will be called “one-potential
Lamb shift” and treated in Sec. III. AE, is identical
with the term evaluated in references 3 to 6, except for
the fact that, here, the momenta are not free particle
ones: Pi?, P2, P?’#m?, and peeEmee. AE; will be called
“many-potential Lamb shift.” It arises from (21b) and
it contains the nonrelativistic Lamb shift (2); it will
be treated in Secs. IV and V. It should be noted that
Eqgs. (25) and (26) are still exact, and approximations
will only be made in the evaluation.

The poles that appear in the propagation factors
(p—m)* and £? will be defined in the usual way by
giving to the masses of electron and photon a small
negative imaginary part. But, in Egs. (17), (24), (24a)
above, a new kind of pole, (£2—2p-f)~L, has been intro-
duced, and has to be defined in some way. Since these
poles are spurious, i.e., disappear when the two terms
in the right side of Eq. (17) are added, it does not make
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any difference which way they are defined, provided it
is done consistently. One could for instance take their
principal values, but it seems easier to define them in
the same way as the others, the ones that come in the
propagation factors. Therefore when integrating over
ko we shall take the contour of integration to go below
the left-hand pole of (£2—2p-f)~L, and above the right-
hand one, as usual. In subsequent integrations, in case
a pole still appears, we shall assume that the absolute
value of the time component of p, Eo, has a small nega-
tive imaginary part. These poles might then give
imaginary contributions. But we expect the whole
imaginary contribution from them to cancel at the end,
since they are just artificial poles. Therefore we shall
ignore it.

III. THE ONE-POTENTIAL LAMB SHIFT

The integration over f in (26) can be performed by
using the methods of the appendix of F II. First define
I, and I, functions of p; and p., and I3, function of p, by

AEy=(¢/x) f 20(p2) 1100 (PO EPE°pe,

AE;= (¢%/7) f@o (p2)I200(p)@p1dipe,
ABs+AB= @&/n) [ 2o(®) Tson(D) .
I, for instance, can be written

Ef 2P2u_'YnkV2P1u“k'Yﬂ C(f?)d‘if
f2—2p,-f P—2p,-f P

Fy
i
where C(B) is a convergence factor, which will enable

the integral to be performed at the limits of both small
and large f. Specifically, we take

20 (B) = (P—\)1— (B—AY) = __f

A2

A2

dL(f2— L)

Next we define three expressions Jo, J,, and J,, by

1 (15 kos kaks)  C(B)
](O;o;a--r)=_f d4fF‘
(f2—2p.-I) (2—2p,-F) P

)

These integrals are easily evaluated by the usual tech-
nique of combining denominators with auxiliary vari-
ables [F II, Eq. (14a)]. The result is

1 1
To=—- f (dx/p.) In(p2/02),
8V,

1 1
= —— 2 )
T f (posf/022)d3,

10 zoPor  Oor A2 1
o [ttt 1)
8J) P2 2 P2 2
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where

pe=aPot(1—2)py, (27)

and it has been assumed that A and \ are, respectively,
very large and very small, compared to all momenta
involved. I, is given in terms of Jo, J,, and J,, by

I,=4p,, Vﬁlujo—‘ 2 (P2u V’Yo’Yu"“'Yu'YvalM)Ju
FvY e Vy eyt or.
Affer summing over repeated indices, and making some

algebraic manipulation in order to bring p, to the left
and p; to the right of V| we find

1
11=—%V—%—p2-n1"f (dz/p22) In(p22/N)
0

iy f dx In(A%/p.)+3 f (d/p.?) (28)

AL =2)p2 422 +202- p1 VDo V1 — EoV bo}.

I, is computed in a similar fashion. The J’s are the
same as for Iy, with the additional simplification that
the two momenta are the same and that there is no
auxiliary variable x.

Iz=—‘EVf 2pu—vuR 2pu— Ry, C(ﬁ)d‘*fp
f2—2p.f B—2p-f £

= VL3 In(p*/2%) —In(a%/p?)].

In I, p has been written instead of p;, since the result
is symmetric between p; and ps. One can, for instance,
use I,/2 with p replaced by pi;, plus I5/2 with P re-
placed by .. For I; we find, after using Eq. (7),

1 (2p—vuk C(B) x
Iy=- | 2 it ——Am
i p—opp B ¢

=3 (p—m)(n(a¥/ b2)+%)+m In(m?/p%)].  (28b)

In I3, we can replace p—m by V, since it operates
on ¢y, solution of Dirac’s equation. When Iy, I,, and I
are added together, we find that A disappears, as ex-
pected. After some rearranging, the result is

(28a)

AE = (¢¢/x) f 20(0) Lut -+ +I) oo () Bprdipe, (29)

I.= VIn()\/Eo)[f (pl-pz/p;‘")dx-—l}, (29a)
L=(V/2) f (/AL (1 —2)p2
’ T apP-201-p5]—3V/2, (29b)
I.=(3V/8) f de In[pe2p2?/ (p.2)7], (29¢)
0
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Lo=—(V/2) f dal (p1-ve/p.5)— 1] In(p2/E), (29d)

L=} f (d/p22) (poVir—EaV D), (29¢)
0 |

Iy=(3m/4) In(m*/p*)8* (po— p1)+3V/2. (291)

It will now be shown that, except for a non-gauge-
invariant part discussed later and which is canceled
by a similar term in the many-potential Lamb shift,
the terms of order a(Za)* in AE,; are given by the ex-
pectation value of the operator (1). Moreover, as dis-
cussed in the appendix, there are no corrections of order
a(Za)® to that.’® Therefore, to the approximation de-
sired, the first-order Lamb shift is just equal to what
has already been calculated in references 3 to 6.

First, let us examine 7,. p.* can be replaced by
a4 (1= 2)p 2+ 20 (1—2)p1- P2 and pr-Po=3F (P22 +ps’
—@?%), where q=p,—Jp1, so that

)\ 1
Ia=Vln—f dx
Ey/y

% [2x2(1—x)—1]o>+ (1—2x) (p2—p1»)
2.2 '

(30)

Since the most important momenta in the hydrogen
atom are of order as, the main contribution can be ob-
tained by replacing p2=EZ—p.,? by EZ Also E,
=m(1—order o?) can be replaced by m. After integra-

tion over x, we obtain
I ~=5(q%/m®)V In(m/N). (30a)

It is shown in the appendix that the error is actually of
order a(Za)® InZa. The same reasoning can be applied to

V ot [Bx(1—2x)—1]02+ (1—2x) (h2—p+2
P o i o [ R
) pr
~—3(%/m)V. (31a)
For I, we write
3V ! (E¢*—p1?) (Ed®—p2)
I.=— | dxIn , (32)
8 J, (E—p.)?

"and we can keep only the first term of an expansion in

powers of p*/Ey?:
1
1223V/8) [ ds2p.2=pi=p)/ B
0

After replacing E, by m, and integrating over x, we
obtain
I ~%(q?/m)V. (32a)

19 This fact was first pointed-out to the authors by N. M. Kroll.
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That this is true including order a(Zw)?% and also that
14 does not contribute in the same order, is shown in
the appendix.

I, can be transformed by writing its numerator

(D2—m)V(pr—m)+m[ (po—m)V+V(p1—m)]
"EoV(pz_m)+m2V—E0m V,

and using Dirac’s equation to replace the p—m opera-
tors by V operators:

AEls
= (/) f 20(p2) o) papy

: 1
= (¢%/2x) f @pPpdipdip: j (dx/p22)

- 20(pALBY (ps—p2)V (D2—p) V (P1— D))
+ (m—EwB)V (pr—p2)V (p2— p1)&* (p1—p2)
+ (m—Eo(1—2)B)V (p— p)V (p1— p:)5* (p;— p2)
+m(Bm— Eo)V (p— p1)8* (p;— p2)& (p1— p) Jeo(p)-

The term with 3V’s is of order a(Za)® InZa, since it
involves essentially a(Za)? times the expectation value
of =3, with a cutoff for radii of the order of the Comp-
ton wavelength. For the other terms, we shall use again
the approximation, justified in the appendix, of re-
placing p.? by m? For brevity, we write the result in
operator form:

AEl (62/21rm2)<ga0*l (Zmﬂ Eo) V2
+m(m ﬁEo)V] §00>.

(33)

(33a)

This can be transformed, by use of the equations

(¢0*|B(e pV—Ve-p)| po)=—(¢o*| a- p8V+BVa- p| o)
= —(@o*| (Bo—Bm—V)BV 4BV (E;—PBm—V)| ¢o)
=2(e0*|BV*4 (m—BEy) V| p0).

Therefore

AE (6 2nm?){@o* | (mB— Eo) V?
+(m/2)B(a-pV—Ve-p)|eo).

(mB—E,)V? is negligible, within the accuracy desired,
so that, going back to the momentum representation,

Te~=(1/4m)e-qV(Q)= (1/8m)(gV—-Vg). (34
Finally, I; can be replaced by
2(p—m) pP—m?
m _pzx—l—m?(l—x)].

1
1= () [ dx[
0

By repeated use of the formula

—mP=(p—m)*+2m(p—m),
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the integrand in 7, can be written
2a(p=m) (=) (p=m’
m[ p2x+m2(1—x)] patm?(l—zx)
22 2m(p—m)*+ (b—m)*]
B mlp2e+m?(1—x)]

m?)

(p—m)*
pre—+m2(1 ——x)'

Finally

(4x—1) (p—m)*
I=—3
6 p)f[p2x+m2(1 —x)

N 2x(p—m)?
Tm[}azx—}—m“’(l——ac):l

The first term in the bracket of (35) can be approxi-
mated by replacing its denominator by =% The error
involved in this and in neglecting the second term is of
order a(Za)® InZa, as shown in the appendix. Therefore,
using Dirac’s equation for the first term,

AE ~(3¢*/4mm){eo*|BV?| ¢o).

However, such a term cannot contribute on physical
grounds, because its value depends on the gauge and
would be changed if a constant were added to the po-
tential. Indeed, it will be shown that this term is can-
celed by an equal and opposite one arising in the many-
potential Lamb shift. This term being omitted, the
first-order Lamb shift (29) is equal, within the accuracy
desired, to the expectation value of ¢?/r times the sum
of the operators (30a), (31a), (32a), (34), that is exactly
the expectation value of (1), so that no corrections of
order a(Za)® have been found here.

]dx. (35)

(36)

IV. THE MANY-POTENTIAL LAMB SHIFT

The many-potential Lamb shift is expression (25),
where I and Mt are given by (24) and (24a). It is
interesting to note that the transversality condition

B t=EM, =0 37

is satisfied, so that the time component of a radiation
operator can be written in terms of its space compo-
nents by

M 0=k'M/ w.

The emission operator (24a) can be transformed by
using the identity

(38)

Yoky,=2wy,— 260, k+Ryuvo (39)
in its first term. One obtains
Mjt=M T4+ M, 1T
M =[2ps/ (B—2p:- 1) —2p ./ (P—2p,- 1)
+ Ry ((P—2p,- 07
— (B=2p:- D) JvoV (ps— ),
M, =2 (Bouk—wy,)/ (B—2p8)JV (p;— pi). (40)
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The first two terms of M, are essentially the Schrod-
inger expression for the current, the last term is related
to the contribution of the magnetic moment to the cur-
rent. In a similar fashion we get

MM=M#I+M#H;

M =y —2pu/ (B—2p:- 1) +2p 5/ (B—20;-T)
= vk ((B—2p,- D)7
— (B=2p;- )1V (p;—pa),

M =20 Gouk—wv,)/(B—=2p;- )TV (p;—ps).  (40a)
1t is easy to see that M,"T and MM taken alone satisfy
also the transversality condition (37) or (38). The
same is therefore true of M, and ML

One advantage of the separation into two parts is
that both IM! and MU reduce to very simple (but very

different) expressions in the nonrelativistic limit. We
have for the spatial components of INT:

M= (PiJ‘_Pﬁ)V(pf_ pi)/meRf (]= 1,2, 3)’

M= (ps—pi)V(ps— ps)/mo=R;*
(Hermitian conjugate),

(41)

and the zero-component can be calculated by using the
transversality condition,

Ri=k-R/w. (42)
Similarly, the nonrelativistic limit for ¢! is simply
M ~M T ~m =V (p,—p)=Q;,  (43)

where again the transversality condition can be used
to obtain Q.

The major obstacle to the evaluation of (25) is still
the lack of a convenient expression for K,V. However,
the splitting of the radiation operator into I and
P will be very helpful: In fact, only in the part
(MUK, VIMTY will it be necessary to use the kernel in
the Coulomb field, K,"; in all other contributions, it
will be sufficient to replace K.V by the propagation
kernel for free electrons, K9 Moreover, it will be shown
that the main contribution to (JRIK, VIRT) arises from
intermediate states of the electron with nonrelativistic
energy so that both K,V and M can be replaced by
their nonrelativistic approximations which are simple.
We thus get a separation into two main parts; in the
first, the radiation operator is very simple and rela-
tivity can be neglected but the effect of the Coulomb
field on the electron in the intermediate state must be
taken into account. This part reduces essentially to the
nonrelativistic Lamb shift; in the second part, the
radiation operator is more complicated and must be
treated relativistically, but the electrons may be con-
sidered as free in the intermediate state.

This section will serve two purposes. The first is to
show that the separation into these two parts, non-
relativistic Coulomb and relativistic-free, is actually
possible. In particular, it will be shown (in Subsection
A) that (RK, YIRT) can be evaluated with free inter-
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mediate states, and it will be indicated (in D) that the
same is true of the mixed term (JRIK,VINIT). It will
further be shown (in D) that even in (K, "IN the
Coulomb potential needs to be taken into account

. only in nonrelativistic intermediate states, and that it

is never required to take into account Coulomb poten-
tial and relativity simultaneously.

The second purpose is to evaluate those parts of the
many-potential Lamb shift which are of order a(Za)*.
They arise from (MK, YINIT) (Subsection A) and from
(DK YINTY (Subsection B), but not from the mixed
term. The IR contribution will cancel the non-gauge-
invariant term (36) from the one-potential Lamb shift,
the IR contribution provides the ‘nonrelativistic
Lamb shift.” In Subsection C, the relativistic correction
to the Lamb shift is finally separated explicitly from
the nonrelativistic terms: It is shown that the many-
potential Lamb shift can be separated into terms of
order a(Za)* and terms of order a(Za)%; the former are
the nonrelativistic terms evaluated in Subsections A
and Bj; the latter represent the desired relativistic
corrections and can be calculated with free inter-
mediate states, and will be actually evaluated in Sec. V.

For our investigations, it will obviously be necessary
to examine the propagation kernel K,V. For this
purpose, we note that K,V can be built up of the wave
functions ¢, of the electron in the Coulomb field. For
instance, in the nonrelativistic case, F I Eq. (3) gives

Kne" (L2 1) =2 a¥a(X)¥n* (X1) exp[ —iE,(fa—11)]
for 15— £;>0,

for t.—#; <0,

(44)
=0

the summation being extended over all stationary
states of the aton, with energies E,. Going to momen-
tum space,

Kyr" (Ev—w; ps, D3)

= (2m)~3 f exp[ —ips- Xo+ips- X1+ 1 (Eo—w) (fa—11) ]
-KnrY (L2 L)@ x0d*x1d (F2— 1)
=—1 2 nea(Ps) 0a* (ps) (En—Eotw) ™,

where ¢, is a momentum wave function and E, is
considered as having a small negative imaginary part.
We shall refer to the states # as “intermediate states.”

(45)

A. The Contribution (RUK VIRI)

We shall first merely examine the intermediate states
for the radiation operator M ; and for this purpose we
shall replace I by the approximation Q;, Eq. (43),
with j=1, 2, 3. We shall disregard for the moment Q
and we shall use the nonrelativistic expression (45) for
K,V. Later on (Eq. (50) ff.) we shall actually calculate
(PK, VI, to order a(Za)?, and this will be done
with the full expression for ¥ and with the relativistic
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propagation kernel K, Finally, we shall prove that
the use of K,° rather than K,V is justified.

With the approximations mentioned, the contribu-
tion- of ML, or rather Q, to (25) becomes

ie2 fV ( Sl) V ( 82) k2dkdwd3p1d3p2d3sld382
(w?—k2—N\2) (E,— Eotw)
* o(P)Vu@n(P2— 82— k) 2o (p1t 81— K)vupo(py).

(=

m2m?
(46)

The integration over w is carried out by giving a small
negative imaginary part to both A, the mass of the
photon, and E,, the energy of the intermediate state.
Then ’ '

e V (s1)V (82) k2dkd?p1dPpodis dis,
pm-—x [
(BN E,— Eo+ (B+2)1]

Tm? n
- 20(p2)Vp@n(pP2— $2—K) Bu(prts1—K)vueo(p1).  (47)
Clearly, A can be replaced by zero, and the main con-
tribution comes from large values of k. This in turn
means that the momentum of the electron in the inter-
mediate state is essentially —k because k is in general
much larger than those values of s and p for which ¢
and V(s) are large; these are both® of order Zam. The
energy E, is then nearly (m?+£%)%
The matrix element

(@a(prtsi—K)vueo(p1))
is then of order

| (ka/ ) (Zui)
if kKm, and of order (@.¢o) if £>m. Since

> aen(p2—s:—k) @, (p1+s1—k)
=0(p1tsi+s.—ps), (47a)

we get approximately
{MH}N(ez/wrﬁ)[ f (B2/m?)dk+ f dk]
0 m
-fV(sl)V(q— s1) @o(D2) 0o (P1) Ppid®pedis;,  (48)

with q= ps— p1=s1+52. The main contribution comes
clearly from the relativistic region.?

Having now shown that the important intermediate
states are all of high energy, we may in first approxima-
tion regard them as free. (See below for further proof.)

20 What matters is actually

x(ps) =j.¢o(lh) V(ps—p1)@py,

with ps=p;+s:; and this can be shown to be large only for p;
of order Zam.

21 Tn fact, the integral (48) diverges for large k. However, we
shall show presently that when the full expression (40) for M1
is used rather than (43), the integrand is sufficiently reduced for
large % to make the integral converge. i
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This enables us to go back to the full expression (40)
for P (including the component u=0), and to evalu-
ate its contribution to (25) by the techniques of F II.
To simplify this evaluation, p; and Y, in the denomina-

- tors of (40) and (40a) are replaced by the momentum

vector for an electron at rest, p= (m, 0, 0, 0), (but in the
arguments of V(p;—p.), the correct momenta are re-
tained); the error due to this approximation will be
discussed below. We use the usual expression for the
propagation kernel of free electrons:

K. %(Ey—w; pa—s:—k, pi+s1—k)

. i53(p1+ Si+82— Dz)

r—k—m

, (48a)

where t denotes the common value of the vectors
(Eo, pi+s1) and (Ey, ps—s») that is the intermediate
4-momentum. We replace E, simply by m, and call the
intermediate 3-momentum s. Therefore

pit$1=ps—8:=$8, (48b)
t=(m, s). (48c¢)
Then, the contribution of NI becomes
(DT = (LKD) = (/) fd3p1d3p2d3s
@o(p2)V (p2—8)N (0, )V (s—p1)eo(p1), (49)
with
N(p, s)
4 (Souk—wy,) (r— k+m) (So.k—wv,) |
== f PEr.  (490)
i (B2—2p-D2(2—2r-f—sA)f2

The integral in (49a) is to be evaluated with p= (m, 0).

The integral (49a) can be evaluated for any s, using
the methods of Sec. V. The result can be expanded in a
power series in s, starting with a constant term and
continuing with a term proportional to s% If the con-
stant term is inserted into (49), one obtains a result of
order a(Za)t, while the term in s> (and the higher
terms) give results of order a(Za)® or less. Moreover,
the latter terms get their main contribution from large
values of s, of order 7, while the constant term comes
mostly from small values of s, of order aZm. Therefore
the exact momenta p; and p. contained in ¢y and @,
will matter for the constant term but not for the higher
ones; for the latter terms, only the integral " ¢o(p1)d*p1
matters. This is the approximation which will be made
in Sec. V, and this approximation is thus shown to be
sufficient for all but the constant term.

We shall therefore need to evaluate here only the
constant term, whose contribution to (49) will be de-
noted by {J1'},. This term is obtained by setting s=0
in (49a), which simplifies this expression greatly and
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makes it into
N(p, 0) _
¢4 f (Gouk—wy,) (p—k+m) (Bouk—wvu)d4 ¢
(—2p-)f
=4(7580u—80sY) (B+m) (¥780u—b0:Y) o

—4 (7v60u_ BOG'YM)'YQ ('Y-raOu— 5017;4)']007w,

F
1

(49b)

where J%, and J%., are two tensors given by the
following integrals:

]o(af; oTW)

i f (Buks; hokoka) (B—2p-3E2dp.  (490)

Integrals of this sort will be calculated later, in Sec. V,
and J%.r;0re) 1S seen to be a particular case of J(sr;ora)
given by Eq. (75), where s is'set equal to 0 and therefore
t replaced by 9. From formulas (75a; 75b) for J (47,074,
one obtains immediately

J0177= %m—2(600601_“ %6“-),
Jod‘rw= il_sm—l[a()wa()fa()w
—%(600670:_}'601547«)"*'50(0601):]-
Carrying these values back in (49b) and taking the
expectation value for the state of rest of the electron,

which in this case amounts simply to replacing vy, by
1, one finds

(49d)

N (p, 0)=—3/4m.
Thus the result for {11}, is
{1} o= — (3e/4arms)

(50)

. f@o(lh) 0o(py) V (pe—8)V (s—p1)d®p:idipedis. (51)
To evaluate (51) we note that

f BV (p2— )V (s—p1) = (2m)" f Vi(x)eiexdix, (52)

which is the Fourier component q of the square of the
spatial potential where gq=p;— pi=s;+ss. Changing
(51) back to an integral in coordinate space, one obtains
easily

(DY = — (3a/dmm) f T (Do) V2(X)dx

= — (3a/4mm){po*|BV?| po).

This is a complete evaluation of {7}, subject to the
justification of our approximations which we shall give
presently. It will be noted that our result, (53), cancels

(53)
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exactly the term (36) from the one-potential Lamb shift
and thus removes the lack of gauge invariance which
that term introduced.

We have made two errors in this evaluation of Jt,
namely (a) the replacement of p; and P, by ¥, corre-
sponding to a free electron at rest, in the evaluation
of the integral over f, and (b) the neglect of the potential
in the intermediate states. Concerning (a), we note that
the functions @o(p:) and V (s;) are large only if p; and
s; are of order Za. (See also footnote 20.) Therefore p;
and 9, in (40) differ from P by an amount of order Za
in the spatial components, and (Za)? in the time com-
ponent. Clearly, the relative error introduced by this
can only be of order:

(Correction to spatial momentum/
undisturbed momentum in intermediate state)?
or

(Correction to energy/
unperturbed energy in intermediate state),

both of which are of order (Za)?/k2. Since the contribu-
tion of a given % to (49) goes as k%dk for k<m, the error
will be proportional to

(Za)? f ab= o[ (Za)"]. (54)

Since the main term (53) is of order a(Za)%, an error
of relative order (Za)? will be of absolute order a(Za)®
which has been consistently neglected in this paper.

To evaluate the error due to the neglect of the po-
tential energy in the intermediate state, we imagine
that one extra potential V' (s;) acts between It and
YL This introduces an extra factor of order

fd3s3Zez/s32k, _(55)

where k represents the additional energy denominator.
Now s; must again be of order «Z, in order that p;+s;
and p;—s; be of that order, and therefore we get a
correction of order

(Za)? f ik~ (Zo? (56)

which is again negligible.

We have thus shown that, in the evaluation of L,
the intermediate state may indeed be regarded as free,
which justifies the result (53).

B. The Contribution (MK, VIR

The contribution of IN! from relativistic intermediate
states is only of order a(Za)5. That M for relativistic
states is less important than N, is easily seen for the
main part, R, of P as follows: If we choose w of order
m in (41), then R differs from Q, Eq. (43), by a factor
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(ps—p:)/m which is small (of order Za). The second
part of M, Eq. (40), is similarly small.

On the other hand, R contains the factor w in its
denominator and can therefore be expected to be large
in the nonrelativistic region. Here the potential must
be taken into account in the intermediate states ¢n.
However, for all intermediate states for which ¥V
matters, nonrelativistic wave functions may be used,
and moreover, ! may be replaced by its nonrela-
tivistic limit, 9. The validity of this approximation
will be proved in Subsection D.-

We can make the further approximation of neglecting
the recoil of the electron due to the emission of the
virtual quantum. That is, we shall take the momentum
of the electron in the intermediate state to be p;+s; or
p2—sS, rather than p;+s;—k or ps—s;—k. This
amounts to leaving out the retardation factor, e¢*-* in
the spatial integral. The justification for this is that
the momentum of the quantum, k, is generally small
compared with the other part of the electron momen-
tum, s=p;+ s:. To see this, consider Eq. (60a), below :
For a given energy E, of the intermediate state, the
main contribution comes from quanta whose energy &
is of the order of E,— Eo. But for nonrelativistic states,
E,—E, is of the order of magnitude of s?/2m, where s
is the predominant electron momentum in the inter-
mediate state 7. The quantum momentum £ is therefore
of the order of s2/2m, which is small compared with the
electron momentum s for nonrelativistic states, for
which s&m by definition. We are therefore justified in
neglecting retardation, along with relativity, in our
present first approximation.

Using the nonrelativistic kernel in the Coulomb
field, (45), and neglecting retardation, the contribution
of R, Eq. (41), to the many-potential Lamb shift
(25) becomes:

e? f d4fpd3p1d3pzd381d382

RE " R)=—— 3

T on (2—N\) (w+E,—Ey)
(87)
- 0% (P2) Ru(82) o (P2— 82)
o (Pt sDR,* (1) po(pr)
_ e difp Z»l(%lRul&oo)lZ‘ (572)
7 B—N n  w+E,—FE

According to (42), we can replace X_ .| {@n|R,| @0)|? by
@[ {ea| R| o) k|*—[{en| R @0} [>.  (57b)

The integral on the angles of k will introduce a factor
1 in the first term.

@ o e
REN2" R =— [ rdr f

w2y B2

[{ea| R] 0o)|? 1 k2
2> w4 E— Fo (1‘55)' (58)
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{@n|R| @) is found from (41):

(x| R| @o)= (mw)™(@a| pV —Vp| ¢0)
= (mw)™@n| pH—Hp| ¢0)

= — (mw) ™ (Ea— Eo)(en| Dl 00), (59)
H being the Hamiltonian,
H=p/2m+V.
RENr"R)= (¢/im*m*) 3w (En—Eo)*| (¢n| p| 00) |?
. j Kdk f U=FPA oy
-y o (02— k=) (w+ E,— Ey)

The integration over w is performed by giving a small
negative imaginary part to both A, the mass of the
photon, and E,, the energy of the intermediate state.
The imaginary part of (RKxz"9) gives the lifetime
of the state ¢, for decay into ¢, by real photon emis-
sion, if there is a state E, <E, which combines optically
with state ¢o. Only the real part is wanted here. Inte-
gration® over w gives for the %k integral

xi f o (wot-En— Eo)\(1— ¥/30)dk,  (60a)
0

where wo= (k*+A?)% The further integration over k
yields, in the limit X very small:

22
RE v R)=— 5 [(oul p| c0)?
3rm? n 5
X8 (ot ), 60

2 The pole at w=0 is slightly disturbing. However, if the com-
plete denominator in (40) had been used, the 2mw of the denomi-
nator in (41) would be replaced by

2p-I—P=2Ew—2p - k—w?+ Kk,
resulting in two poles, located at
w=Eo+ (k2—2p-k+E?)?,

According to the convention made at the end of Sec. I, we are
supposed to integrate on a contour passing below the left-hand
pole (corresponding to the minus sign) and above the right-hand
one. When we make our nonrelativistic approximation of con-
sidering p, k, and o small compared to E,, the left-hand pole is
the one that tends toward w=0, while we neglect the contribution
from the right-hand one. This shows that the pole w=0, arising
from the first factor »? in the denominator of (60), must be con-
sidered as lying above the contour of integration. Therefore, if
the integral is carried out around the negative-imaginary half-
plane (which is convenient anyway, since it also avoids getting a
contribution from w=E,—E,), no contribution arises from this
ole.

P There remains the last term in (60), k2/3«?, arising from the
elimination of the longitudinal waves by means of (42). The
nature of the pole there can be understood if one uses for M1,
(40), an approximation slightly better than R, (41), namely

(Piu/ Vi t—psu/Pr- DV (pr—p). (=0,1,2,3).
This satisfies the transversality condition (37), and the 0 com-
ponent is
Eo(pi—py) - k(Eow—pi- k) (Eow—ps- k)7 (0~ ps),

which reduces to k-R/w for p very small. But in this form it is
evident that the pole in the last term of (60) is of the same nature
as the one treated in the first part of this footnote, and therefore
gives no contribution for the contour chosen.
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that is, precisely the nonrelativistic Lamb shift (2),
the relationship between K and A being given by (3).

C. Explicit Separation of Relativistic Lamb Shift

We have now evaluated the contributions of order
a(Za)*, arising from the interactions R and PN, We
shall now consider the difference between the full con-
tribution from M, Eq. (40), and the contributions from
R and N as calculated in Subsections A and B. This
difference is of order a(Za)® because it consists of the
relativistic contributions to YT and M which were
shown to be of this order in Subsections B and A, and
of the interference term between IN! and INT which
will be discussed at the end of D. Both types of terms
arise mainly from intermediate states of relativistic
energy. For such states, the influence of the Coulomb
potential may be neglected, being of relative order Za
and hence absolute order a(Za)®. (For further dis-
cussion, see Subsection D.) It is therefore permissible
to calculate the difference

D= MK, M) — RELTR)— DKLV,

by replacing the kernel KV by K° the propagation
kernel for free electrons, thus:

D= (INK M) — (REKR)— (DK SN,

Thus, at last, we have realized the purpose of our
separation of the Lamb shift into various parts: The
difference D can be calculated using the usual methods
of FII.

Our aim is, of course, to calculate the total many-
potential Lamb shift, which may be written: '

(MK VM) = (RELTR)+ K VD) e+ D, (62b)

Of the terms on the right-hand side, D will be calculated
later on the basis of Eq. (62a). The second term on the
right has been evaluated in (53); the subscript 0 in this
term denotes, as it did in (51) to (53), that only the
leading term (first term), (50), of the expansion of
(49a) in powers of s? is being considered. The first
term in (62b), however, has not been actually evaluated
in Subsection B because we have used there nonrela-
tivistic rather than relativistic intermediate states in
the Coulomb field. However, we shall show in Subsec-
tion D that the Coulomb field and the relativity cor-
rection need not be taken into account simulianeously
for the same intermediate state; therefore we may
write

(RELTR)= (REne"R)+(RELR)— (RKNp"R).  (63)

Here (RKwyr"R) denotes the contribution of N as
evaluated in Subsection B, i.e., with the intermediate
states treated in the Coulomb field but nonrelativ-
istically. (RK9R) is evaluated with free relativistic
intermediate states, and (RKnyz"R) with free non-
relativistic intermediate states. Inserting (63) and (62a)

(62)

(62a)
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into (62b), the term (RK 'R) cancels® and we obtain

(MK VM) = (MUK VMo (RE 2" R)+D',  (64)
D' = (MK 29— (RE 2R — (MK, 09T,
=A—B—C. (65)

The first term in (64) cancels (36), as was remarked
after (53); the second is the ordinary nonrelativistic
Lamb shift (61); both terms are strictly of order a(Ze)*
and do not contain any component of order a(Za)®.
Therefore D’ represents the relativistic correction which is
now completely separated from the nonrelativistic parts.
From our previous discussion it follows that D’ is of
order a(Za)5. It can be evaluated by taking exclusively
free intermediate states, i.e., the relativistic correction
has been reduced to an expression in which the poten-
tial acts twice and only twice, once with the emission
and once with the absorption of the virtual quantum.

Since D’ arises entirely from high-energy inter-
mediate states, a further simplification is possible,
namely D’ can be evaluated with the initial and final
state of the electron assumed to be free states of
momentum zero. Indeed, using the same argument as
for error (a) in Subsection A, we find that the error due
to this assumption is expected to be only of relative
order (Za)?.

We shall understand from now on that all three
terms in (65) are to be evaluated with zero momentum
in initial and final state. The first term in (65), A, will
be evaluated in Sec. V. In this section, we shall still
calculate the last two terms in (65). The contribution
of IR, with initial and final momentum set equal to
zero, is obtained from (51) by considering p; and p,
small compared to s. Now, from the definition (8a),

f oo(p)@Ppi= (2m) o (0), (66)

i.e., the wave function in coordinate space at the origin,
and from (8b),

V(ks)=—Ze/2r%s> (66a)
Thus the approximation to (51) for p1=ps=0 becomes

C = — 6a(Za) ()2 (0) f s/, (67)

This integral clearly diverges at s=0, but this is just
what will be needed to cancel a similar divergence in
term A (see Sec. V).

Next we must calculate B, i.e., the contribution of
R, evaluated with free nonrelativistic intermediate -
states and with initial and final state having momentum
zero. To do this, we replace in Eq. (57) (E,—Eo) by
s%/2m; then the summation over # can be carried out
and gives 8(p1+ s1— p2ts2), which permits evaluation

2 This is fortunate because this term would diverge for large
energy of the intermediate state.
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of S"@®s,. Further, since p; =~ p; =0, we may set s;= —s;
in R,; we also drop the subscript in s;. From (41),
—R=R*=sV(s)/(mw), and we obtain:

2

€
s=—| [ wmaw

mrm

2f V2(s)[s2— (s-k)2/w?]d*t pd3s
w(w+ 52/ 2m) (£2—\2)

1%0(0) ~——(1n—+

8a( Za)?

(68)

To obtain the last line, the integration over w and k
has been carried out in analogy with that leading from
(60) to (61). The integral (68), just as (67), diverges
for s=0, but just as in that case, this divergent term
will exactly cancel a similar divergence in contribution
A of (65).

D. Further Discussion of Approximations

We shall now show (1) that the potential has been
taken into account in all intermediate states for which
this is required, and (2) that it is not necessary for any
intermediate state to consider potential and relativity
simultaneously.

We have already shown in Subsection A that the
potential in the intermediate states need not be taken
into account for (MUK, VINT). The mixed terms,
(RIK  VIPRT) and (MK, VINT) will be discussed briefly
at the end of this Subsection. We shall therefore now
take up once more the term (JNK, VINY) (see also Sub-
section B) and shall examine in detail how strongly the
contribution of intermediate states of various energies
is influenced by the Coulomb potential in the inter-
mediate state.

As has been shown already above, Eq. (57), for any
given nonrelativistic intermediate state E,, the main
contribution comes from quanta %k which are of order
E,—E, and are therefore small compared to the pre-
dominant momentum in the intermediate state; since
p1 is mostly of order Zq, it follows that p, is essentially
equal to sy, i.e., the momentum in the intermediate
state comes mainly from the potential acting in R,.

The relative effect of the potential ¥ on the wave
function ¢, of the intermediate state is measured by the
well-known quantity Ze?/hv which, in our units, is
Za/pn=~Za/s. The contribution of R for free inter-
mediate states is given by (68); and since ¢2(0) =~ (Za)?
(see end of Sec. V), the order of magnitude of (68) is
given by

_B~Z5a‘*fds/ s%. (69)

The Coulomb effect on the intermediate state wave
function gives, as we have seen, a correction of relative

BARANGER, BETHE,

AND FEYNMAN

order Za/s which therefore amounts to

Be~Z%7 f ds/ss. (70)

We are considering in this paper contributions of the
order Z%®. In order to get a contribution of this order
or greater from (70), we must consider values of s
smaller than (Za)# or excitation energies less than
$Zam=137 Rydberg, which is intermediate between
the Rydberg energy 4(Za)>n and the rest mass of the
electron. We thus find that, in our order of approxima-
tion, the Coulomb potential needs to be taken into
account only for intermediate states of less energy than
137Z Rydberg; in particular, it does not need to be
considered for states of relativistic energy.

This consideration already shows that it is pre-
sumably unnecessary to apply a relativity correction
simultaneously with a Coulomb correction. To put this
argument in quantitative form, we note that the rela-
tivity correction for an intermediate state of momen-
tum p, is of relative order (p,/m)? or in our case about
s?/m?. Therefore the relativity correction to the Cou-
lomb effect (70) is

Ber~Z8%" f ds/s~2%" InZa, (71)

which is negligible in our approximation.

In Subsection B, refardation was left out along with
relativity. We must therefore show that also retarda-
tion does not need to be considered simultaneously with
the potential. Retardation changes the momentum of
the electron by k~s%/2m, and since the “unretarded”
electron momentum is s, the relative change is of order
s/m. Since the vector k may have any direction rela-
tive to s, the effect of retardation will be of order
k/s?~(s/m)?. This is exactly the same order as the
relativistic correction, and is therefore negligible for all
those intermediate states for which the potential must
be taken into account.

We now examine whether it was justified to replace
INT by R for the evaluation of the effect of the Coulomb
potential in the intermediate state. The difference

INT— R is of order
Ry (ny—00) - EV/ (2me?), (71a)
and its ratio to R, is therefore about
kyuk/ (mew) ~k,u/m, (72)

because £ ~w. Since we have already seen that the im-
portant values of % are of order E,— Ey~s? the con-
tribution of PI—N, for intermediate states for which
the Coulomb forces matter, is of the same order as the
relativistic correction to 3¢ and hence negligible.
Finally, it can be shown by direct evaluation that the
cross term between NI and M does not give a con-
tribution for low-energy intermediate states. This is
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due to the fact that the matrix elements of IR to non-
relativistic states are extremeiy small. The cross term
gives altogether a result of order a®Z5. The potential
correction to the cross term can again be shown to be
of order Z%7 logZa.

V. RELATIVISTIC CORRECTIONS TO THE
MANY-POTENTIAL LAMB SHIFT
According to (65) and other discussions in the pre-
ceding section, the corrections of order a(Za)’ to the
Lamb shift are given by 4—B—C. B is given by (68)
and C by (67). 4 is given by (25) where the electron is
assumed at rest initially and finally, E, is replaced by
m, and the intermediate state is taken to be a free

A=8a(Za)27r_1]1l/(0)[2f ds(T1+To+4T5)/s%
0

k'Yu)

T <1f(2Pu—Wk)ﬁ(7—k-l-m)ﬁ(zi’u—
‘ (P—2p- B (B—2r-E—57) (B—N)

1 rB(2ru—yuk) (t—ktm) (2r,—
e

(B—2r-D2(f2—2r-f—s2) (2—N2)
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state, that is K is replaced by the free kernel (48a)
i(r—k—m)78(s2+s1),
where t is defined by (48c). Therefore

A= 87r3[1//(0)|2—'fd3 <fM r—k—m f;if:\2>o,

where o(- - - )o means that the expectation value is taken
for the state of rest of the electron. Using for M,! ex-
pression (24a), with p;= (m, 0)=Y, b,=1, and using for
M, expression (24) with p,=1, p;=J, this can also be
written

(73)

d4f;a> ,
[}
ky,

2 )6d

4fF> ,
0

k’Yﬂ) + (ZPM_‘ Yuk)B(r—k4-m) (2r,—

1 rBQru—v.k) (r—k+m)B(2pu—
Te= <"-f (

—2p-f) (£—2¢-0) (2—2v- I —s2) (—2?)

All poles are to be resolved by giving m and N small
negative imaginary parts. The integrals can be evalu-
ated by using the methods in the appendix of F II. As
an illustration, we consider 7' in some detail.

T1= o{dm*B(r+m)BJ o— 2L vy B (r+m)Bp
+ B (r+m)By oy ut2m?By BT o[ 27,7 BV BPu
+20uBY BY Y u Yy B(r+m)By¥u ) or
— VY BYBY YT 570)0,

with the definitions
; lf (1; ky; kokr; kokok)d*Er
G =0 ) (B 2p- B (B— 2t — &) (P—N)

6 pl . 1
=—_f (l—y)dyf xdx
o 0

(1; kv; kak‘r; kykrkw)d4fp
x [ , (3
[B—2xp, - I—xys?— (1—x)\2]*

py=yt+(1—y)p= (m, ys),

P, 2= m2—y2st,

The integral over f is performed using formula (13a)

(74) -

k'Yu)B
d4PF> .
0

of the appendix of F II, and also the following one:

24 kokikod'tr  paprpe 1 podrotprdeutpubor
< (B—2pt-0) (+aF 2 pka
The result is

_ f (1—y) .
= Y, y_f; [xgpy2+xys2+(1—x))\2]2’

1 st 1 ©Pye
J.,=—f (l—y)dyf dr—
4J, o (axp24ys?)?

=_f 1- y)dyfdx[ vt
(xpy2+3’32)2
1 x6,,
—_ ~—-——] (752)
2 ap2+ys
1 ! Pﬂﬂpﬂ‘fpllw
Jcr'rw:_f (1 y)dyf [————
4 o L(xp2+ysH?
" 2 pyodrat Pyrdowt Pyader
2 puodrotpyrdoutp ] (75b)
2 ap,2+-ys?

X has been put equal to 0 whenever this does not intro-
duce a divergence. For all J’s, except Jy, the integral
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over x is easy to perform. For J,, we can first compute
an easier integral, where we replace p,? by m?:

! . (1—y)dy
f ¥
0 o [P +aysi+ (1—x)N ]

1 A 140 ‘
[ln——l— ln(1+a2)—ln02], (76)

mia?l m  o*
where
(77)

o=s/m,

and A\/m<1 has been assumed. In the difference be-
tween this and J,,

1 1
f (l—y)dyf 22z {x2, 2+ xys*+ (1—x)A2} 2
[1] 0
— (atmteystb (1= 2\ 2],

X can be put equal to 0, yielding

f (1= 9)dy(ys2) 1L (p,2 959~ — (mo+5591]

- f Y= 3)dy Py (mys)y L. (78)

The sum of (76) and (78) is 4J,. The J’s have the co-
efficients appearing in formula (74), and the expecta-
tion value for the rest state of the electron has to be
taken. For this, the following formulas are useful, in
addition to those in the appendix of F II:

o{BMB)o= o(MB)o= o{BM Yo= o{M )o,
M being any operator.
b=pBm,
o(D)o= o(Pr)o= o(T)o=m,
p‘pyzp'r=m2>
T =ml—ys?,
ABC+CBA=2(-BC+B-CA—-A-CB),
ABA=29-BA-°B.
Take for instance the coefficient of J:
o{4m*B (r+m)B)o=4m? o{r+m)o= 8m?.
Coefficient of Jo/py.:
=2 o(pp,B(r+m)+ (r4+-m)Bp,p+ 2m2py o
= —2m o(p,BT+ 18D, )0— 2m* o{ puB+BDy)o—dm?

= —2m o(2m7+2mp,— 20, - 18)0— 8m?
= — 16m3+-4m (m?*— ys®) = — dm (3m>+ys?)

The other coefficients are computed in the same way.
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The result is, for T:

1402

4 A
2mT = —:(ln«—}—
m.

(o2

In(14-0?) ~Ina2)

1 I 4y3
+[ = ~
J oo [y (1= 3o+ a)

¥+ (1—y)u?
§ak

—6 1ut—5u® 2 ub45Sut
+[ 1 ] ] 1
¢!

_uz)z ' y (1-u2)3 ryz (1—u2)4 "2
9—u?  w?(3—u?) 1 ub—5ut 1
+[y +2 % ]
1—u? (1=u®)?  y (1—u??| y+(1—y)u?

3u2—1 1 3u*+Su?
| - } (19)

(1= y (1—up

where ¢ is defined by (77) and #=yo. Although powers
of (1—u?)=p,?/m* appear in the denominators, this is
only an apparent pole and the whole expression stays
finite for u=1.

T is similar to T4, only simpler. The denominators
are combined according to

(B—2r-[2(P—21-F— )1 (B—\)—

1

1
=6f (l—y)dyf 2dx[ PP—2xr- F—wys?— (1— )]
0 0

2 21—¢?

] Ino?
2 (1—¢2)2

4
2mT 3= — g In—+4

)\[47111
P m

1,6 3 , 2 1 ‘
+»(—+—) In|1—g?| 4——- (80)
a?\og? 2 a 2

-0

" Here again, the powers of (1—¢?)=1%/m? in the de-

nominators do not constitute a pole. Poles arise in the
integrations over the auxiliary variables x# and y, and
the way of going around them is defined by giving m a
small negative imaginary part. Only the real contribu-
tion from these integrations is written above. For each
integration, the imaginary contribution can be dropped
after we have made sure that no real term can arise
in it from a pole in subsequent integrations.

For T, an additional auxiliary variable z has to be
introduced :

[(E—2p-B)(B—2v 1) (—2v-— ) (P—ND) ]!

1 1 1
=6fydyfx2dxfdz
0 0 0

X[B—2xp, - F—xyzs2— (1—x)N2 ]

If the integration over z is performed immediately
after integrating on ¥, we get expressions very similar
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to T1!
4 dax xo+-[a24 (1—x)N2/m2 ]t
ZmT2=———j n
[+ (A —x)N/m2 ]t |xo—[a2+ (1— )N/ m2 ]3|
+f {[ ‘ 12y 3 4u? 2u2(1—}—u2)]Iny-i—(l—y)u2
w(1—u?) (1—u?)? (1—u?)? y(1—u2)? u?

+4u2<1—u2>—2+za—21n[<1+y<1—y>a2>/|1—W|J}. (81)

This is only the real part. The imaginary part has been
dropped, because it cannot give any real term in sub-
sequent integrations. There is a real pole, this time, for
u=7yo=1. But if one subtracts from 27T, the following
expression:

[ aweioy—2y-2 12, (82)

one cancels the principal part of the pole. Moreover the
contribution of the subtracted part (82) in later in-
tegrations is 0.

- The last step is to compute

00

f o 2da2m(T1+To+T5) (83)
0

according to (73). But, since this integral is divergent
for small o, its “small-o limit” will be subtracted from
each term before integrating. By small-¢ limit is meant
the terms in ¢4, 072, 07*Ino? o2 Ino?, in the expansion
for small o, after (79), (80), (81) have been divided by
o?. The integral is then convergent. It will be seen at
the end that the small-c limit cancels with terms B
and C of (65).

We find for instance, for 2mT;, from (80), in the
small-g limit:

—40~4 In(\/m)+40~* Inc®+ 302 Ing?—4o—*— 502  (84)

4 pt dx [ 2x0 2

and the contribution to (83) is then

f o~ (2mTs—smallo limit) = — (11/8)x2,  (85)
0
by making use of the integrals:
fwdal:a“e In|1— azvl +o441072]=0,
0
fwda[o""‘ In|1—0?| 40 %]=0,
0

p.v.f do(1—e%)1=0
0
f do(1—0%) " Ino®= —7?2/2
0

p-v. f do(1—0%)2Ine?= —7%/4
0

(p.v. means principal value). In the same way the
first line of (79) gives, in the small-¢ limit:

—4o7t In(\/m)+40~4 Inc®>—404—2072;  (86)
and the contribution to (83) is then
8r/15. (87)

The first term of (81) gives for the small-¢ limit:

X303
[x2+(1 2N/ mE L[t (1— xw/mﬁj% 3[4 (1— x))\z/mzji]

=8(o~*+3402)In(\/m)+(4/3)s~2 (assuming N/m<<1) (88)

and no contribution to (83), by virtue of

® do 1+ko
f -—[ln
o oL |1—kg|

We note that A appears only in the small-¢ limit, which
is to be canceled against B and C, and this supports
the consistency of our calculation. For the last term in
the curly bracket of (81), we find, in the small-o limit:

o (89)

and the contribution to (83) is then
‘ — /28 (90)
For the remainder of (79) and (81), the small-¢ limit is
—8¢*Ine?— (3+8/3)02 Ing?
+8a‘4—i—(5+7/18)o‘2. 1)

The contribution to (83) of this last part is easily
evaluated by using y and #=1ys as new variables of
integration, so that

00 1
f a‘%o’f dy- -
0 0
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becomes

0

1
fu“zdufydy-n.
0 [

This change of variables presents no difficulty since
there is no pole in the integrand for either ¢=0 or
yo=1, after subtraction of the small-o limit and of (82).
One can first transform the term containing In[ (y
+ (1—y)u?)/4*] by an integration by parts, such as

1 y+(1 y)MZ (1'—%2) 1 1__yn+1
f yrdy In f dy
0 u? n+1 Jo y+(1—y)u?

(for n>0).

Then the integration over # is carried on first, by taking
a contour running along the real axis and closed by an
infinite semicircle above. The only singularities are
poles inside the contour, for u=1y/(1—y)]# and u=1iy%
Then the residues are integrated over y. We find

—8r/15472(5/2—3/128—% In2)

as the contribution of that part to (83).

The reader can now check that the sum of the various
parts, (84), (86), (88), (89), (91), of the small-¢ limit
is equal to B+C. Adding the contributions (85), (87),
(90), (92), we obtain the corrections to the many-
potential Lamb sift:

D' =4da(Za)2rm 2| (0) |2(1411/128—% In2)  (93)
which is the result previously reported.?* For the 2§

state, |¢(0)|2= (Zam)3/8r. For the 2P state, it is 0, in
this approximation.

VI. VACUUM POLARIZATION TERM

To the desired approximation, the electrons forming
the loop in diagram 1(c) can be considered free. This is
because, due to Furry’s theorem, the next correction
to this is a diagram which contains a loop with 4
vertices, which is expected to be of order a(Za)®. Dia-
gram 1(c) with free electrons in the loop is known® to
be equivalent to the potential

w(1—u?/3)¢
1+ (1= )¢/ 4m?
where ¢ is the magnitude of the 3-momentum trans-
ferred. This is after charge has been renormalized. To
get the shift due to vacuum polarization effects, we
just have to take the expectation value of this potential.

Moreover, we can use the Schrédinger approximation
to the wavefunction, which is, for the 25 state,

(Zam)®2  p*—3(Zam)?
m [P Zam) P
That this is correct can be easily shown by the methods
developed in the appendix. The integration involved in

3 M. Baranger, Phys. Rev. 84, 866 (1951).
2 For instance, see E. A. Uehlmg, Phys. Rev. 48, 55 (1935),
Eq. (14), and integrate by parts over %.

(92)
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taking the expectation value is straightforward, if one
does not integrate over # until the end, and yields the
result: )

a(Za)“ f ( ) 143 (Za)*(1—u®) o
[1+3Za(1—u?)i]
Expanding in powers of Za, we first find

— (1/30m)a(Za)'m,

which is the well-known contrlbutlon of about —27
megacycles. The next term is

. (5/384)a(Za)m. (94)

The same calculation for the 2P state gives a result of
order a(Z«)% which we do not consider.

VII. RESULT AND DISCUSSION

Adding (93) and (94), we find all &(Za)® corrections
to the Lamb shift ;2

1a(Za)m(1411/128— 1 In2+45/192).

There is a question of determining whether we should
use the mass of the free electron m,, or the reduced mass
in the hydrogen atom, m,=m,(14+me/M ). This ques-
tion is of no consequence with the present accuracy
(theoretical and experimental). However, it could be
settled after the very small corrections of order Zam,/M
with respect to the main Lamb shift, coming from the
2-body aspect of the problem, have been calculated.?”
At the present time, the most logical course to take is
to use m, in |¢(0)|% and mo everywhere else. This has
also proved to be the best way for the main term of the
Lamb shift. Therefore, we write the a(Za)® corrections
in the form

1a(Za)s (m/me?) (14-11/128—3 In2-+5/192)
=a(Za)*Ryn[1—mo/ (M~+mo) T
X (14+11/128—

1 1n2+5/192)
=7.130 Mc/sec.

The result for the whole Lamb shift, and the com-
parison with experiment, has been given in a recent
paper- by Salpeter.?® The discrepancy between theory
and experiment has now been reduced to 0.6 Mc/sec,
with the experimental value still higher than the theo-
retical. With the discrepancy reduced to such a small
amount, there can no longer be any doubt that the
general principles of quantum electrodynamics, espe-
cially the idea of renormalization, are correct. In pr-a
ticular, it can now be considered as experimentally
established that the vacuum polarization term (—27
Mc/sec) must be included.

It is also interesting to compare the remaining dis-
crepancy of 0.6 Mc/sec with the total energy of the
n=2 state, 8X10% Mc/sec. This means that there

26 The same result has been obtained by Karplus, Klein, and
Schwinger, Phys. Rev. 86, 288 (1952).

27 See E. E. Salpeter, Phys. Rev. 89,92 (1953). We are indebted

to Professor Salpeter for the remarks of this paragraph.
28 See reference in footnote 27.



RELATIVISTIC CORRECTION TO LAMB SHIFT

cannot be an over-all deviation from the Coulomb field
between proton and electron of as much as 1 part in
a billion.

It is very unlikely that the small remaining dis-
crepancy of 0.6 Mc/sec can be attributed to experi-
mental error since the given experimental accuracy is
0.1 Mc/sec. In principle, the discrepancy could be
attributed to a small deviation from the Coulomb field
at small distances, due to the mesonic structure of the
proton; a repulsion of 80 kev over a sphere of radius
é/mc® would give the desired effect. However, it is
known that the neutron-electron interaction amounts
to only 4 kev (attractive) over this radius, and it is
reasonable to assume that the proton-electron inter-
action (apart from the Coulomb force) has about the
same magnitude. Moreover, if the discrepancy was of
nuclear origin, one would expect it to have different
values for hydrogen and deuterium. But the experi-
mental value of the difference between the hydrogen
and deuterium Lamb shifts is in good agreement with
the present theoretical value.

On the other hand, it does not seem to us unreason-
able that the discrepancy could be explained by the
relativistic correction of next order. We have shown in
Sec. IV that the ratio of this correction to the correction
calculated in this paper, is of order oZ In(aZ), ie.,
1/28. Since our result is 7 Mc/sec, the next order is
expected to be about 0.25 Mc/sec. Our result in this
paper has also shown that higher order effects are apt
to have a larger numerical coefficient, and only twice
-the coefficient is needed to give 0.5 Mc/sec.

The authors are happy to acknowledge several
illuminating discussions with Professor N. M. Kroll.

APPENDIX

In this appendix, we give a method for computing
the corrections to the one-potential Lamb shift, in
order a(Za)® Because these corrections contain many
non-gauge-invariant terms, and an infrared catastrophy,
which are supposed to cancel against contributions from
the many-potential Lamb shift, they are rather unin-
teresting as long as similar corrections for the many-
potential part are not available. For this reason, we
shall not carry out the calculations, but limit ourselves
to showing that terms of order a(Za)® do not arise.

We can consider two kinds of corrections: (1) Cor-
rections arising when (29) is evaluated exactly, but
with the approximate nonrelativistic Schrédinger wave-
function in place of ¢o(p), (2) Corrections arising from
the use of the exact Dirac wave function.

The first kind can be obtained in closed form, by
using integrals such as

&*pd®p:
ke[
(pi*+a?) (p2+05) @ (E*—ps)
ot (B2 4a) (B2 +-1?)
B4 (1—x)a?+xb*  (a+0) [ EH((1—x)a+xb)%]
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&Ep:dp.
Jatp= (Rf
(p*+a%)?(p2+0%) (B*—ps?)
27t (1—x)a+xb
ax B4+ (1—x)at+xb]

where ® means the real part, and
q=Pp2— Py,
pe=xp:+ (1—2)p1.

From these two integrals and a similar one, Jg2, one
can, by differentiating with respect to ¢ and & and
taking various combinations, obtain the values of all
other integrals of this sort. In particular,”we shall need

@*p:dip;
K21=(Rf
(p2+a»(p2+-0) (B2 —p.d)
27r4(1——x)l Bta o (1 x
= n
(Bt 4 Ea\2a E2+a2)’
@pid®p;
K12=(Rf
(p2+a?) (p+a) @ (B2 —p.?)
1E2+a?I w1 1—~x)
== n e — s
(Bt 4  Bie\2¢ Bte
Epid®p;

Kn"—‘ G’Lf
(p*+a?)?*(pl+a) @ (E*—p.?)
2¢(1—x) E+-q?
=7r"‘[ (2 In | 3)
(E2+a?)3 4q2
2 1-a(l-a) 1
(B+a2) a(B4a)? 4a4(E2+a2)]’

2mix

d3p1d3p2 2’7!'4 1
Ky= (Rf =——
(p+a?)**(E*—p.?) x E4a?
@p1d®ps 2t 1
Ja= (Rf =—— ,
(p2+a)*(p+a?) (B~ p.) x E+a?
@EpdPpe 2t 1
Jl2= (Rf = )
(p+a?) (pP+a»)*(B—p.))  1—a E*+a?
@Pp1d®pe =t E'—a?

Tn=@& T _
N f (p*+a?)*(p2+a)*(E—ps) @ (E*+a)?

For the sake of simplicity, let us consider the shift of
the 1S level. The treatment of the 25 level is quite
similar. For the 1S level, we have the normalized
Schrodinger wave function

7 1(8 2% m®) ¥ (p*+ Z2a®m?) 2.
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Taking for instance I, Eq. (31), and using (8b),

ZoB ' [1=3x(1—x) (1—2x)(p—psd)
Ib=-—-—— dx[ ]’
px2 z2q2

47!' 2 0
we obtain for the corresponding energy-shift:

AEp= (a/W)f¢0(1)2)1b¢0(p1>d3p2d3p1

1
— — 2rSa(Z) f [ (1= 30(1 — ) T oo (Eo, Zam)
0
—_ (1 —_ 236) (K21—K12) (Eo,Zam)],

where J22(Fo, Zam) means that, in the expression for
Jas, we replace E by E, and a by Zam. The first term
of the expansion of AEy, in powers of Za is of order
a(Za)4, and the next one is of order a(Ze)® In(Za). No
term of order a(Za)® occurs, due to the fact that J,,
Ky, K12, etc.- - - are functions of a? only, not of a. I,
can be dealt with in the same way, while 7, can be
written

1 0
1=3V f dx f AE)[2(E— p2)
0 Fo _(E2_p12)—1__ (E?_p22)—‘1:},

giving an energy shift

AB1o= (o) f eu(p) o(p)Ppidps

1 ©
= — 3ra(Za)'md f da f d(E)
0 Eo?
X [2K22 (E, Zam) - K220 (E, Zoz'm) - ngl (E, Zam)],

where x has been put equal to 0 and 1, respectively, in
K,2® and Kot The bracket is equal to

In +:

4a?

2 E?4-a?
21r4x(1—x)[ (2 3)
(E*+a?)?

1

a? (E2+a2)2 ](a=Zam)’

and there again no term of order a(Za)® is found. For
the next term 14 we write

1 )
=3V f el (0r-po/v)—11 [ [(2—p2~
’ B )

= (Za/8r) f dx fE AEN[1—2x(1—2)]¢

— (1=29) (pe*— P} ((B*— Es) [ (Be'— )
— (B—p) - B (Ei—p)Y,
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1 o

AE 1= —7%a(Za) m® f dxf d(E?
0 Eo?

1
. {[1—29@(1—96)][1?2 Z 2(J22(E0)—J22(E))

— L0

1 1
——J 22(Eo) ] —(1- 290)[ (K21(Eo) — K13(Eo)
E? E?

_02

' 1
*“Kzl(EH“Klz(E))‘B(Kzl(EO)—Klz(EO))]

(a=Zam)

K3 —K;s is of order Ine, while the 1/a? factor in Jy.
actually disappears, so that AEi4 is of order a(Za)®
XIn(Ze), in the Schrodinger approximation.

Before investigating 7., we consider the second type
of corrections, coming from the use of the Dirac wave
function. For the 1S state, and m= -1, the four com-
ponents of the Dirac wave function are

wo1=—"Yqo (0> SO)G(P)a

Po2= 0,

eos= (1/V3)Y10(6, ©)f(p),
Po4a= — (\/2/\/3) Vi (0, ¢)f(P)y

where the Y’s are normalized spherical harmonics in
momentum space,

Yoo= (im)},
Vio= ()% cosf,
Y11= — (%7!')% sin@e“’,
and G(p) and f(p) are obtained from the corresponding

functions in ordinary space by a Fourier-Bessel trans-
formation. G(p), the large component, is proportional to
A+ 2%/ Z20n?) J- 0+ sin (14-€) tg™ (p/ Zam) ],
where e is the energy of the level (including rest energy)
divided by m [e= (1—a?Z)¥]. G(p) can be expanded
in powers of Za and one finds that, if one neglects

terms of order (Za)? with respect to the main term, a
good approximation for almost all p’s is given by

G(p)~[32(Zam)>/n P} (p*+ Z2*m®) 2 (1+7Zap/8m) ;

while, for the small component f(p), it is enough to
keep only the main term

F(@)~—[8(Ze)’m?*/m Vp (p*+ Z2a’m?) .

AE, involves expressions of the form

f 2o(PBAME V2, () oo(p)Ppdips, (Al

where A is a function containing no Dirac operator.
(A1) is equal to
(am) [ @tpudipad (b2, b, OTG(IG (P

© (1 p/ 1) (P)f (p1)], (A2)
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the difference between the integrands in (A1) and (A2)
giving 0 in the integration. Since py- p; can be expressed
in terms of p.% ps, q* by
2p1- pa=p’+pS—

the corrections involving the small component, f(p),
in I,, Iy, I,, can be immediately evaluated as combina-
tions of the integrals K, J, etc.---, again, and it is
seen that, due to the fact that these integrals depend
on a2 only, and not on a, there is no term of order

a(Za)®® As for the correction involving a first power
of p in G(p), we can transform it by use of the formula

(n/2)p= f (% P+52)db,
0
so that

G(p)=~Schrodinger wave function
L2 Zay i [P ey,
0

and we obtain combinations of the more general in-
tegrals, Kap, Ja%, etc.-- -, followed by an integration
over b. In all cases, Dirac corrections prove to be of
order a(Za)® In(Za) or higher.

Going back to I, now, we can first perform the in-
tegral over p; and py in (33). Define 4 new functions by

oo/ = Vo= 0)en®Py (s=1,2,3,9).
oos has the same angular dependence as ¢g,. This is

a consequence of Dirac’s equation itself, which can be
written (for an S state):

f V(0= )G Y@, &)dp’
=Y, @[ (Ec—m)G(p)+pf($)I1=Y (b, 0)G' (p),
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f V(o—0)f(5) Vin(®, &)Y
= V10, @)L Eotm)f(D)+2G(B)]=Yim(0, 0)'(5),

defining two new functions G’(p) and f’(p). Approxima-
tions for G'(p) and f'(p) are given by

Zo (32(Zam)® aip’
G'( )N—w(
4 2 P ) f (p—p )L+ (Zam)?
B (S(Za)"’m“)% 1
x P (Zam)?
8(Za)*m? Y'Yl o)y
Ylm ’( )N—( )
s ' ™ f (1)—1)’)2[17’2+(Zozm)ﬂ2

8(Za)'m?
—_— m (0,
( ) oo (Wm

We can now evaluate the term with 3V’s in (33), and
find a result of order a(Za)®In(Za). The other terms
of (33) have already been evaluated with p,? replaced
by m?; we now want the difference, involving

(/92— (1/m*)= (m*— Ed*+ p.")/m* (Ei*— ps*).

Always by the same methods, this can be shown to
yield linear combinations of integrals K, J, etc.- - - that
depend only on a? and therefore there cannot be any
term of order a(Za)®.

We complete the investigation of the one-potential
Lamb shift by looking at 7, given in (35), from which
we subtract

m5 (pa—p) f (4w—1) (p—m)'m2d,
0

™

already evaluated in (36). The difference gives for the
energy shift:

3¢ (p=mPm=) _ (p—my
a 4x—1) o(p)d?
wf¢o(p)j x[x( o m[p2x+m2(1 x)] p2x+m2(1—x)J¢ ()P
3 e —p? p—m
= —0 V - d —‘1\ }2 V —P: 0 zd3d3 d3i
R | o] e e L e e LU
wf pa [ sad -0 pi-Ur ()
xXax, X— _
3 et (1)

I
pa+m?(1—x)

The integration can be performed with the help of

0

(Ba—m)[C DT+ Eokm)F (9 =206 D) @)}].

™ a

a j; pdp

and other formulas obtained by taking derivatives with

(PPt mi(l—2)]

‘2 (E@+a>)x+m?(1— x),

respect to a. No term of order a(Za)® is found.

2 A similar procedure shows that there is no a(Za)? term in the one-potential shift for the 2P state.



