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The relativistic dynamics for a system of non-interacting particles in Hamiltonian form is separated by
a contact transformation into motion of their center of mass and internal motion. Interaction at a distance
between them is then introduced into the expression for the rest-mass in terms of the internal variables. This
gives a dynamics for which invariance over space displacements and rotations is trivial and which is rigor-
ously invariant over Lorentz transformations. Earlier approximate treatments may be reduced by contact
transformations to special cases of the general treatment.

l. INTRODUCTION
' 'N this paper we adopt the point of view of an earlier

~ paper' and describe a system in terms of dynamical
variables whose mutual Poisson brackets are given. We
shall specify each particle i by three pairs of canoni-
cally conjugate dynamical variables forming vector
coordinates q; and momenta y;, three variables forming
its vector intrinsic spin ~;, and its rest mass m;.

We shall take these to transform trivially for simul-
taneous rotation or displacement of the frame of
reference in space, leading to an "instant" form of
dynamics, " (as opposed to a "point" form in which
transformation over the homogeneous Lorentz group is
trivial, such as the form considered in P).

The dynamics will then be speci6ed by a Hamiltonian
function B leading to the changes of the dynamical
variables with time, and a vector V, of which the com-

ponents U, V, and 8", give in the same way the in-

6nitesimal transformations for change to relatively
moving coordinate systems. In addition we introduce
the vectors R, components X, V, and Z, the total linear
momentum, and 0, components I, 3f, and 31, the total
angular momentum of the system, which give in a
similar way the here trivial, infinitesimal transforma-
tions for space displacement and rotation. These ten
functions of the basic dynamical variables q;, p;, ~;
(and 222,) must satisfy the conditions for all the trans-
formations to give the inhomogeneous Lorentz group. '

It is, however, not implied, nor is it true, that, even
in non-quantum mechanics, there exist world lines

r;=q;(1), for the particles, that are the same loci in
space-time when transformed by the corresponding
Lorentz transformations, unless there is no interaction
and the particles are without spin. '

X=p,
F'= p„,
Z=p

~= qupz qzpII)

M=q.p,—q p„
&=qzp2 q2p»

(2242c4+p 2+p 2+p 2) $

where m is the rest mass and c the speed of light, and
then, if we take

U= q,H/c', V= q„H/c', W= q,H/c2,

all the conditions are satisfied,

[e g , (U., X. ) = (q„p.)H/c'=H/c2'j.

U, t/', and H/' do not have as immediate a physical
interpretation as X, I", Z, I., 3E, E, and H, because they
do not commute with II and ar'e not constants of the
motion of the system. They may be called velocity
operators.

If we replace q„q„q„by operators

7

27r2 4)Pz 27I $4)P2 27r$ cIpz

and write

1 1
U= (q,H+Hq ), V—= (q„H+Hq„), —

2c~ 2c2

2. DYNAMICS FOR A SINGLE PARTICLE

For a free spinless point particle we have three coor-
dinates q, q„, q, and canonically conjugate components
of momentum p„p„, p, with Poisson brackets (q„p,)
= 1, (q„, p„)= 1, (q„p,)= 1, the remaining Poisson
brackets vanishing. We may take the usual components
of momentum, angular momentum, and energy,

1
W = (q,H+Hq. ), —

2c2

we obtain operators giving a relativistic quantum
dynamics.

In vector notation,

R= p, H= fm2c4+ p2c2)&,

&= t qXp), V= (1/2c')(qH+Hq).
(1 2)

*Presented by B. Bakamjian in partial ful6llment of the re-
quirements for the degree of Doctor of Philosophy in the faculty
of Pure Science, Columbia University.

f Watson Scienti6c Computing Laboratory, Columbia Uni-
versity.

'L. H. Thomas, Phys. Rev. 85, 868 (1952); referred to below
as I.

~ See I, Eqs. (4.2) and (4.3).
~ P. M. Dirac, Revs. Modern Phys. 2I, 392 (1944).
'See I, Sec. III.' M. H. L. Pryce, Proc Roy Soc. (.Londo. n) A195, 621 (1948).

1300



RELAT I V I STI C PARTI CLE D YNA M I CS. I I

[~Xp]
V=—(qH+Hq)—

2c mc'+H
(2.22)

Further, the Dirac electron can be obtained from
this by introducing negative energy states, putting
~= (h/4m)e, and making the unitary transformation
given by the matrix

[mc'+E icp, (e y)]—/[2E(mc'+E)]&,

where E=
~

H
~

and H= p3E, and o—„o„,and o„and
p», p~, and p3, are two independent sets of Pauli matrices.

3. DYNAMICS FOR A SYSTEM OF PARTICLES
WITHOUT SPIN

In building up a dynamics for more than one particle,
it is convenient to start with two non-interacting par-
ticles. We write c=1 for brevity and take the sums of
functions of the form (2.1) for each particle,

pl+ p2) + [qlX pl]+ [q2X p2])

H= [m '+p ']&+[m2'+p2']&, (3.1)

V= qg[mP+pP]&+q2[mg'+p2']&.

This defines ten functions trivially satisfying the forty-
five Poisson bracket relations4 required for invariance.

The expression
m= (H2 —R')' (3.2)

can be regarded as the eGective rest mass of the system
viewed as a single entity. and has the important prop-
erty that it commutes, or has zero Poisson bracket, with
each of Eqs. (3.1).

Ke expect, for an instant form of dynamics, that
interaction terms will enter only in H and V and not in
R and Q, and that they will depend in some sense only
on relative or internal variables of the system, affecting
the motion of the system as a whole only through m.

Suppose that we make a transformation from p», q»,

p2, q2 to variables R, r, total momentum and coor-
dinates of the "center of mass, " and P, g, relative
momentum and relative coordinates, twelve variables
having similar Poisson bracket relations to p», q», p2,
and q2, in such a way that (i) Q=[rXR]+[EXP],
(so that p and P transform like vectors in a space
rotation), (ii) m depends on P only, and (iii) V can be
expressed in terms of ns, x, R, and Q only. Then in the
expression for II,

H= (m'+R')&

and in the expression for V in terms of m, r, R, and Q,

For a particle with spin, we may write in like fashion:

R= p, H = [m~c +p'c2]&
(2.21)

&=[qXy]+~,
where (co„u&„)=~„(&o„,&o,)=re~, (&o„~,) =co„, and co„
ao„, and co, have zero Poisson brackets with the rest of
the basic dynamical variables. %e now find that we
must take

we may introduce an interaction by replacing m by any
other function of y and P which is a scalar for space
rotations. Relativistic invariance will be preserved
because m still commutes with r, R, and Q, and the
commutation relations of these with each other and
with H and V are not disturbed. (The transformation
between p», q», p2, q2 and R, x, I', p must not be
altered. )

We now obtain a trahsformation for many particles
as similar to that to center of mass and relative coor-
dinates in Newtonian mechanics as is consistent with
the above requirements. We start with non-interacting
particles having momenta R and coordinates x„relative
to an arbitrary observer, and write H„= (m '+R 2)&,

Q„=[r„XR„],V„=-', (r„H„+H r ), so that we can
take

R=P„R.,
H=P. H„, V=+.V.,

(3.3)

or, returning to vectors,

S„=R —R R/R+S R„/R

(m+H)H„—(R R )=R.— R,
m(m+H)

E„=—(R R )/m+HH /m;

(3 4)

while reversely,

(m+II)E„+(R„S„)
R.= S„+

m(m+II)

II„=(R S„)/m+HE. /m

(3.5)

We verify that

(a) Q„S„=O, (b) P„E =m; (c) E„'=m„'+S,P,

while also

R„=S„+
m+H

(3.6)

The equation (3.4) now defines a "point transforma-
tion" in momentum space from the momenta R„ to the
momenta R and S„,subject to the condition P S„=O,
which satisfies the requirement (ii) above in that m

and the requirements for relativistic invariance will be
met. .

Next, we make a transformation to a frame in which
the total momentum of the system is zero. In this new

frame the particles have momenta S„and energies E„'
such that P S =0 and P E„=m.

Writing as before H'=m'+R', and further R'=R',
R=m sinhv, H=m cosh@, R„=(R R)/R, we obtain
for this Lorentz transformation in the direction of E.,

5„=E.„cosh~—II sinh~,

E„=—R„sinhv+H cosh@,
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1 1
r —V+ [aXR]—

m m(m+H)

R(V R)
(3.8)

mH(m+H)

which is of the necessary form and determines the
transformation. The detailed calculations are given in

Appendix I, the important results being Eqs. (1)—(5).
When there are just two particles we may write

and (3.8) becomes

p= sy —sg)

(r, dRi)+ (r2 dR2) = (r dR)+ (y dP), (3.9)

where y and its canonically conjugate momentum P
may be interpreted as the relative coordinate and rela-
tive momentum of the two particles. Thus, we have
performed a contact transformation from the original
pairs of conjugate variables describing the separate
particles, (ri, Ri), (r2, R2), to two other pairs (r, R),
giving the state of the system as a whole, and (g, P)
giving its internal state.

Now any scalar combinations, p', (g P), P', and
functions of these, of the internal variables commute
with the ten fundamental quantities, so an interaction
can be introduced consistently by making m any func-
tion of these scalar combinations. An explicit expression
for p is found from Eq. (2) of Appendix I.

depends only on the relative momenta S„ in scalar
fashion.

We can now find a corresponding transformation for
the "coordinates" r„of the particles by writing down
the condition for a contact transformation which in this
case is an "extended point transformation" in momen-
tum space.

P„(r„dR„)=(r dR)+P (s dS„), (3.7)

subject to P S„=O. The requirement (i) above
follows now necessarily from the vector form of our
equations as

Q=g„[r„XR ]=[rXR)+P„[s„XS7.

Here, r may be chosen to be any arbitrary linear com-
bination of the r„with coefficients functions of the R„,
and in particular to satisfy requirement (iii). We may
take the Eqs. (2.21) and (2.22) in the form

Q = [rXR)+~, V= -', (rH+Hr) —[~XR]/(m+H),

and solve these to give

where $= —,'(m' —mi2 —mP). Likewise

1
(riHi+ r2H2)+ [riXRi)XR]

m m+H

H] a2
+[[r2XR2)XR]——(r, R)R——

(rm R)R . (3.11)
B' H

give the transformation explicitly, while the funda-
mental quantities giving the dynamics are

R=R, H= (m'yZ'):

a = [rXZ]+[EXP],
[[EXP]XR]

V= ,' (rH+H—r)—
3f+H

(3.12)

where M may be any function of p', (y P), and P'.
Since r and y are linear in r~ and r2, the extension to

quantum mechanics is always possible.

4. SPIN

We may introduce spin into our equations as follows:

(a) We define the intrinsic spin ~ of a particle relative
to an observer 0 as a four-vector which is space-like in

a frame E in which the particle is at rest. Further, we

assume that the components co, ~„, co, of ~ satisfy the
Poisson bracket relations:

„) Cry =Orz ) M&) .Mz = (d~ ) (4.1)

(b) Viewed from any other frame of reference, the
intrinsic spin dehned in this .manner will be given in

general by a diGerent four vector which is also space-like
in the frame I)'. In particular, the intrinsic spin relative
to the frame C in which the system has zero linear
momentum will -be denoted by a vector n. Three suc-
cessive Lorentz transformations from P to 0, 0 to C,
and from C back to P will now give us the relationship
between a and n. S„(~.R)R
n„=aa„+ (aa„.R) +

m(m„+E„) m(m+H)

These equations, with HP=mP+Ri2, HP=m22+RP,
R=Ri+Rg, H=Hi+H2, m'=H' —R', and

(m+H)H, —(R R,)

m(m+H)

g= sg—s2

m(m+H)

(ri—r2 R) 1 ) IIi H',
= ri —r2+ R+—

I

H 4$+mi $+m2')
or

(~ R )S„(m—II) (aa„R )R

m(m +E„)(m +H ) m(m +II„)
(4.2)

X ([Hg(m+H) —(R, R2))Ri

—[Hi(m+H) —(Ri R,))Rg), (3.10)
(n S„)R„(m—H)

+ +
m(m„+E„)(m„+H„) m(m„+E„)

(n S„)R

~n = ntc ntc - nu
m(m„+E„) m(m+H)
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These relations then define the transformation proper-
ties of ietrimsic spin under a Lorentz transformation
from the frame 0 to the frame C. We may further
conclude from the properties of successive Lorentz
transformations that n and ~ will have the same mag-
nitude but will dier in orientation. Two successive
Lorentz transformations are not equivalent to a single
Lorentz transformation, but rather to a Lorentz trans-
formation plus a suitable rotation. In .other words,
Lorentz transformations do not have the group prop-
erty. They have the group property if each Lorentz
transformation is coupled with a rotation. Thus we
associate with the Lorentz transformations 0—C, 0—I',
and C—I', rotations of the coordinate axes defined by
Eulerian angles q, 8, P; n, P, y; and g, il, t, respectively.
(c) Since the components of pi do not have the Poisson
bracket relations of true momenta, we cannot introduce
them in our contact transformation (3.7) directly. The
angles n, p, y and $, g, {,however, represent true coor-
dinates and therefore have canonically conjugate true
momenta A, 8, C and, H, Z associated with them. If
now we consider an infinitesimal rotation given by a
vector d~ with components defined in the frame 0 as

Thus, if we consider an infinitesimal rotation dc related
to the Eulerian angles y, 8, f in the same manner that
the vectors dpp and d8 are related. to n, P, and y and

$, q, t, we can write

and
nuc= ~u 0 (4.6)

P„r„dR„=r dR+P„s„dS —(P„n do„),. (4.7)

Equation (4.6) means that n„can be obtained from pp„

by a rotation through the Eulerian angles p, 8, P. And
Eq. (4.7) means that a knowledge of de alone is suf-
ficient to give the transformation from the r to r and
s„. The expression for de can be found if we'observe
that

when all are given in the same coordinate system. Equa-
tion (4.5) can now be written as

r dR +(Q pp dm )p

=r dR+P s„dS —(P n dn).+(Q n d~ ),
Identifying coeKcients,

and we set

(d~,)p
——cosndP+ sinP sinn',

(der„) p
——sinndP —sinP cosndy,

(ds-, ) p
——dn+ cosPdy;

(pp. dpp) p Adn+Bdp—+—Cdy, (4.3)

dn=da+ [daX~&J, (4.8)

if dn and dao are evaluated in system C and 0 and the
equation is in either system. The detailed calculations
are given in Appendix II.

S. CONCLUSION
then

(&o )p
———cotP sinnA+cosnB+cscP sinnC,

(pi&)p= cotP cosnA+sinnB —cscP cosnC, (4.4)

(pi,)p
——A.

~„,co„, ~, now form a function group in terms of canonical
variables A, n; B, P; C, y such that the relations (Sec. 2)
are satisfied.

Similarly, we may consider an infinitesimal rotation
given by a vector d8 with components (d8 ),=cosPdg
+sinit sintd{, (d8„),= sintdq —sing cosgd{', and (d8,),
=d$+cosqd|' We can .write relations similar to (4.3),
(4.4) that give the components (ib)„(q„)„(q,), of n
in terms of canonical variables, $; H, q; Z, {

Now if we write

r„dR„+P. pi„.dpp

= r dR+P„s. dS.+P.n„de„, (4.5)

where the spin terms represent their equivalent expres-
sions in terms of true variables, this represents a contact
transformation between true coordinates and momenta.
Since n„ is related to the new variables in the same way
that ao„ is to the old, we can conclude that the com-
ponents of n„will have the correct Poisson bracket
relations among themselves.

Further, we can show that we do not need to know
either n, P, y or (, g, { to find the transformation of
(pi„pi„, &u,) to (it„g„,g,) or to obtain that from r„ to s„.

(1
M= + +—P'( —&(—)

——P']
g & nip

1
+ +

1
P'+ (y P)',

p 2mlS$2p p 2m]m2

' C. G. Darwin, Phil. Mag. 39, 537—551 (1920).

In discussing the many-body problem in Newtonian
mechanics, one may make a contact transformation
from the coordinates and momenta of the various bodies
to the coordinates of the center of mass and the total
momentum, and to internal coordinates arid momenta.
We have carried through a similar transformation in
relativity mechanics, at the cost of giving up the as-
sumption of invariant world lines.

Spin variables are treated as quasi-momenta, re-
ferred, in classical mechanics, to true coordinates like
Eulerian angles. Their commutation relations are suK-
cient, however, to justify the transformations without
this reference.

The introduction of interaction by replacing m by
the function M of the internal variables in Eqs. (2.21)
and (2.22), with pi=+„{Ls &(S )+n„), gives a dy-
namics which may be modified by any further contact
transformation of the variables.

Darwin's Hamiltonian' can be derived from our
formalism if we set
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where
~'= I-(9 P)(R P)—(9 R)P'3,

m2 —mi

2 m&m2(m&+m2)

and perform a contact transformation generated by the
function

spin we try to find a transformation to a new set of
variables describing the system which distinguish
between external and internal variables.

We are to have R and n —1functions of the S„subject
to P S =0 as variables and wish to 6nd a set of
variables canonically conjugate to these, including

Similarly, two Hamiltonians derived by Breit will be
equivalent to our Hamiltonians if we take m- m+H ~

p2 .p4 3A
M=2m+ ——J(p) — (gXP) (eg+e~)

m 4m' 4m'

II„——(r„R)R
II

y 3kf
p+ (g'P)+ (g'P)

m2 2m2 2jm2

5 df ~'f
+ p—(e P) — (13+«~ e.)

2682 dp 8,m'

Pi' df
I-V+p'(ei o2) —(e e')(t' e')3

4m' pdp
5'p' d (dfy
8m2dp & pdp)

in one case, and

P2 P4 3P' Af
%=2m+—— —J(p)+ I+ (g)&P eg+e2)

m 4m' 2m'- 4m'

f 5 ( df)
+ (e P)'— . I 5f+p l(e P—)

2m 2im'& dpi

df d (dfi
1V+1op—+p'—

I

8m' dp dp E pdpi'

in the other case. Here m& ——m2 ——m and no further
contact transformation is necessary. For two particles
with unequal mass Breit derives another classical Hamil-
tonian which can be derived from our equations if we
set

(R.S„) (R dR)

m(m+II)' H

(S„dS„)

1 1™Hq"+(R S„)I
m' 4m'(m+H) m. (m+H)')

( (r. R) (r„R)
P(r„dR„)=+I dS„r„+ R+ -S„

m(m+H) mE

E, (R S)IS„i—Z(r. R) —+
m' m'H IE i

I
(R„S) E'

+ dRQI r„+
lm(m+H) m

(r„R) (r„.R)(R S ))—
+ S —R

m(m+H) mH(m+H)' i

and I—1, other sets of three variables. Differentiating
Eq. (3.5) in the text we can write:

( (R S.) E-)
dR„=dS„+I +—IdR

(m(m+H) m i

(R dS„) (S„dR) (S. dS,.)
+R + +-

m(m+H) m(m+H) mE„

1(1 1) 1(1 1
~=m'+m'+-P'I —+—

I

—-p'I —+
2 Em~ m2i 8 &mP mP)

Comparing this with

(R S) E it 1rP I + Ir+
Em(m+H) m 2 m(m+H)

(r R)(R S)
(r„R)S„— R ~,

H(m+H)

and perform a contact transformation generated by the
function

W=e(y R)J(p), with e=-', (m~ —m~)/(m~+m~)'.

APPENDIX I (E +H„q (r„.R)
r=E

I Ir+
~ m+H ) m(m+H)For a system of particles defined by coordinates r„,

canonically conjugate momenta R„, mass m„, and zero

Q„(r„dR„)—=Q„(s„dS„)+(rdR), P dS„—=0,

1dJ ~(p) we get:-I(.)+
2m&m& p dp 2mlm2 .

7 G. Breit, Phys. Rev. 51, 248 (1937), especially p. 259, Eq.
(17,6), and p. 260, Eq. (18.2).

G. Sreit, reference 7, p. 253] Eq. (13.1),

BE„—mB „
x S+ -R

H(m+H)
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pH (RR„) i
E m m(m+H))

(r„.R)
[HR„—RH„],

m(m+H)H

and, introducing a Lagrange multipler 2:

S„(m+H)+RE„
s„+2=r + (r„R)

m(m+II)E

E„H+(R S„)—P (r„R) S.
m'HK,

R (m+H) —RH
i=r„+(r R)

m(m+H&E„

—{PII„(r„R)}

S„(m+II)+RE„
r.=s.+2—(s.+2 R)i

m(m+H)H

+{+.E (s„+2 R)}

S.(m+H)+ RE„
X

m (m+H)H„

R

mH(m+H)

E (s„+2 R)R

m(m+H)

(2 R)R fE„+8„)
+Bi is„

H(m+H) ~ & m+H &

(s R)S„K (s. R)R

~ m(m+H) ~ mH(m+H)

)E„+H„y (s +X.R)S„
r= Z I i (s.+~)—2

& m+H ) m(m+H)

R (m+H) —RH E.+H. (s„R)S.
(2) r =r+s —g s„+g

mH (m+H)K„mH (m+H) ~ m+H ~ m(m+H)

H„
(s +2 R)= ( Hgi).

(r„R)—i—
&HE„

S„(m+II)+RE„
t—(s„R)

m(m+H)H„ I

X{+,H. (r„R)},

E„(s +X R)=g. H„(r„R),E„(E
(r R)=—(s„+2 R)—i

H„ (m+H Hi

X{.P. E( +sX R)},

while

S.(m+H)+RK.
+{K.E.(s. R)}

m'(m+H)H.

p [r.XR.]=[rXR]+p [s„XS],
[P.[s.XS.]XR]

Qr„H„= rII

(3)

APPENDIX II

So (pio'R) (pip'Rp)Sp(m —H) (opp Rp)
&o= opo+ (opo R) R+ R.

m(mo+Ko) m(m+H) m(mo+Ko) (mo+Hp) m(mp+Hp)

We notice that it contains opp, R, So, m, H, It!o, Hp, Eo as variables. But we can express the diGerentials of all these
variables in terms of the differentials of the first four variables only. From (3.4), (3.5), (3.6) in the text

dH= (m/H)dms (R dR)/H,

Ho Ko+Ho R(So dR) R(mHo —HEo) t(Sp dSp R dSp
dmR+ dR+ (R dR)+dSp+R t +

mH m+H m(m+H) mH(m+H)' ~ mEp m(m+H)
dRp=—

d7% (Sp dR) E'o(R dR) (R dSo) H(So dSo)
(HHp —mEo)+ + + +

ma 1n mH nz

with
dm= P.dE„=P„(S„dS„)/E„.

» t»s Appendix we take the differential of the expression for oo„as given in Eq. (4.2) of the text and try to
put it in the form of Eq. (4.8). Rewriting Eq. (4.2),
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Sp (dopo R) (A&o Ro)So(m —H)
dno=A&o+ (d~o R) R+

m(mp+Eo) m(m+H) m(mp+Kp) (mp+Hp) m(mp+Hp)

Using these relationships we can now get dnp as the sum of four expressions: (a) one containing terms in d6)p,
(b) one containing terms in dR; (c) one containing terms in dSp, (d) and one containing terms in dm. For (a)
we have

For (d) we have

and
dH= (m/H)dm; dRp ———(Ho/mH)dmR; dHp ———(dm/mH) (HHo mK—o),

(o'R)So (opo R)R (opp Ro)Sp(m —H) (ep Ro)R ( dm)
dno= i +

l m(mo+Ko) m(m+H) m(mo+Ko) (mo+Ho) m(mo+Ho) 0 m )
(pop R)Sp(m —H)

m(mp+Kp) (mp+Hp)

For (c) we have:

(H my-
(rio'Rp)Sp] [dm

m(pop'R)R ( Hpdmg (opp. R)R
dm+

m(mp+Ho) E mH & mH(m+H) m(mp+Ep) (mp+Hp)

(uo Ro)So(m H)— (pop Rp) dm(HHp —mEp)

m(mo+Eo) (mo+Ho) m(mo+Ho) mH(mo+Ho)

dm 1
dnp=- [,x [RxS,]].

m H(mo+Ho)

t
(So'dSo) (R'dSo (R'dSp) H(So'dSo)

dRo= dSo+R + dII p +-—
l mEp m(m+H) m mEp

(opo'R)dSo (opo'R)So(So'dSo) (mo R)dSo(m —H) (pop Rp)Sp(Sp dSp)(m H)—
CInp =

m(mp+Ep) m(mp+Ep)'Ep m(mp+Kp) (mp+Hp) m(mp+Ep)'Ep(mp+Hp)

(So dSo) (R dSo)

Sp(m —H) R (opp'dSp)+ (opp R) mEp

m(mp+Ep) m (mp+Hp)

m(m+H) (opp Rp) (R.dSp) H(Sp'dSp)

mp+Hp (mo+H'p)' m

dS, (opo R) (So.dSo)mo(H—m) (mo+Ko) Sp (m H) R (ap' dSp)
np' 0 (np R) +

tÃ (mp+ Ep) (mp+ Hp) (mp+Hp) m(mp+Kp) mp (mp+Hp) mEp(mo+Ho) (mo+Eo)

m(mo+Eo) Ep(mp+Ho)' m(mo+ Zo)'Eo

(opo Ro)(So dSo)(Hmo+mEo) (opo R)So(So'dSo) (uo Ro)(So dSo)

m (mp+ Eo)'Ep (mp+H p)

dSp (H—m) t'mp+ Ep)
np 0 np

m (m p+ Ep) (mp+ Hp) &mo+Ho&

Sp(m —H) R (no dSp) (no Sp) (Sp'dSp)

m(mo+Eo) m (mo+ Ho) Eo(mo+Hp) (mp+Eo)

Sp(So.dSp) (II m)—(mpyKo)
np' p (np R),

mEp(mp+Ep)' (mp+Hp) (mo+Ho)

(Sp dSp)(H —m)

Finally for (b) we have:

(R'dR) (Sp dR) Kp(R'dR)dH=, dHp= + dRp ——

H m mH

Eo+Hp R(Sp dR) R(mH'p —HE'p)
dR+ (R dR),

m+H m(m+H) mH(m+H)'

dno= [noX [dSoXR]] +[noX [dSoXSo]] + [&pX [RXSo]]
m(mo+Ho) m(mp+Ep) (mp+Hp) mKo (mo+ Ho) (m o+Ko)



RELATi V i STI C PAR I' I Ci. E DYNAMICS. I I 130k

4Qp=
(ppo'dR)So (ppo dR)R (&o'R)dR (uo'R)R (R dR) (uo dR)So(m —H)(Eo+Ho)

+ + +
m(mp+Ep) m(m+H) m(m+H) m(m+H)' H m (mp+ Ko) (mo+ Ho) (m+ H)

(csp'R) (So'dR) (m —H)So (opo'R) (R dR) (mHo —HKo)So(m —H) (~o dR) (R) (Ko+Ho)

m'(mo+Ep) (mo+Ho) (m+H) m'H(m+H)'(mo+Eo) (mo+Ho) m(mp+Ho)(m+H)

(ppo'R) (So'dR)R (ppo'R) (mIIo —HEo) (R'dR)R (ppo'Ro)Sp(R'dR) (ppo Ro)So(m —H)

m'(mo+Ho) (m+H) m'H(m+II)'(mo+Ho)

(So dR) Ko(R dR)
X

m(mo+Ko) (mo+Ho)H m(mo+ Ko) (mo+Ho)'

(ppo'Ro)dR (pop'Rp)R (So'dR) K'o(R'dR)
+ — +

m(mp+Hp) m(mo+Hp)' m mH

In this expression we recognize terms in Sp(i), terms in dR(ii), and terms in R(iii). For (i) we have

(opp dR) (pp, dR) (m —H) (E,+H,)
m(mp+Ko) m(mo+Ko) (mo+Ho) (m+H) m'(mo+Eo) (mo+Ho) (m+H)

(pop R) (R dR) (mHo —HKo) (m —H)

m'H (m+H)'(mo+ Kp) (m p+ Hp)

(ppo'Ro)(R'dR) (ppo'Ro)(m H) (—So'dR) (ppo'Rp)(m —H)Eo(R'dR)

m(mo+Ko) (mo+Ho)H m(mo+Ko) (mo+Ho)' m m(mo+Eo) (mo+Ho)'mH

(pop. R) (m —H)

(Mp'R) (mHp HKo) (m—H) —(pop Rp) (mmp jmHp+mKp HEp)—(R dR)
m'II(m+H)'(mo+Ko)(mp+Ho) m'( mp+E)o(mo+Ho)'H

(ppo' dR) (mmo+2mHo+moH+mKp HEp)— (pop. Rp) (m —H)
+(Sp dR)

m (mp+Ep) (mp+Hp) (m+H) m'(mp+Ko) (mp+Ho)'

(np dR) (np R)(R dR) 2(np dR) (mHp —HEp) 2(no R)(So dR)

m(mp+IIp) mH(m+H) (mp+Hp) m(m+H) (mp+Kp) (mo+Ho) m(m+H) (mo+Ko) (mo+Ho)

For (ii) we have

Oo pe 0

m(m+H) m(mp+Hp)

2(np R)(Kp —mo)2 (np ' Sp) (mHp —HEp)0 tlo'+-
m(mp+Hp) m(m+H) m(m+H) (mo+Eo) (mo+Ho) m(m+H) (mp+Hp)

For (iii) we have

(pop'dR) (opp'dR)(Ep+Hp) (pop R)(R'dR) (pop'R)(Sp'dR)

m(m+H) m(mp+Hp) (m+H) mH(m+H)' m'(mo+Ho) (m+H)

(pop 'Rp) (So ' dR) Eo(R ' dR)

m(mo+Hp)' m

(pop R) (mHp HEp) (R d—R)

mPH (m+H)'(mo+Ho)

(np dR) (Eo+Hp)

2(no R)(Eo+Ho)(So dR) 2(no Rp)(So dR)

m(m+H)'(mp+ Kp) (mp+H p) m(m+H) (mp+ Kp) (mo+Hp)

(no dR) (no R)(R dR)(Ko+Ho) (no. Ro)(R dR) 2(no'dR)(Ko mo)

m(mp+Hp) (m+H) m(m+H) mH(m+H)'(mp+Hp) mH(m+H) (mo+Hp) m(m+H') (mo+Ho)
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Gathering all these expressions, we get

2(np'Sp)(mHp HKp—)dR 2(np'dR)Sp(mHp HE—p)

m(m+H)(mo+Eo)(mo+Ho) m(m+H)(mp+Eo)(mp+Hp) m(m+H)(mp+Hp)

2(np dR)R(Ep —mp)

2(np'R)dR(Ep —mp) 2(np'R)Rp(Sp'dR) 2(np'Rp)R(Sp dR)

m(m+H) (mp+Hp) m(m+H) (mp+Ep) (mp+Ho) m(m+H) (mo+E, ) (mo+Ho)

Now combining the terms two by two, we can write this last expression as:

[noX [RoXdR]] [npX [RXdR]] [noX [RpX R]](R'dR) 2[noX [dRX So]](mHo —HEo)

m(mp+Hp) mH(m+H)(mp+IIp) m(m+H)(mp+Ep)(mo+Ho)m(m+H)

2[noX[RXdR]](Eo—mp) 2[noX[RoXR]](So dR)

m(m+H)(mp+Hp) m(m+H)(mp+Kp)(mo+Ho)

(np'Rp)dR (no'dR)Ro (np'dR)R (no'R)dR (no'R)(R'dR)Rp (np'Rp) (R'dR)R
+

m(mp+Hp) tn(mo+IIo) m(m+H) m(m+H) mH (m+H) (mp+Hp) mH (m+H) (mo+Ho)

[noX[RoXdR]] [noX[RXdR]]

m(mp+H p)

[noX[RoXR]](R dR)
'

2[noXSo](RoX[RXdR])

mH(m+H) (mo+Ho) m(m+H) (mp+Ep) (mp+Hp)

Now collecting the (a), (b) and (c) expressions for dno we 6nally get:

(dooo R)So (d~o. R)R (doop Ro)So(tn —H) (dooo Ro) [SoXR]dm [RXdSo]
dnp= doop+ R+

m(mp+Ep) m(m+H) m(mp+Ep)(mp+Hp) m(mp+Hp) mH(mp+IIp) m(mp+Hp)

[SoXR](Sp dSp)[SoXdSo](H—m)

m(mp+Kp)(mo+Ho) mKp(mp+Hp)(mp+Kp) m(mp+Hp) m(m+H) mH(m+H)(mp+Hp)

[RoXdR] [RXdR] [RpX R](R ' dR)

2Sp(Rp [RXdR])
X~0

m(m+H) (mo+Eo) (mo+Ho)
Also,

( [SoXR]dm [RXdSo] [SoXdSo](H—m) [SoXR](So dSo)
! + +
kmH(mp+Hp) m(mp+Hp) m(mp+Kp)( p+mHp) tnEp(mp+Hp)(mp+Ep) m(mp+Hp) tn(m+H)

(RoXdR) [RXdR]

[RoXR](R dR) 2So(Rp [RXdR])
no!

tnH(m+H) (mp+Hp) tn(m+H) (mo+Ep) (tnp+Hp)

[RpX R](R'dR)[RoXdR] [RXdR]
+ +

m(mp+Hp) m(m+H) mH(m+H) (mp+Hp)

Using this result we can now write the contact transformation:

Z.(.dR.)+Z.(-. d-.)
t' (r„R) (r R) (r„R)H.S. [oo„XR] [oo„XS„](H—m)

=Q! dS,. r+ R+ S„—P
m(m+H) mE,. ~ mHE„m(m. +H„) m(m„+K )(m„+H„)

( [SpXR]dtn [RXdSo] [SoXdSo](H—tn) [SpXR](Sp'd&o) 2R (So ' [RXdSo])
+ +

EmH(mp+Hp) tn(mp+Hp) m(mp+Ep)(mp+Hp) mEp(mp+Hp)(mp+Eo) m(m+H)(mo+Kp)(mo+Hp)
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2 (pp„R)[S„XR] (pp„[S„XR]) S
+ +2

mK (m„+H )(m„+K ) m(m+H)(m +E )(m +H ) ~ (m, +H, ) mHK~&

([(a„XR] R)R ) ( S„(pp„R)R
(+Q~ d8„pp„+(pp„R) +

mH(m+H) (m„+H„) J & m(m„+K ) m(m+H)

(~ R )S (m —H) (~„R„)R )-I, (l)
m(m„+E )(m +H„) m(m„+H„) J

which is of the form

P (r dR )+g„(pp dm„)—=P (S dS )+(r dR)+Q„(n„.d8 ),

where P dS„=O. We can also write for the total angular momentum:

P.[s.X S.]+LrXR]+P. .

(R R ) (r R) [pp.XR ] [pp.XR]
+~ dR. P r„~ — + -(HR.—RH.)—

& m m(m+H) mH(m+H) m(m +H ) m(m+H)

[[pp„XR]XS„] [[s) XS ]XS ](H—m)
=Z[r„XR.]+&

" " +2
m(m. +H ) m(m„+E„)(m.+H )

2(pp„'R)[[S XR]XS„]
m(m+H) (m,.+K„)(m„+H„)

Also,

[[~.X R.]XRj (pp R)S„(pp R)R (pp„R„)S„(m—H)
6)

m, (m +H„) ~ ~ m(m„+K„) ~ m(m+H) ~ m(m +K„)(m„+H )

(ppp R„)R
=Z[r.X R.]+2 ~.. (2)

~ m(m„+H. )

[P.[S XS ]++„n.XR] [pp XR ]=PH r
H+m H„+m„

Following the same method as above, Appendix I, now:

2(s)„R)[S„XR](~. [S XR])S (pp. .[S.XR]) S„
+ — —+2 — (4)

mK (m„+H )(m +E„) m(m+H)(m +K„)(m„+H„) ~ m.+H„mHK„
H„(mII —HE„)

(S +2 R)= (r. R) —— —{Q„H„(r„R))
E mBE„

S (m+H)+RE S [pp XR] [pp„XS„](H—m)
S +2= r.+ (r„R) —P (r„R)H„+ +

m(m+H)E ~ mHK„m(m +H„) m(m„+K„) (m„+H )

{[~.XS.] R)(H„—E„)
E„(m„+H„)(m„+E„)

([pp„XS„]R)(H„—E )
Q E„(S„+2 R) =Q II (r„R)+P

(m„+H„)(m +E )

(~. [S.XR]) (mH„—HE„)

(m„+H.) mHE

K (mH„HE„)— {[uXS„]R)(H„E.)-
(r R)= (s„+2 R)+ g E„(s„+XR)—

mHH. ~ II„(m.+H.) (m„+K.)

(mH„HK ) ([pp.XS„]—R)
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S (m+II)+RE„ ([~„XS„]R)
r„=s„+2—(s +2 R) + Q E„(s„+2R)—g

m(m+H)H m„+E„

S (m+H)+RE (~. [S.XR])S.
X

m'(m+H)H„mH(m+H) mH„(m„+H„) (m +E„)
R

(ta„[S XR])R(II —E.) [ta XR]

m(m+H)H„(m„+H )(m +K.) m(m +H„)

[ta„XS„](H—m) 2(ta. R)[S„XR]
)

mm E m H mm H m E m H)(-+ -)(-+ -) (+ )(-+ -)(-+
)E„+H„i (s +X R) E„(s„+X.R)R (ta [S XR])R

r=Q( ((s +X)—g s.—P +g
u & m+H) '~ m(m+H) ~ mH(m+H) ~ m(m+H)H(m„+E )

2+„(ta [S XR])S (E.+H q [ta XR]
+El

m(m+H)(m +H„)(m +K„) ~ E m+H I m(m„+H„)

[ta XS ](H—m) 2(to R)[S XR]

m(m„+K ) (m„+-H ) m( ymH) ( m+E ) (m +H )

and, as before, r„—x' does not contain X.

[ta XR] [cs XE ]
(~)

m(m+H) m(m +H )
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The method of reduction of two-particle relativistic wave equations (an extension of„the Foldy-Wouthuy-
sen method), as given in Part I, was applicable only if mz/mzz. Other variants of the procedure, free from
this restriction, are developed now. On the basis of a discussion of properties of the matrices involved, it is
found that the postulate of an "even-even" transformed Hamiltonian was too far-reaching. The less
stringent requirement of a "uU separating" or an "lL separating" X&, leads to a whole class of usable trans-
formations, which includes the transformation of Part I as a special case. Another important special case,
(that. of the "least change" transformation) has been calculated through in detail. Different transformations
give different expressions for K&„but they coincide after (as a part of the next step of the procedure) the
matrices P and P are replaced by 1 (or —1). Consequently the reduced wave equation is the same in all
cases.

]'N a recent paper, ' hereafter referred to as I,f a
~ ~ method was developed for conversion of relativistic
two-particle wave equations from the full (16-com-
ponent) into an approximate (4-component) form. The
procedure consists of two steps: first, a canonical trans-
formation (strictly speaking, a sequence of canonical
transformations) is performed with the help of suitable
generating functions; then, twelve components of the

*This work was supported in part by the Office of Scienti6c
Research, Air Research and Development Command, U. S. Air
Force.' Z. V. Chraplyvy, Phys. Rev. 91, 388 (1953).We take over the
terminology and notation used there.

t Errata to I.—In Eq. (4) the first minus sign is to be replaced
by a plus sign. In Eq (7j) the nume. rical coefficient is to be 1/g
(not 3/16).

wave equation are rejected, and only the four upper
upper or the four lower-lower components are retained,
namely that quadruple which describes states with
both particles possessing positive energy (the other of
these two quadruples corresponds to both particles
having negative energy). The same transformation is
required to make either choice possible.

The proposed scheme was patterned after the Foldy-
Wouthuysen method for one-body equations. ' As a
matter of fact, the expression for the transformed
Hamiltonian in I represents a plausible, though not
trivial, generalization of that obtained by Foldy and
Wouthuysen. But, remarkably, our method is not

' L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950).


