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A systematic investigation of the thermoelectric power of germanium samples has been made in the
temperature range between 78°K and about 925°K. The general method of measurement is the determina-
tion, through thermocouple readings, of the ratio AE/AT, where AE is the thermal emf (relative to chromel)
measured between two points in the sample having a temperature difference AT'. At first, difficulty was ex-
perienced in obtaining reliable and reproducible thermoelectric power data at the lower temperatures (78°K
to about 350°K). A detailed discussion is given of the steps taken to eliminate this difficulty by reducing or
removing the effects of thermal conduction by the thermocouple wires, convection currents around the
the sample, poor contacts between thermocouple junctions and the sample, and inhomogeneities in the
thermocouple wires. In the impurity range the sign of the thermoelectric power is the sign of the Hall co-
efficient, and the magnitudes of thermoelectric power, resistivity, and Hall coefficient increase with decreas-
ing impurity content. With rising temperature the thermoelectric power increases in magnitude and passes
through an extremum at a temperature somewhat lower than that corresponding to the end of the exhaustion
range or flat portion of the Hall curve. The thermoelectric power of a p-type sample passes through zero at a
temperature higher than that at which the Hall coefficient of the same sample becomes zero. The thermo-
electric power curves of both p-type and n-type samples approach a common curve, having negative
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values, in the intrinsic range.

I. INTRODUCTION

ARLY investigations'™ of the electrical properties

of the elements silicon, germanium, and tellurium
showed them to be quite different from the metals and
to belong in the category now referred to as semi-
conductors. Occasional studies of thermoelectric power
were included in the general search for information
about the electrical properties of these semiconductors.
Wick® measured the resistivity, Hall coefficient and
thermoelectric power of two different silicon samples
and found negative® values for both the Hall coefficient
and the thermoelectric power, measured with respect
to copper. Zimmerman’ observed that silicon may
show either positive or negative thermoelectric power

with respect to copper. Smith® found that silicon.

samples having positive Hall coefficients have positive
thermoelectric powers and that negative thermoelectric
powers accompany negative Hall coefficients. Buckley?
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measured several electrical properties of each of four
silicon samples as the temperature varied between
0°C and 100°C. He pointed out the variation from one
silicon sample to another, even when cut from the
same melt, is such that correlation between different
electrical properties should be expected only when the
properties are measured for the same sample.

Bidwell®® studied the temperature variation of
resistivity and thermoelectric power of a sample of
99.9 percent pure germanium. Haken!' investigated
several properties of tellurium including thermoelectric
power and the variation of thermoelectric power with
known additions of tin and antimony to the tellurium.
Wold? made a rather complete investigation of the
electrical properties, including thermoelectric power,
of tellurium samples at temperatures between 0°C and
the melting point.

The experiments reported by the authors in this paper
were undertaken, starting in 1942, because, with the
preparation of germanium samples with controlled
amounts of various impurity additions at the Purdue
laboratories, it became possible to investigate system-
atically over a wide temperature range the dependence
of thermoelectric power upon the impurity content of
the sample and to correlate these data with other
electrical properties, especially the Hall coefficient and
resistivity.1®

II. METHOD OF MEASUREMENT
A. General Method

The general method of measuring thermoelectric
power may be described as follows. A temperature
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Fic. 1. Electrical circuit for measuring thermoelectric power
and resistivity. Switches 4 and 6 are left open while measuring
thermoelectric power; closing swith 2 upward with switch 1 open
permits potentiometer measurement of the thermal emf in the
germanium-chromel circuit. With switch 2 open, closing switch 1
upward and then downward gives the two emf’s of chromel-
alumel couples, the difference of which determines the tempera-
ture difference between points 4 and B. For resistivity determina-
tion, the PD between points 4 and B is measured with switches
2 and 6 closed; the PD is measured for both directions of current
flow so that any thermal PD may be eliminated by subtraction.
The current is found by measuring the PD across a 0.1-ohm
standard resistor.

gradient is established in a sample so that the points
A and B have the different temperatures 7y and T,
respectively. Thermocouples (e.g., chromel and alumel)
placed at these points are used to measure the tempera-
tures. By use of suitable switching systems (Fig. 1) the
thermal emf of the sample with respect to one or the
other of the thermocouple wires and the thermal emf
of each thermocouple can be measured on a potentiom-
eter. The four thermocouple wires are joined to copper

wires leading to the switching system, and the copper-
" chromel and copper-alumel reference junctions are
electrically insulated from one another and placed in
an ice-water bath maintained at a uniform tempera-
ture of 0°C with the aid of a mechanical stirrer.

The thermoelectric power is found from the relation

Q=AE/AT, €Y

where AE represents the thermal emf produced in the
germanium chromel circuit by the temperature differ-
ence AT between the junctions and AT=711—"T,. .
One of the switching arrangements indicated in Fig.
1 permits the direct potentiometer reading of the emf
AE. Other switching arrangements allow the potentio-
metric measurement of the thermal emf E; in the
chromel-alumel couple with junctions at 7% and 0°C
and likewise the measurement of the thermal emf E; in
the other chromel-alumel couple with junctions at T
and 0°C. From the values E; and E; one can determine,
with the aid of National Bureau of Standards calibra-
tion data for chromel-alumel thermocouples, the
average temperature To= (T1+73)/2 and thence g¢,,
the thermoelectric power of a chromel-alumel thermo-
couple at 7,. This information permits determination
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of the temperature difference AT by the relation
AT = (E1— Es)/ga. (2)

Thus, the thermoelectric power of the germanium
sample, relative to chromel, at the temperature 7, is
computed from the equation

Q(Ta)= (¢.AE)/ (E1— Ep), 3)

a quantity determined by three potentiometer readings
and the quantity ¢, taken from appropriate calibration
tables. When advance-manganin, copper-constantan,
or platinum-platinum rhodium thermocouples were
substituted for the chromel-alumel couples, the same
technique was employed and the Q(7%) values obtained
from Eq. (3) were corrected to give readings relative
to chromel.

For measurements above room temperature the
samples were placed in a cylindrical electric heater
which was closed at both ends to reduce convection
currents. Because of the relative ease of establishing
parallel isothermal planes in the sample and its sur-
rounding medium at high temperatures, reproducible
values of Q as a function of temperature were readily
obtained independently of sample size, temperature
gradient, or method of mounting the thermocouples on
the sample.

At low temperatures, however, since the thermal
gradient above the surface of liquid air in a Dewar
flask was used to provide a variable range of sample
temperatures, considerable difficulty was encountered
in the earlier stages of this work in obtaining reliable
thermoelectric power values. These difficulties called
for careful consideration of certain aspects of the ex-
perimental procedure.

B. Problems of Measurement at Low Temperatures

The principal source of error in the measurement of
Q occurs in the measurement of the difference in
temperature between the points 4 and B on the surface
of germanium. This difference is usually about 2°C so
that the temperature difference should be known to
within 0.1°C to determine Q to within five percent.

Investigations of the problems of precision ther-
mometry with thermocouples* have indicated the
following conditions that must be met in measurements
of surface temperatures: (1) since the emf of a thermo-
couple measures the temperature of the junction at
4 or B, the junction should have the same temperature
as the germanium surface at the point of contact; (2)
the thermocouples should not distort the established
isotherms in the vicinity; and (3) the thermocouple
wires should be uniform in composition and reproducible
in calibration.

In the earlier low temperature experiments large
thermal gradients due to convection currents occurred

14 American Institute of Physics Symposium, Temperature, I1ts
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near the sample surfaces. The resulting heat conduction
in the thermocouple wires caused the junctions to as-
sume temperatures intermediate between the surface
temperature of the sample and the temperature of the
surrounding medium a short distance away. This
produced errors in the values of AT, The emf of a ther-
mocouple is governed by the temperature of the
junction at the point where the two wires leave it; for
a large junction this temperature may be several
tenths of a degree different from the temperature at the
point where the junction contacts the sample. Thus
the ideal junction is very small, and one aims at
maximum heat conduction between the junction and
sample and minimum heat conduction between the
junction and its leads. These conditions can be ap-
proached by using thermocouple wires of very small
cross section and by use of thermal insulation placed
around the sample junction and a short section of lead
wires.

The use of fine wires may introduce errors due to
non-uniformity of the thermocouple wires. Samples of
wire were tested for uniformity by moving a hot
soldering iron along its length and measuring the emf
developed; a discontinuity in emf appears when the
iron touches a “junction’ due to an inhomogeneity in
the wire. This test led to the rejection of No. 40 chromel-
alumel wires as too inhomogeneous, the acceptance of
No. 36 chromel-alumel wires and No. 36 copper-
constantan wires as sufficiently uniform, and also the
acceptance of a special lot of one mil and two mil
advance-manganin wires.

Sets of “matched” thermocouples were made to
avoid errors due to non-uniformity between the two
couples. The two junctions to be placed in contact
with the sample were formed from as nearly identical
material as possible by taking a long, homogeneous
piece of each kind of thermocouple wire to be used,
cutting them, and welding these freshly cut ends to
form the junctions contacting the sample. The four
free ends were soldered to copper leads from the
switchboard, insulated from one another, bound to-
gether with wire, and submerged in the ice-water bath.

The effect of the method of mounting and size of
temperature gradient - upon the measurement of
thermoelectric power may be shown by direct experi-
ment. A germanium sample, ground to the customary
shape of a rectangular parallelepiped 0.4 cmX0.5 cm
X2.0 cm, was mounted vertically in the air column
above liquid air in a Dewar flask. Two matched ther-
mocouples of No. 36 chromel-alumel were soldered to
the germanium surface near the ends of the sample
with a minimum amount of solder. Wires of this size
were chosen to emphasize the effects observed. An
electric heater at the top was used to control the
temperature gradient in the sample. The soldered
junctions provided excellent electrical contacts and
would not slip mechanically as might be the case with
pressure contacts. Figure 2 shows the thermoelectric
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power curves obtained for this sample for different
values of the temperature difference between the
contact points. The thermoelectric power curves tend
to converge at the higher temperatures, indicating
that the measured thermoelectric power above 100°C
is not sensitive to the size of the temperature gradient,
in marked contrast to the behavior at the lower tem-
peratures. Consideration of heat transfer by convec-
tion yields an explanation for the results of Fig. 2 on
the basis that convection currents in the air above the
liquid air bath cause the thermocouple junctions to
have a temperature difference which is at marked
variance with the temperature difference between the
points of the sample contacted by the thermocouples.
The error from this source is dependent on the tem-
perature gradient.

Next, the same sample was mounted in a horizontal
position so that it lay on an isothermal plane in the
Dewar flask and thus convection currents were reduced.
The sample was held in position between two graphite
blocks by spring pressure ; one of the blocks was wound
with several turns of No. 36 nichrome wire, insulated
from the graphite by asbestos tape, to serve as a
heater to produce a temperature gradient in the
sample (Fig. 3). With this arrangement there was much
less dependence of the thermoelectric power curve
upon the temperature gradient. However, errors ap-
peared whenever the heater held the sample tempera-
ture 20° or 30° higher than that of the surrounding air;
these errors were eliminated by thermally insulating
the sample and short sections of thermocouple wires
leaving the sample.

The difficulty of thermally insulating the sample
was reduced by substituting smaller diameter wires for
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Fi16. 2. Measured thermoelectric power for a germanium sample
held vertically above the liquid air level in a Dewar flask. Numbers
on the curves denote the approximate temperature difference
maintained between ends of the sample during measurement.
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Fic. 3. Low temperature thermoelectric power apparatus. The
mica strip bound to the sample is used with silicon, but not with
germanium. One- or two-mil advance-manganin thermocouples
are used.

the No. 36 thermocouple wires. A special lot of one- and
two-mil advance and manganin wires were calibrated
and used because this two-mil wire, considering its
size and thermal conductivity, conducted about
1/2500 of the amount of heat that would be conducted
by No. 36 chromel-alumel wires under the same tem-
perature gradient. The junction for these fine wires
was a flattened bead of silver solder, about 2 mm? in
area, which held the junction to the sample. With
this arrangement thermoelectric power values were
independent of temperature gradients within the
sample and between the sample and the surrounding
air. The high electrical resistance of the fine wires
produced difficulty in balancing the potentiometer
and consequent random errors in thermoelectric power
values.

Another example of the importance of the foregoing
precautions is found in thermoelectric power measure-
ments on a group of p-type samples with 3X 10,
2% 10, 210", and 5X 10'8 carriers per cm? at 300°K.
A family of curves was obtained similar to those shown
in Sec. 3 (Fig. 5), but the magnitudes of the thermo-
electric powers in the impurity range did not agree
with the values calculated'® from the Hall curves of
these samples. After introducing the techniques de-
scribed, the thermoelectric power curves of two of
these samples were remeasured, the magnitudes were
found to be increased considerably in the impurity
range, and agreement between theory and experiment
was obtained.

The foregoing discussion can be summarized by
saying that the sample holding arrangement (Fig. 3)
finally adopted for the low temperature measurements
satisfied the requirements of (1) excellent thermal
contact between each junction and the sample, (2)
horizontal mounting of the sample to reduce convection

(I;il g) A. Johnson and K. Lark-Horovitz, Phys. Rev. 69, 259
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current error, (3) smallest feasible values for the cross
sections and thermal conductivities of the thermocouple
wires, and (4) insulation of the thermocouple junctions
from the surrounding air.

C. High Temperature Measurements

Thermoelectric power values at high temperatures
(above 100°C) were readily measured. The sample
was inserted vertically into a cylindrical electric
furnace; the uniformity of the temperature inside this
furnace made it unimportant whether the sample was
held vertically or horizontally. Both ends of the furnace
were closed off to reduce drafts. A small electric heater
pressed against one end of the sample provided the
necessary temperature gradient. Figure 4 shows the
sample holder for high temperature measurements of
thermoelectric power.

Holes were ground into the sample near each end, to
a depth of about 3 mm, with a t-inch nickel tube for
a drill and a mixture of No. 600 carborundum and
water as an abrasive. Platinum foil was pounded into the
bottom of the hole so that good electrical and thermal
contact could be obtained between junction and
sample. No. 36 chromel-alumel wires were used for the
thermocouples. The junctions were welded together
and filed off smoothly. Small lavite plugs were used to
press the junctions tightly against the platinum in the
holes, and the plugs were bound in position by fine
wire. The thermocouple wires were wound around the
sample several times and insulated with asbestos
string. The sample was then placed inside a glass tube
with a graphite contact on one end and a heater wound
around a graphite core at the other end. Springs out-
side the furnace pressed the contacts against the
sample.

By attaching current leads to the graphite it was
possible to make simultaneous determinations of

h
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Fic. 4. High temperarure thermoelectric power apparatus.
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thermoelectric power and resistivity. Since no thermal
contact problem is involved, the resistivity data ob-
tained with this arrangement were reliable and re-
producible over the entire range from —190°C to
above 600°C, whereas reliable thermoelectric power
data were obtained only at temperatures above 50° or
100°C.

III. RESULTS

Thermoelectric power curves are presented here for
those germanium samples for which the precaution
described in Sec. 2B were employed in making the low
temperature measurements. Figure 5 shows the ther-
moelectric power curves of four aluminum-doped,
p-type, polycrystalline germanium samples; the carrier
concentration at 300°K ranges from 5X 10'® per cm® to
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F16. 5. Thermoelectric power curves for four polycrystalline,
aluminum-doped germanium samples. The number of holes per
cm?, at exhaustion, is 5.6X10% for sample 35N, 1.5X10'7 for
35M, 4.1X10'8 for 26Z, and 7.0X 108 for 27L.

7X 10" per cm?®. So that the thermoelectric power
behavior of these samples may be correlated with their
other electrical properties, their Hall curves are given
in Fig. 6 and their resistivity curves in Fig. 7. Figure 8§
presents the thermoelectric power curves of five
antimony-doped, #-type, polycrystalline germanium
samples with conduction electron concentrations rang-
ing from 310 per cm? to 7X 10 per cm?®. The Hall
coefficients of these samples are given in Fig. 9 and the
resistivities in Fig. 7.

Figure 10 shows the effect upon thermoelectric
power of a heat treatment used to convert a germanium
sample from #-type to p-type and then back to #-type.
Sample 21V, was originally prepared!® by melting

18 This sample was prepared by R. M. Whaley of Purdue Uni-

;rprsity and was heat treated by the method recommended by
him.

223

Id:—
— 35N
los___—--—-
s =
T =
o
S =
2 S
3
L 351
F
= 10—
g — 3I5M
z —
= -
e
£
w SN
o
o
o o35
1 Y=
T =
b —
— -}
!
27L
| — 4
[—26Z
7L
r_.E
ST AT T T AT T
0 2 4 6 8 10 12 14

1000/ TEMPERATURE (°K)

Fic. 6. Hall curves for the four p-type germanium samples for
which thermoelectric power is given in Fig. 5. Hall values to the
right of the zero point of each curve are positive, to the left
negative.

spectroscopically pure germanium powder in a com-
merical helium atmosphere; a polycrystalline n-type
sample was obtained. This sample could be converted
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Fic. 7. Resistivity curves for the nine germanium samples for
which thermoelectric power curves are given in Figs. 5 and 8.
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Fic. 8. Thermoelectric power curves for five polycrystalline,
antimony-doped germanium samples. The number of conduction
electrons per cm3, at exhaustion, is 3.4X10' for sample 26L,
9.6X10'¢ for 33E, 5.8X10'7 for 34E, 7.1X10" for 34F, and

7.4X10Y for 33N.

to p type by holding it at 800°C in a high vacuum fur-
nace for four hours. It was converted back to # type
by holding it at 500°C in a high vacuum furnace for
eighteen hours. Hall coefficient, resistivity, and ther-
moelectric power curves were measured for this sample
(1) in an initial n-type state, (2) after conversion to
p type, and (3) after conversion back to # type.
Figure 11 gives the resistivity and Hall curves corre-
sponding to the thermoelectric power curves of Fig. 10;
the third Hall curve was not obtained because of the
accidental destruction of the sample.
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Fi1c. 9. Hall curves for the five #-type germanium samples for
which thermoelectric power curves-are given in Fig. 8. All-Hall

values in this figure are negative.
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F1c. 10. The effect of heat treatment upon the thermoelectric
power of germanium sample 21V,. Curve 1 was taken in the
initial condition, curve 2 after holding the sample at 800°C in
vacuum for 4 hours, and curve 3 after holding the sample an
additional 18 hours in vacuum at 500°C.
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F1c. 11. The resistivity and Hall curves of heat-treated ger-
manium sample 21V,, Curves 1, 2, and 3 correspond to the
conditions given for Fig. 10: (The solid lines are resistivity curves
and the broken lines Hall curves.)
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Two silicon samples, obtained from Bell Telephone
Laboratories, were studied. Both were p type and
polycrystalline, but sample 112 was aluminum-doped
and sample 26 G was boron-doped. The high tempera-
ture thermoelectric power was measured with anarrange-
ment similar to that of Fig. 4, with quartz replacing
glass and with No. 36 platinum-platinum, rhodium
thermocouple wires being used. The low temper-
ature thermoelectric power (200°C down to about
—100°C) was obtained with the use of one-mil
advance-manganin thermocouples and a holder arrange-
ment similar to that of Fig. 3. The thermocouple
junctions were pressed against nickel spots electro-
plated on the silicon to improve electrical contact.
Figure 12 shows the thermoelectric power curves ob-
tained for these samples, and Fig. 13 gives the corre-
sponding Hall and resistivity curves.
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F1c. 12. Thermoelectric power curves for two silicon samples.
Both are p type;sample 26 G was boron-doped and 112 aluminum-
doped.

On the basis of the results presented in Figs. 5
through 13, one can draw the following qualitative
conclusions about thermoelectric power behavior:

1. The sign of the thermoelectric power in the low
temperature range, where conduction is due to im-
purity-introduced carriers (impurity range), is the
sign of the carrier, i.e., p-type samples have positive
thermoelectric powers and #-type samples negative
thermoelectric power. Thus the signs of the Hall
coefficient and the thermoelectric power are the same
in the impurity range.

2. In the impurity range the magnitudes of thermo-
electric power, resistivity, and Hall coefficient increase
together with decreasing impurity content and de-
crease together with increasing impurity content.

3. The thermoelectric power of an n-type sample re-
mains negative throughout. Beginning at the low
temperature end of the curve, thermoelectric power
slowly increases in magnitude with rising temperature
and passes through an extremum at a temparature

lower by about 50°K than the temperature at which
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F16. 13. Resistivity and Hall curves for the two silicon samples
for which thermoelectric power curves are given in Fig. 12. (The
solid lines are resistivity curves and the broken lines Hall curves.)

the Hall curve of the same sample breaks away from
the flat portion characteristic of the exhaustion range.
As the temperature continues to rise, the thermo-
electric power decreases in magnitude and eventually
approaches a curve common to all samples because it is
determined by the properties of the intrinsic semi-
conductor. The magnitude of the extremum thermo-
electric power value is roughly proportional to the
logarithm of the Hall coefficient in the impurity range,
when one compares various #-type germanium samples
with one another.

4. Beginning at the low temperature end for a p-type
sample, the thermoelectric power is positive and rises
slowly to a maximum as the temperature becomes com-
parable with the temperature at which the Hall curve
leaves the exhaustion range. Then, with rising tem-
perature, the thermoelectric power decreases rapidly
and, like the Hall coefficient of a p-type sample, changes
sign from + to — because of the thermal release of
intrinsic electrons and holes and the fact that electron
mobility exceeds hole mobility. The thermoelectric
power passes through zero at a temperature somewhat
above that at which the Hall coefficient becomes zero
for the same sample. Then the thermoelectric power
passes through a minimum at a temperature con-
siderably higher (by 50° to 150°) than the temperature
of the minimum in the Hall curve. Finally, if the tem-
perature range is extended far enough, the thermo-
electric power approaches the common curve character-
istic. of intrinsic germanium. In comparing different
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p-type samples with one another, one finds the heights
of the maxima roughly proportional to the logarithms
of the Hall coefficients in the impurity range and the
depths of the minima roughly proportional to the
logarithms of the Hall coefficients at the negative
maxima. *
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The thermoelectric power Q of a semiconductor is found by calculating the Thomson coefficient o7 from
electrical and thermal current density expressions and then integrating the relation or=7 dQ/dT. This
procedure yields a general expression for Q in terms of the Fermi level, forbidden band width, temperature,
ratio of electron to hole mobility, and effective electron and hole masses. In the impurity range the general
formula for Q reduces to a simple dependence on the Hall coefficient and temperature if carrier scattering
is largely due to the lattice of the semiconductor; the same expression may be used with the addition of a
correction term when carrier scattering by impurity ions becomes important at the lower temperatures.
When both holes and electrons must be considered as carriers, Q can be evaluated at any temperature from
the resistivity and Hall coefficient at that temperature. An expression is also obtained for the thermoelectric
power of an intrinsic semiconductor in a form depending on the mobility ratio, forbidden band width at
0°K, and the temperature rate of change of this band width. Hall and resistivity data measured for six
polycrystalline germanium samples and two silicon samples have been inserted into the theoretical expres-
sions derived in this paper. The thermoelectric power curves so calculated are found to give generally good

agreement with the measured curves.

I. INTRODUCTION

ARK-HOROVITZ, Middleton, Miller, Scanlon,
and Walerstein!? have measured the thermo-
electric power curves of a number of aluminum-doped
and antimony-doped polycrystalline germanium sam-
ples, with carrier densities ranging from 10' per cm?
to 7X10'8 per cm?®. The resistivity and Hall coefficient,
as well as thermoelectric power, were measured over a
temperature range as wide as 78°K to 925°K for some
samples.? The calculations described in this paper were
carried out in an attempt to explain the behavior of the
thermoelectric power of a semiconducting sample on
the basis of its Hall curve and resistivity.
Early theoretical work on the behavior of semicon-
ductors contains references to thermoelectric power.®—%
However, the results of these authors are not given in
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form suitable for comparison with experiment or for
prediction of thermoelectric power behavior from
measured Hall and resistivity data.

For use in comparison with experiment, a theoretical
thermoelectric power expression must be adaptable for
application in the impurity, transition, and intrinsic
ranges. In the impurity range of temperatures the
numbers of intrinsic electrons and holes due to thermal
excitation of electrons from the filled band to the con-
duction band are negligible compared to the number of
conduction electrons excited from impurity donor
levels (7 type) or the number of holes formed by ioniza-
tion of acceptor levels (p type). Thus, one need con-
sider, in the impurity range, only one sign of carriers.
Many samples show ‘“exhaustion” in the impurity
range, i.e., all of the donors or acceptors become ionized
and the number of carriers per cm?® remains effectively
constant with temperature rise until intrinsic conduc-
tion becomes important. Low resistivity samples may
show ‘“‘degeneracy” at low temperatures,® hence a
general theory of the thermoelectric power of semi-
conductors must provide for the use of Fermi-Dirac
statistics where appropriate.

“Transition range” is a suitable term to apply to
those temperatures at which one must consider both

(1;4\;.) A. Johnson and K. Lark-Horovitz, Phys. Rev. 71, 374, 909



