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By a disordered chain we mean a chain of one-dimensional harmonic oscillators, each coupled to its
nearest neighbors by harmonic forces, the inertia of each oscillator and the strength of each coupling being
a random variable with a known statistical distribution law. A method is presented for calculating exactly
the distribution-function of the frequencies of normal modes of vibration of such a chain, in the limit when
the chain becomes infinitely long. For some special examples, in which the distribution law of the oscillator
parameters is assumed to be of exponential form, the frequency spectra are calculated analytically. The
theory applies equally well to a chain of masses connected by elastic springs and making mechanical vibra-
tions, or to an electrical transmission line composed of alternating inductances and capacitances with random

characteristics.

I. INTRODUCTION

f YONSIDER a chain of N masses, each coupled to

its nearest neighbors by elastic springs obeying
Hooke’s law. We shall study the longitudinal vibrations
of the chain, all motions being supposed to take place
in one dimension so that each mass is described by a
single coordinate. Since the coupling forces are linear in
the displacements, the most general vibration is a
superposition of (N —1) normal modes, each having a
characteristic frequency. The object of this paper is to
present a method for determining accurately the spec-
trum’ or distribution function of the characteristic fre-
quencies of the chain, in the limit as the number of
masses NV becomes very large. As is well known, the
knowledge of this distribution function enables all the
thermodynamical properties of the chain to be deduced
immediately.

In the case when the masses and the strengths of the
springs are all equal, the calculation of the frequency
spectrum is elementary. In Sec. IV of this paper we
give explicit formulas for the frequency spectrum in the
most general case when the masses and spring-constants
are arbitrary. The case of equal masses and springs
here serves as a check.

In Secs. V-VI we consider the physically interesting
case in which the masses and springs are unequal but
are distributed along the chain in a random way. This

* Supported in part by the U. S. Office of Naval Research.

means that we know the probability that a given mass
or spring-constant has a particular value, and that this
probability is the same at every point in the chain.
There are several different ways of defining precisely
how the randomization of the masses and. springs is to
be understood; for example, the masses may be inde-
pendent random variables with a known probability
distribution, while the springs are all equal; or each
mass may be correlated with the strengths of the two
neighboring springs, and so on. In every case, given the
probability distribution for masses and springs, our
method leads to an exact determination of the spectrum
of normal frequencies. To illustrate the method, one
particular class of probability distributions is worked
out in detail, and the corresponding frequency spectra
are obtained explicitly.

These calculations were begun in response to a ques-
tion of C. Kittel, who was concerned with the thermal
properties of glass. Glass may be considered roughly to
be a disordered array of coupled harmonic oscillators in
3 dimensions. The systems considered in this paper are

“models of a “one-dimensional glass,” a disordered array

of atoms in one dimension. It is not, of course, to be
expected that the results of this paper have any
immediate application to the 3-dimensional problem.
But it seems to us remarkable that the 1-dimensional
problem can be solved exactly, and we publish this
analysis in the hope that the methods will be useful in
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discussing other disordered systems of a less idealized
character.

II. DEFINITIONS

Let particle number j in the chain have mass m;,

and let its displacement from its equilibrium position -

be x;. Let the elastic modulus of the spring between
particles 7 and (j41) be K;. Then the equations of
motion of the system are

miEi=K (%1~ )+ K ;1 (00— x5). (1
It is convenient to introduce new variables
yi=m;tu; v 2
and new constants Ay, Ag, « -+, Aon—p given by
Mojo1=Ki/mj, Noj=K;/mjp1. 3

Then, the equations of motion take the form

5= Mojade) yiprt (2jshaja) By
= Azjortej2)ys, ()

and the coefficient-matrix is now symmetric. Next we

define variables 21, 2s, - - -, 2y—-1, by

2j=Nety 1= Nejaty;, ®)
so that (4) becomes

¥i=Naj132— Noj_slzj 1. (6)

Let variables #;, #s, * -+, #sy—1 be defined by .

Usj1=1j, U2;= 3. (7

Then Egs. (5) and (6) together may be written
Uy=NMhp1—Njato . ®

The characteristic frequencies w; of the chain are,
therefore, the characteristic roots of the (2N—1)
X (2N—1) matrix A whose elements are given by

A1, 5= —Aj =i\, )

all other elements being zero. There is one zero root
corresponding to the degenerate mode in which all the
x; are equal; the remaining roots occur in (NV—1) pairs,
the members of a pair being +w; and —w;.

The spectrum of characteristic frequencies is given
by the function M (u) which is defined as the proportion
of the roots w; for which w?<u. As N—« we expect
that M (u) will become a smooth differentiable function,
and then a density of characteristic frequencies can be
defined by

D)= (dM /). (10)

Our first task is to determine the M (u) and D(u)
corresponding to given A;.
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We study the function
2()= lim (2N —1)=5; log (1)

::f log (14au) D (u)du, 11)

as a function of the complex variable x. The logarithm
is defined as the branch of the function which is real
for real positive «. Then the integral (11) is convergent
and defines an analytic function of x over the whole %
plane, the negative real axis from 0 to (— o) being
excluded. As x tends from above onto a point (—z) on
the negative real axis, the imaginary part of log (14 xu)
tends to zero if zu<1 and to im if zu>1. Therefore,
(11) gives

Re[ (4m)1 li_r’rgﬂ(~ z-1€) ]

- f D(u)du=1—M(1/3), (12)
1/z

D(1/2)=—22 Re[ (¢r)* 1&1&9’(—-2—[—&)], (13)

f (D). (14)

0

@ (%)= (dQ/dx)=

According to (12) or (13), the spectrum of characteristic
frequencies is determined by the limiting values of Q ()
on the negative real axis. We call Q(x) the characteristic
function of the chain.

III. CALCULATION OF THE CHARACTERISTIC
‘ FUNCTION!

Consider a chain for which all the w? are less than a
fixed bound B, and let B|x| <1; these restrictions will
be removed later. Then the logarithm in (11) may be
expanded in powers of x, giving

Q(x)= lim 2N—1)"1S (%), (15)
S@= T (=1 w/n)E o
= ¥ (=1)=i(w"/n) Spur(A®).  (16)

n=l1

According to (9), the spur of A?* is a sum of terms Q(c),
one corresponding to each cycle ¢, a cycle consisting of
2n integers

(17

.7.07 jl) j27 Tty j2n——1, j2n=j0

lying between 1 and 2V —1 and satisfying for each m

Jmi1=jmEL (18)

!The analysis of this section might have been shortened by
using known results in the theory of Jacobi matrices. See A.
Wintner, Spekiraltheorie der Unendlichen Matrizen (Leipzig, 1929),
pp. 69-73. For this remark the author is indebted to Professor Kac.
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The term Q(o) is equal to the product

2N—1

11 (), (19)

where ¢(7) is the number of times that the step
(7—7j+1) occurs in the cycle o; the step (j+1—7)
must also occur ¢(7) times in ¢. Hence, we may write

Spur (A) =324 R(@IT;(A) @, (20)

where the summation is over all possible sets of integers
¢(7) whose sum is 7, and R(g) is the number of cycles
o which exist corresponding to a given set of ¢(7). The
evaluation of R(g) is carried out in Appendix I. The
result is as follows. Let ¢(a) be the first nonvanishing
q(), and let ¢(d) be the last. Then

r@ =291 11 267 21
L= @G+ D-DY
(@) GG-D-D1. @)

If we substitute from (20) and (21) into (16), we find
S(x> = Za. b S(d, b)) (23)
S(a, b)=—2X[q(a) 7' (—#Na) @

x[ IT LG)(=ar)e0 |, (28

j=at1

In Eq. (23) the summation is over all integers a, b
satisfying 1 <a <b<2N—1.1In Eq. (24) the summation
is over all sets of integers ¢(7) which are nonzero for
a<j<b. That is to say, each ¢(j) for e <j<b is
summed over all positive integral values.

The summation over ¢(b) in Eq. (24) can immediately -

be performed, because by Eq. (22) the sum is an ele-
mentary binomial expansion with exponent (—q(5—1)).
Therefore,

S, 8)=—22, (@) (—2h) @

x[ o L<j>(-xxj>«<f>][<1+xxb>—«<b~l>—13, (25)

j=a+l1
where the summation is now over all sets of integers
¢(7) which are nonzero on ¢ < j<b—1. That is to say,
S(a, b)+S(a, b—1)=>51(a, b—1), (26)

where S1(a, b—1) is the sum S(a¢, b—1) with the vari-
able #\p—; replaced by [@he—1/ (1+2xN;)]. If we apply
the same reduction to Si(a, b—1), we obtain

S(a, b)+S(a, b—1)+S(a, b—2)=S:(a, b—2), (27)

where Sy(a, b—2) is S(a, b—2) with x\,_» replaced by
[ahs_o/ (142Ns—1/ (142N))]. Continuing in this way,
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we find

Z S(a: j)sz—a(a, d), (28)

i=a

where Sy_.(a, @) is S(a, @) with x\, replaced by the
continued fraction

f(d, b)zx)‘a/(1+x)\a+l/[‘ e (1+x)\b_1/

(I+ans)) -+ . (29)
Now from (24),
S(a, a)=—23 g [g(a) I (—aN,) 1@
=2 log(142),). (30)
Therefore,
S S(a, )=2 log(1+£(e, b). 31)

i=a

We may now write b=2N —1 and make N—oo in (29)

. and (31). This gives

z S(a,7)=2 log(1+£(@)), (32)

where £(a) is the infinite continued fraction
£(a)=aNo/ (14 2Nat1/ (1+2Naya/ (- - -

If we sum over all ¢ and use (15) and (23),

(33)

2N—-1

Q(x)= lim N1 > log[1+4£(a)].

N—w a=l1

(34)

Equations (33) and (34) give the explicit represen-
tation of Q(x) for an arbitrary chain with given coeffi-
cients A ;. The result was proved only under the assump-
tions that all the w;? were less than a fixed bound B
and that B|x| <1. However, the integral (11) defining
Q(x), and the continued fractions (33), are convergent
for all real positive x and for any set of positive coeffi-
cients ;. Since these expressions are analytic functions
of x, it is easy to prove by an analytic continuation
argument that Eq. (34) holds for all real positive x
and without restriction on the w;.

IV. THE FREQUENCY SPECTRUM FOR AN
. ARBITRARY CHAIN

To determine the frequency spectrum for a chain
with given ), it is only necessary to calculate Q(x) from
Egs. (33) and (34), and then to use (13) or (14) to find
the spectrum. The second step, however, requires the
analytic continuation of 2(x) from positive to negative
real values. If Q(x) can be obtained in closed analytic
form for positive x, the continuation process is usually
easy. For example, consider the case of an infinite chain
of equal masses m linked by springs of equal modulus K.
In this case all \; are equal to A= (K/m), and all £(a)
are equal to the infinite continued fraction

g=aN/ (A4xn/(---. (35)
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Since £ satisfies

E=a)/(1+8) (36)
and is small for small x, we find
g=3L(1+4aN)i—1], @37
and by (34),
- Q(x)=2log{3[ (1+4x0)}+1]}. (38)
If we differentiate (38) we obtain
@ (x)=a"1[1— (1+4x0)"F]. (39)

This function is analytic and real for x> — (4\)L
It can be continued analytically through the upper half
plane to values x < — (4A)™1, where it becomes

@ (x)=2"[14+i(—1—4xn)¥]. (40)

Hence, Eq. (13) gives the spectrum of characteristic
frequencies

D(p)= (1/m)(u—pH7%, u<d),

a result which in this case can easily be checked by an
elementary calculation.

In general we will not be able to calculate Q'(x) in
closed analytic form, and so we require an explicit
formula for D(u) in terms of the values of Q'(x) for
positive x. This formula will enable D(u) to be calcu-
lated if @' (x) is only given numerically or approximately,
so that a direct use of analytic continuation is im-
possible. The formula is

D(u)= (2n%u)! f (coshma)da

x [ " () cos[alog () I (@, (42)
0

Its derivation is given in Appendix II. The x integration
is to be carried out first and the « integration second.
- Taken in this order, the double integration will always
be convergent for values of u at which D(u) exists and
is continuous. With Egs. (33), (34), and (42), we have
in principle an exact determination of the frequency
spectrum of an arbitrary chain.

V. DISORDERED CHAINS

We now apply the preceding theory to the case of a
diserdered chain, i.e., an infinite chain whose elements
are distributed in a random way according to some
known probability law. We consider two types of
disordered chain, differing in the way in which the
randomization of the elements is defined. Type I is
mathematically the simpler, whereas Type II provides
the closer approximation to a real chain of randomly
arranged atoms.

Type I. Each of the parameters \; defined by Eq. (3)
is an independent random variable with the probability
distribution function G(\).
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In this case each of the quantities £(a¢) defined by
Eq. (33) will have a probability distribution F(£), the
same for all a. Now

E(a)=aNo/ (14 £(a+1)) (43)

and the variables A\, and £(a+1) are uncorrelated, since
£(a+1) depends only on Aey1, Aats, -+ +. If we equate
the probability distributions of the left and right sides
of Eq. (43), we find an integral equation for F(§),

F(®)= f F@)GLEA+E)/2J((1+8)/x)de.  (44)

The solution of (44) for given G(A) can in some cases
be obtained in closed form (see Sec. VI). In all cases
the solution can be obtained numerically by inserting
an arbitrary trial function F(¢) on the right of (44)
and iterating the equation repeatedly. The series of

. successive iterates will converge rapidly to the true

F(£), in consequence of the good convergence of the
continued fractions (33). When we have found the
solution F(£) of (44), and have normalized it by

[ rea=1, (43)

the characteristic function of the chain is given by
Eq. (34) and is

a()=2 [ P log(t+de. (46)

0

From this the frequency spectrum may be found as de-
scribed in Sec. IV.

The frequency spectrum determined in this way is
strictly an average over a statistical ensemble of chains,
each chain in the ensemble having definite values of
the A;. But by an argument familiar in the statistical
mechanics of systems containing many particles, the
same frequency spectrum will be found for an arbitrary
chain chosen out of the ensemble, except for an excep-
tional class of chains whose total probability tends to
zero as the number of atoms N tends to infinity.
Therefore, we may say that this frequency spectrum is
the correct spectrum for a single disordered chain of
infinite length.

Type II. Each mass m; is an independent random
variable with distribution function G(m), the spring-
constants K ; being fixed and equal.

In this case the A; are given by

Aojo1=Ngjg= ij—l. (4-7)
We introduce the variables
n=[£C2HT (48)

Then, from Eq. (33) we derive the recurrence formula

1= (mi/2K)+[nip1/ A4ni01) ). (49)
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The variables 7;y1, m;41 now are uncorrelated. Hence,
Eq. (49) leads to an integral equation

F(n)=xK f GLaK (n— () (A+0))IF ('), (50)

defining the distribution function F(#) of each of the 7;.
The characteristic function (34) is given now by

Q) =iV 3 logl (14 £2))(U+EQi—1)], (51)

i=l.

since £(27) and £(27—1) will have different distribution
functions. From Eq. (33) we find

A+£CN)A+E2j—1))=1+E:Q2H)+ K /mj), (52)

and here the variables £(24) and m; are uncorrelated.
If we insert Eq. (52) into (51), the characteristic
function becomes ' '

0

Q)= f Fn)dn f G(m)dm log[ 14-1-14xKm1], (53)
0 0

where F(n) is defined as the solution of (50).

An interesting special case of a Type II chain is a
chain composed of two kinds of atoms with masses
m, M, distributed at random in the proportion p: (1—2).
This corresponds to the distribution function

- G(m")=pd(m'—m)+(1—p)o(m'=M).  (54)

The equation (50) for () then reduces to a difference
equation,

F(n)=p[1—n+ (m/xK)J*FL(1—n+ (m/xK)) "' —1]
+(A=p) =7+ (M/xK) I
XFL(A—n+ M/zK))"—1],  (55)

which can be solved very rapidly by iteration since no
integration is involved. The characteristic function
(53) becomes

Q)= f F(n)dn[p log (14~ xKm—?)
’ + (1= $) log (14714 2K M) ],

Only a moderate amount of numerical work would be
needed to calculate the frequency spectrum for any
given values of m, M and p.

A chain in which the masses are all equal while the
spring strengths are independent random variables can
be treated by exactly the same method as a Type II
chain. It is only necessary to interchange the roles of
£(24) and £(25—1). If we go beyond Types I and II,
we could consider a more general type of chain, in
which the masses m; are independent random variables,

(56)
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while the spring strength K is a known function of the
two adjoining masses m; and m ;1. This would be a
model for a chain composed of different kinds of atoms
arranged at random, the strength of the bond between
two atoms depending on the chemical nature of the
two atoms. The frequency spectrum of such a chain
can also be calculated by the methods of this paper,
only the formulas become rather more complicated.

VI. A SPECIAL FAMILY OF DISORDERED CHAINS

In this section we calculate explicitly the spectrum
of normal frequencies for a special family of disordered
chains. This will serve as an illustration, to show
quantitatively the effect which a given degree of dis-
order has upon the spectrum. We consider a chain C,
of Type I, in which each A; is an independent random
variable with the probability distribution

G\ =[n"/ (n—1) I An1g=m, (57)

The integer # takes the values 1, 2, 3, - --. The distri-
bution G, has mean value 1 and standard deviation
n~t Thus, C; is a highly disordered chain, C; is less
disordered, and in the limit as n—o, C, becomes the
uniform chain with all \;=1. For large » Eq. (57)
takes asymptotically the Gaussian form

Gu(N)~(n/2m)} exp[ —3n(A\—1)7]. (58)

We choose these C, for the illustration for reasons of
mathematical convenience only. They happen to have
frequency spectra which can be calculated to the end
analytically. And although they do not correspond
closely to any known physical situation, they illustrate
clearly enough the behavior of disordered chains in
general.

If we substitute Eq. (57) into Eq. (44), we find an
integral equation for F(¢) which has the exact solution

Fo(§) =K, (148 e e, (59)

where K, is a function of x determined by the normal-
ization condition (45). Hence, Eq. (46) gives

Qn(x)=2L,(x)/Kn(w), (60)

Lo(@)= f gt (149 log 1+ Berti=dg,  (61)
0

K.(x)= f gL (14 £y —renbidg, (62)
0

We next have to carry out the analytic continuation of
L, and K, to negative x. This is done in Appendix III.
Hence, if we use Eq. (12), we find the following analytic
expression for the frequency spectrum of Cs,

G12— F()Gze_"z—i— I:I"()Fg— F12+ ((7('2/6) _,tn_l)F()Z]e——2nz

M, (z)=—

(63)

[Gi+ (F1— (lognz+s._141)Fo)e " P4-n2F e
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Fic. 1. Integral spectrum of characteristic frequenc1es for a
uniform chain (curve UU) and for a random chain in which each
spring-parameter \ has the distribution-function exp(—\) (curve
RR). M(z) gives the proportion of frequencies w for which «? <z.

Here, Fo, F1, and F, are finite polynomials defined by

Fom go i )(_m),/]. (64)
n—1 1
r=% )[( n2)i/j1lss, (65)

n—1

-1
oS (] )[<~nz>f/m<sf+tf>, (66)

=0
with
i

tj=z 2

I=1

i
si=2 1, (67)
=1

The G and G, are integral functions of z with power-
series expansions

0

14
Gi=3 )[(—nzy/j s, (68)
=0 j

14
GZ=§( ’ )[(—nZ)J/J'](sﬁthJ), (69)

and v is Euler’s constant. Asymptotically for large z,
G and G» have semiconvergent series expansions

Gr=[(= 1)/ (n—1) 1] ()= (— 1) [F/ (—m) |, (70)

i=n

Go=2[(— )"/ (1—1) 113, (nz)~

i=n

XLG=D ! Psja/(G—m) .

From Eq. (63) we can find at once the limiting be-
havior of M, for small z,

M ()~ (7°/6) =t J[a*+ (lognz+saitv) T

(71)

(72)
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This rises very rapidly as z increases from zero, showing
that a disordered chain has a much greater proportion
of very low characteristic frequencies than a uniform
chain. The limiting behavior of M, for large z is found
from Egs. (70) and (71) to be

M ,.(2)~1—2(lognz— s, _1+v)e ™
X (2 [(n—1) T2 (73)

In Fig. 1 the numerical value of M(z) is plotted
together with the corresponding function for the
uniform chain which is by Eq. (41)

Me(2)=
=1,

—larccos[1—1z], 2<4,

z2>4. (74)

From Eq. (63) we can also calculate the form of the
frequency spectrum for large #, i.e., for a chain com-
posed of only slightly fluctuating elements. In this case
we represent the spectrum by a complex contour
integral which is evaluated by the method of steepest
descent; details are given in Appendix IV. The results
are the following. For any fixed z in the range 0<3<4,
we have for sufficiently large #,

M . (5)~m1 arccos[ 1 — %3+ Qan) [ (4/2)— 1772 (75)
For fixed z>4 and large 7,
M, (5)~1—7 ' exp[ —a— 2n(sinha—a)], (76)
a=arg cosh[4z—17]. (77)
At the critical point z=4 and for large 7,
M, @)~1—-[T @I 12/nP=1—(0.32-- )t (78)

The errors in Eqgs. (75), (76), (78) are in each case of
higher order in (1/#) than the last term given. From
these results it is seen how the spectrum approaches
the limiting form (74) as n—.

VII. APPLICATION TO TRANSMISSION LINES

Consider an ideal loss-free transmission line composed
of a series of inductances L;, Ly, - - - with a capacitance
C; between each pair L; and Lj.;. The equation of
motion for the current 7, in the inductance Z; is

Lidl;/dt=Ci*(Ij1—I;)+Cii (T j—1;). (79)
This is identical with Eq. (1), only with L; replacing
mj; and C;7! replacing K ;. Therefore, the whole of the
theory of this paper applies without alteration to a
transmission line whose elements Z; and C; are sta-
tistically random variables. The function M (z) gives
the integrated frequency distribution of the normal
modes of propagation of current in the line.

In conclusion, the author wishes to thank Professor
Kittel for suggesting this problem to him, Professor
Luttinger for some useful discussions, and the Uni-
versity of California for its hospitality during the
summer of 1953 when the work was done.
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APPENDIX I. EVALUATION OF R(q)

Define R(g, ¢) to be the number of cycles o corre-
sponding to a given set of ¢(j), and beginning and
ending with a given jo= je.=c. Suppose first ¢<d.
From each of these ¢ we can derive a new cycle ¢’ by
simply omitting from o the steps (b—d+1) and
(b+1—b), since by hypothesis the step (b-+1—b4-2)
does not occur in ¢. These ¢’ will all belong to the set of
integers ¢/, where ¢’ (6) =0 and ¢’ (§)=¢(j) for j<b. The
number of the ¢’ is R(¢/, ¢). From a given ¢’ we derive
the parent ¢ by inserting ¢(b) pairs of steps (b—b+1),
(b+1—b) distributed in any way among the ¢(b—1)
places where the integer b occurs in ¢’. So the number
of ¢ corresponding to a given ¢’ is the number of ways
of distributing ¢(b) identical objects among ¢(b—1)
boxes, which is L(b) defined by Eq. (22). Hence,

R(q, e)=L®)R(7, o)- (A1)

Proceeding repeatedly in the same way, we shall reduce
q to the set of integers ¢’’ defined by ¢"/(7)=0 for j>¢,
" ($)=q(j) for j<c. We find

R, 11 L(j)]R(q", 9. (A2

J=c+1

We now start reducing ¢’ from the other end by
omitting steps (e—a+1) and (a+1—a). In this way
we eventually reach ¢’ defined by ¢"/(j)=0 for j>¢
or j<c—1, ¢""(§)=q(4) for j=c or j=c—1. We find

rao0=| 11 20 Jra", o, (*3)
()= @) HaG=D=1Y
()~ DIgG—1 (A8

But R(¢"’, ¢) is just the number of ways of arranging
g(c) pairs of steps (c—c+1)(c+1—c¢) and ¢(c—1) pairs
(c—c—1)(c—1—¢), beginning and ending at ¢. This
number is

R{g", 0)=(g(c)+q(c—1))1/[(g(e)) W(g(c—1))1]. (A.5)
If we put together (A.2), (A.3), and (A.5), we obtain

b

R, c)=<q<c>+q(c—1>)(q<a>)—1[ +I_Lm]. (A.6)

j=a

We now sum (A.6) over all values of ¢ from ¢ to 64-1.
Then Y ¢(c)=>_q(c—1)=mn, and so Eq. (21) of the
text is verified.

APPENDIX II. DERIVATION OF EQUATION (42)

Consider the Fourier transform of x*Q’(x) considered
as a function of the variable logx, namely

r(a)= f wx%Q'(x) exp[ —da logx Jd(logx). (A.7)
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If we use Eq. (14), this becomes

7(a)= f D (u)du f dy2uev2ier 14-pev |
0 —c0

¥

= (m sechra) f wu*D (u)eie loerd (logu).  (A.8)

00

wrD (u)dueie loer f e sechydy

—00

Thus, [#(a) coshma] is also the. Fourier transform of
D (u) as a function of (logu). If we invert the transform
(A.8), we obtain

0

WD (u)= (2x%)1 f exp (—ia logu)r (a) coshmada, (A.9)

—00

and substitution for #(a) from (A.7) gives Eq. (42).

APPENDIX III. ANALYTIC CONTINUATION OF
K, AND L,

We write

I(q)=1(g, n, y)= f g1(14-g) e tvdg,  (A.10)
0

where y=n/x. For positive y, this is an analytic
function of ¢ for every ¢, and in particular

Kn@®)=10), Lu(@)=(dl/d)os. (A1)
We evaluate 7(g) assuming ¢>n— 1, in which case
I(q)=J(9)+R(9), (A.12)
where
1@~ [ ere s
n—1 —1 ®©
=ev ;} (— 1)f(n i )j; z1mig=#ydgy
n—1 —-1
S CY U LG ICEE
i=0 J
R@)== [ (9o
= (=" % 67/
X[ (n+ )T (g—n+1)/T(@+i+1)]. (A.14)

The series in (A.13) and (A.14) are convergent and
represent functions of y which are analytic over the
whole y plane except for the simple branch point at
y=0 produced by the factor y~2. As functions of ¢, J(g)
and R(g) are analytic, but each has a simple pole at
¢=0 which only cancels in the sum 7(g). Hence, we



1338

may evaluate K, and L, using (A.13) and (A.14),
expanding these expressions in powers of ¢ and retaining
terms of order —1, 0 and 1. The terms in ¢! cancel as
they should. The terms in ¢° and ¢! give, respectively,

n—1 —_ 1
K@=z (" ]_ =) 64/ = —low)

0 1’L+ —1
+ X

i=0 J

)O/i0Gims, (419

1 /n—1
2Ln(x)=e”§0( i )(yf/j!)[(sj—7~logy)"‘

i=0

o fubi—1
Hirt6]— 3 (" j )(yf/j!)

XL (55— $n1)*+t+tn],

in which v is Euler’s constant, and s;, #; are defined by
Eq. (67). These formulas show K, and L, explicitly as
analytic functions of y=n/x, with a logarithmic branch
point at y=0. In order to obtain the analytic continu-
ation of K, and L, to a point (—x) on the negative
real axis, going through the upper half of the x plane,
we have only to replace, in Egs. (A.15) and (A.16), y
by (—v) and logy by (logy—4x). This leads at once, by
Eq. (12), to the result stated in Eq. (63).

(A.16)

APPENDIX IV. METHOD OF STEEPEST DESCENT

We consider the analytic continuation of the function
K .(x) given by Eq. (62) through the upper half-plane
to a point x=—z"' on the negative real axis. This
continuation may be written as a contour integral

Ka(== | RO (AL
0

F(e)=E(1+8)7e%, (A.18)

FREEMAN J. DYSON

and the path of integration passes from 0 to (— )
above the singularity at £&= — 1. Similarly, by Eq. (61)

Ln(-5)= [ TF@T log+05dz (A19)

We choose the path of integration to pass over the
lowest saddle point of F(£) between the minima at 0
and (—o). The saddle points 7 are given by the
quadratic equation

7+ n+z71=0.
Suppose first 0<z<4. Then, there is one saddle point

n=3[—1+i((4/2)—1)!]

in the upper half-plane. The path of integration crosses
this saddle at an angle of 135° to the positive real axis.
For large » we calculate K, and L, by considering
contributions to the integrals from the neighborhood
of the saddle only. If we use Eq. (12), this gives the
result (75). Next suppose z>4. Then there are two
saddle points on the real axis :

=3[ —1+(1— (4/2))],
1-=3[—1—-(1—(4/2)*].

The path of integration goes along the real axis over 7,
from 0 to 7_, then breaks off at 90° to the real axis and
goes from n_ to (— ) above £=—1. For large » the
real parts of K, and L, come from the integral near 7.,
but the imaginary parts come from contributions in
the neighborhood of 7n_. In this way we find the result
(76), which tends to 1 for large # because |F(n-)|
<|F(n4)|. Finally, consider the case z=4. Then there
is one saddle point at = —3%, at which the first two
derivatives of F(f) vanish. The path of integration
goes from 0 to 5 along the real axis, then breaks off at
an angle of 120° and goes to (— ). The integral in
the neighborhood of 7 now gives Eq. (78).

(A.20)

(A.21)

(A.22)



