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The Statistical Theory of Nuclear Reactions
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It is pointed out that the discrepancies between experimental results and the predictions of the statistical
theory of nuclear reactions can be traced to peculiarities in the energy distribution of particles emitted in
the breakup of the compound nucleus. Experimental energy distributions are analyzed, and it is shown
that very strange assumptions —susceptible to experimental check—are necessary to explain them in any
way without the introduction of a new se'lection rule in nuclear transitions. Experiments are suggested to
clarify these problems.

''T has by now become quite clear that large dis-
~- crepancies exist between the predictions of the
statistical theory of nuclear reactions and the results of
experiments designed to test them. In particular, it
appears that nuclear temperatures calculated from
experimental-level densities' are much higher than
those obtained from measurements of energy spectra of
emitted particles, ' ' much lower than those required to
explain the cross sections of (e,p), (e,o), (p,pe), and
(n,pn)s " reactions, but nevertheless, approximately
equal to those found from (e,2e)~' and (n2m)""
cross-section measurements. In an eGort to clarify this
situation, the theory is here developed to a form more
suitable for comparison with the experimental results,
the experiments are analyzed in this light, and some
conclusions about the difhculties with nuclear reaction
theory are pointed out.

%e begin with a derivation of the equation for the
energy spectrum of particles emitted in the breakup of
a compound nucleus. Consider the reversible reaction,

C(Ep+B) A (Ep E)+a+E, —

where C, A, and a are the compound nucleus, residual
nucleus, and emitted particle, respectively, the quanti-
ties in parentheses are their excitation energies (Ep is
maximum possible kinetic energy available, 8 is binding
energy of a to A), and E is the kinetic energy released,
practically all of it appearing as the kinetic energy of a.
The probability per unit time, X(—+), of (1) proceeding
to the right into energy interval AE, is

X(—+)= (27r/h)
~
M ~'rpg(Ep —E)pp (E)d E, (2)

where ~3E~ is the average matrix element for the
transition (averaged over the levels within energy
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I(E)= oEtpg (Ep- E). (7)

Formula (7), which was originally due to ~eisskopf, ts

was derived here without taking into account angular
momentum and parity selection rules. This problem,
however, was treated in detail by Wolfenstein, '4 who
found that the energy distribution, while similar to
(7), also depends on the density of energy levels with
respect to spin. With any reasonable assumption about
this quantity, (7) is altered only slightly; however, it is
important to bear in mind that (7) is not an exact
formula.

For purposes of the discussion below, we introduce
the "sticking probability, "

p, by

ri = o'/&pp

where 00 is the reaction cross section given in referea. ce 1

with all gg=o. For neutrons, 0-0 is approximately con-

"V.F. Keisskopf, Phys. Rev. 52, 295 (1937).' L. %'olfenstein, Phys. Rev. 82, 690 {1951).

interval DE), ~&(Ep—E) is the level density of A at
excitation Ep—E, and cp, (E) is the degeneracy of a (in
spin, momentum, and physical space). By the same
token, the probability per unit time of (1) proceeding
to the left is

X( )=2 /kj3IIi' (Eo+B)AE. (3)

However, )j,(~) may be expressed in terms of the cross
section for (1) proceeding to the left, o., as

) (~)=~e/U, (4)

where e is the velocity of u and U is the volume in
which the system is contained. Using (4) and (3),

k 0V 1

2w Uo)o(Ep+B)AE

whence (2) becomes

op (og(Ep E)—
&(~)=- co.(E).

[U u)o(Ep+B)

The physical space degeneracy of a is proportional to V,
the momentum space degeneracy is proportional to
ElhE, and @~E&, so that I(E)AE, the dependence of
X(—&) on E, may be expressed as
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stant (=sr') for energies above about 1 Mev, while for
charged particles it is less by the Coulomb barrier-
penetration factor. From (8) and (5) we see that q
must contain any selection rules that are effective in
nuclear transitions.

In the measurement of energy spectra of emitted
particles, the quantity determined is the rate of change
of I(E) with E. Thus, a quantity very directly ob-
tainable from the measurements is o(x, 2e)=u,

e—B

I (E)dE I (E)dE, (15)

(m; is the mass of particle i), and the summation in

(13) is over all particles that can be emitted. Thus,
cross sections for nuclear reactions are determined by
I(E) and, therefore, give information about Z. Some-
what better information is obtained from (x, 2e) reac-
tions; the cross sections for these are'

B log(I (E)/0 pE)
—'

Using the conventional thermodynamic analogies,

S=log~, BS/Be=1/T(p),

Equation (10) becomes

8 logy

BE T(Ep E)—(12)

Equation (12) may be compared with three types of
experimental results. Measurements of energy distri-
butions of particles emitted from nuclear reactions
give I(E), and therefore Z, directly. The total cross
section for nuclear reactions in which charged particles
are emitted is given by'

a.(a, b) o.fp/P, f;, (13)

where 0., is the cross section for capture of a to form a
compound nucleus, f; is

2m

From (7) and (8), the measured quantity Z may be
interpreted as

B loge B logpp(Ep E)—
(10)

Z= T(Ep —E). (16)

To investigate (16), an analysis was made of pub-
lished experimental results to determine values of Z.
Figures 1 and 2 show the values of Z obtained from
Gugelot's data'' on energy spectra of inelastically-
scattered protons and of neutrons from (p,rs) reactions.
The most striking feature of these curves is that in
every one of the twelve cases, Z decreases as (Ep—E)
increases. This feature was verified by' performing
similar analyses on every other applicable work; on the
inelastic proton scattering energy spectrum of I evinthal
rt al." (see Fig. 3); on the spectra of neutrons emitted
from (d,n) reactions at 90"'" (in the latter reference
there is good evidence that at angles as large as 90',
compound nucleus interaction is predominant); and on

where e is the incident energy of x, and 8 is the threshold
for the (x, 2n) reaction. Experimental excitation func-
tions of (x, 2e) reactions can therefore be differentiated
to give relatively direct information on I(E).

In comparing (12) with the experimental results, we
6rst take the point of view of the usual theory, as
presented in reference 1. The basic assumption of this
theory is that y is identically unity (except for rejec-
tions due to sudden change of wavelength which are
negligible above about 1 Mev). With this assumption,
(12) becomes
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FIG. i.Z es (E0—E) from inelastic proton scattering. According
to the usual theory, the slopes of these curves should be positive
rather than negative. Z was calculated from the lines drawn
through the 150' data by the authors of reference 3. We are in-
debted to them for permission to use their data in advance of
publication.
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FIG. 2. Z ~s (E0—E) from (p,e) reactions (see caption for Fig. 1).
Z was calculated from the data ef reference 2.
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inelastically scattered neutron spectra' ' (although the
statistics are somewhat poor in this case). In each case,
without a single exception, Z decreases with increasing
(Es—E). In the light of (16), this result is very sur-

prising; it indicates that temperatures decrease as
excitation energy increases. This runs contrary to the
most basic tenets of the thermodynamic analogy. But
even if we are unwilling to assign any thermodynamic
properties whatsoever to the nuclear temperature, this
result demands that temperatures measured, for ex-
ample, by Gugelot's method, ' would increase as the
energy of the bombarding particle decreases. Extrapo-
lated to higher energies, it would mean that energy
distributions of particles emitted from stars produced
by cosmic rays and synchrocyclotrons would have very
low temperatures; this is contrary to the 6ndings of
many experimenters.

Another requirement for the validity of (16) is that,
for a given final nucleus, Z must be a function of
(Ep—E) only. The most directly applicable data on
this is the case of Al'7 which is the final nucleus in
inelastic scattering of either protons or neutrons from
aluminum. Figure 3 shows the results of three inelastic-
scattering experiments in which the incident particles
were 30-Mev protons, " 18-Mev protons, ' and 14-Mev
neutrons. ' Xn each case the values of Z for a given
value of (Es—E) are very different.

An additional, though less reliable, check of this type
is available from the neutron-energy spectra from (d,m)

reactions on copper induced by 10-Mev" and by
16-Mev'~ deuterons. The values of Z di8er by at least
40 percent for the same values of (Es—E).

If one is willing to assume that temperatures of
nuclei of approximately the same mass are equal, there
are several other tests available. Data on (e,p), (m,n),
(e,2e), and (n, 2e) cross sections, neutron energy
spectra, and proton energy spectra (see Figs. 1 and 2)
provide several cases where, for the same value of
(Es—E) and approximately the same nuclear mass,
experimental values of Z vary widely. Thus, certainly
for nuclei up to mass 30, probably for nuclei up to
mass 60, and possibly for nuclei up to mass 100, there
is good experimental evidence that Z is not a function
of (Es—E) alone, as is indicated by (16).

In summary, the validity of (16) is supportable only
if one is willing to accept each of the following seemingly
improbable consequences.

(a) Nuclear temperatures, as defined in (11), do not
increase with excitation energy in the energy region
investigated here. ' This demands, for example, that if
Gugelot's neutron spectra' were measured with 12-Mev
incident protons rather than with 16 Mev, the temper-
atures obtained would be higher.

"V. F. Weisskopf (private communication} has pointed out,
however, that the nuclear spectrum might change character when
going from one energy region to another (independent particle
character to statistical character). Then the level density might
increase so strongly in that energy region that the nuclear temper-
ature defined by (11) is decreasing with increasing excitation.
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FIG. 3. Z vs (E0—E) for the final nucleus Al". These curves were
calculated from the data of references 3, 5, and 15.

(b) For some reason, the derivation of Eq. (7) breaks
down badly for aluminum and probably for elements at
least up to mass 60, causing Z not to be a function of
(Es—E) only.

To test whether (16) is tenable at all, measurements
of neutron energy spectra similar to Gugelot's' with

12-Mev incident protons )for higher proton energies,

(p,2e) reactions interfere), and of inelastic proton
energy spectra for incident protons of about 14 Mev,
24 Mev, and 30 Mev should be performed. Actually,
any one of these experiments would probably settle
the matter fairly conclusively, although the neutron
energy spectra might not be suKciently accurate for
heavy elements.

If these experiments should indicate that (16) is
untenable, two alternatives remain. One is that other
interactions besides compound nucleus formation are
important in the reactions under consideration. Mc-
Manus and Sharpe" have proposed that they may be
due to a direct interaction ("knock-out" process) It.
would seem that this should inhuence only the highest
energy portion of the spectrum of emitted particles,
whereas the diTiculties described above are in evidence
at all energies. In addition, it would inQuence the
spectrum only-at small angles, whereas the data for
Fig. 1 were taken at 150'. (Actually, there is some
evidence in reference 2 for more high-energy inelasti-
cally scattered protons at 60' than at 150'. However,
the eGect is not large and might be explained, for
example, as inelastic scattering by electric interactions).
The matter can be settled experimentally, by looking
for a forward peak in the angular distributions. Allen
et a/.""have measured angular distributions of neu-
trons from (n,n) reactions for several elements, and
their data shows no evidence for a forward peak.
Similar measurements for (e,p), (e,n), (p,n), and (p,n)
reactions would give a conclusive answer to this prob-
lem. However, as mentioned above, even if it were
proved that direct interactions are important, the diK-
culties in explaining energy spectra at large angles

"H. McManus and W. T. Sharpe, Phys. Rev. 87, 188 (1952).
~ Allen, Nechaj, Sun, and Jennings, Phys. Rev. 81, 526 (1951)."B.L. Cohen, Phys. Rev. 81, 632 (1951).
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would still remain. Also, the experiments of Ghoshal'
lend strong support, to the general validity of the
compound nucleus model at these energies.

The only remaining alternative that seems obvious
is to retain the compound nucleus model, but abandon
(16) in favor of the more general formula (12). If the
ci logri/8E term in (12) is to contribute appreciably, it
must be of the order of an inverse nuclear temperature;
that is, rl must decrease by a factor of e(2.7) for a
decrease in the emitted particle energies of a few Mev.
In view of (5) and (8), this would mean that there are
selection rules operating in nuclear transitions such as
to make transitions between distant levels more prob-
able than transitions between levels of nearly equal
energy.

One objection to this alternative is that the many
published measurements of total reaction cross sections
for neutrons, protons, alphas, and pi mesons are actually
direct measurements of the sticking probability, q, and
in every case, they indicate that p is its maximum
theoretical value, unity. In these cases, of course, only

ground-state nuclei were bombarded whereas the g in
(12), which entered through the reciprocity theorem,
is the sticking probability when excited nuclei a,re
bombarded. Obviously, there can be no direct experi-
mental measurements of q for such cases.

Another objection to this alternative, pointed out by
Weisskopf, "is that it requires that sticking probabilities
be less for excited than for ground state nuclei, whereas
according to current theories of nuclear structure, the
opposite should be the case.

On the other hand, Wigner" has pointed out inde-
pendent evidence for the selection rule mentioned above
in heavy elements from comparison of known absolute
level densities with Gugelot's data. '
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The arsenic produced by a deuteron bombardment of germanium has been studied to determine the
nuclides present in the mixture. Identification of the isotopes was made by comparing measured values of
half-life and maximum P energy with published values. Counting rates were measured with 4w and coinci-
dence counters, obtaining half-lives which indicated that the nuclidic mixture was made up of As71, As72,
As", As", and As". These findings were confirmed by maximum P energy values obtained by absorption
measurements and by y-energy values found using a p-ray scintillation spectrometer. Measurements
indicated that the 40-hr half-life reported for As" is in error by a significant amount, and that no As"
was obtained from this bombardment. Thick target yield data were determined for each nuclide from the
4x counter measurements.

A N investigation was made of the radionuclides of
arsenic produced by the cyclotron bombardment

of a thick germanium target with 15-Mev deuterons.
After chemical separation of the arsenic, ' identification
of the isotopes present was made by correlating meas-
ured values of y, P+, and total P half-lives with maxi-
mum p energy and y-ray energy
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Arsenic activity was measured continuously for a
period of 53 days with a 4x proportional counter, a p-p
coincidence counter, and with a thin end-window Geiger
Muller tube using calibrated aluminum absorber s.
Gamma-ray energy measurements were made using a
thallium-activated sodium iodide scintillation spec-
trometer. The energy spectrum up to 3 Mev was
scanned continuously for the first 72 hours (Fig. 1) and
an additional spectrum was obtained 52 days after
bombardment.

By application of the method of least squares to 4x
and coincidence counter data, the decay curves were
analyzed in a total of four periods: 25.8 hours, 48.2
hours, j.7.8 days, and 88.9 days. Comparison of total
P-decay curves with those due only to positron disinte-
gration yielded an additional period slightly greater


