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momentum integration remains in (A.2) and thus no
spin-spin combinations can be formed. A similar phe-
nomenon occurs in the second-order perturbation shift.

Upon evaluation of the Grst-order polarization opera-
tors, g'"~ may be written as

I(p, 'p') = const&&4cts)Byes, (A.4)

which leads to an energy shift of

terms lead to a second-order interaction. Considering
the constant term first, one obtains an interaction of

n ("ds
g„,&"& (p) = a„„—4X—' ' —exp( —ssrt')

J, 4(p)vn ~4 (p')d pdp', (A.5)

fi(N)+ dl
trtis+ I(1—tt)p'

fs(N)
+ ~ dg (A.3)

"o srtss+N(1 —N)P'

the 6rst term having an extra dipole inanity. These

which has no spin-spin part. The evaluation of the
energy shifts from the second and third terms would be
analogous to the evaluation of hE&"' except that
interaction is already second order and the low-

frequency pole of D+ has been replaced by a high-
frequency pole. Thus these terms give no contribution
to the desired order.
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A fundamental particle is treated as a unit char'ge whose rest mass and space time coordinates are variables
of its motion. Classical electrodynamics, in its action at a distance formulation, is obtained from an action
principle which is simpler than the usual one. In this new action principle the rest mass of a particle is varied
as well as the coordinates. The rest masses of interacting particles, although not assumed constant u priori,
become constants as a consequence of the equations of motion. Modifications of the old action principle can
yield purely electromagnetic rest masses which are, however, the same for all particles. Similar modifications
of the new action principle give purely electromagnetic rest masses to all charged fundamental particles. In
this new modification of electrodynamics, particles interacting at'small distances no longer have constant
rest masses.

1. INTRODUCTION

~ F the many fields which play an important role in
quantum physics, the one whose classical counter-

part is most familiar is the electromagnetic field. It has
been known for a long time that classical electro-
dynamics can be formulated in two equivalent forms,
as a 6eld theory (Faraday-Maxwell-Lorentz) or as a
theory of action at a distance between charged par-
ticles. ' In the case of electrodynamics the two formula-
tions are of the same order of simplicity. Other fields
(such as meson 6elds) could also be described classically
in an equivalent action at a distance formulation but,
in general, the two descriptions would not be equally
simple.

In modern physics it is the field-theoretic point of
view which has been stressed. Ignoring quantum

*Supported in part by the OfBce of Scientific Research; U. S.
Air Force.

K.Schwarzschild, Nach. Akad. Kiss. Gottingen Math. physik.
Kl. IIa 1903, 128, 132, 245 (1903);H. Tetrode, Z. Physik 10, 317
(1922); A. D. Fokker, Z. Physik 58, 386 (1929); Physica 9, 33
(1929); 12, 145 (1932);J. A. Wheeler and R. P. Feynman, Revs.
Modern Phys. 17, 157 (1945);21, 425 (1949).

mechanical considerations such as statistics, each type
of free fundamental particle (photon, electron, meson,
nucleon, etc )is des. cribed by a set of 6eld variables
whose behavior is characterized by a diferent Lagran-
gian function. Interaction is characterized by additional
Lagrangians which are functions of the field variables
of two or more diGerent fundamental particles. Even
if this kind of description gave good results, it can
hardly be regarded as satisfactory at a time when the
number of fundamental particles is of order 20 and
still increasing.

It may be claimed, with only some measure of truth
perhaps, that all simple 6eld theories modeled on elec-
trodynamics have been examined exhaustively, and
that not one of them shows any indications of explaining
all processes involving fundamental particles. It there-
fore seems worthwhile to investigate systematically all
simple modifications of electrodynamics in its action
at a distance formulation. The present 6eld theories
may well turn out to be asymptotic approximations of
an even more complicated and nonlocal field theory
which corresponds to a simple equivalent action at a
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distance theory. Work in this direction has been done
by Lande, ' Groenewold, 'Bopp, 4 Peierls, McManus, s and
particularly by Feynman. '

In this paper we shall discuss a new arid speculative
kind of modilcation of classical electrodynamics in its
action at a distance formulation. The principal idea is
to give up the concept of a constant rest mass associated
with a fundamental particle, and instead to treat the
rest mass as a variable of the motion (like the coor-
dinates). Some of the reasons for considering this
possibility are given in the remainder of this section.

VVe know that the rest mass of fundamental particles
is not, in fact, conserved. When electron-positron pairs
annihilate, when neutrons or mesons decay, the total
rest mass of the system changes. Usually such phe-
nomena enter the theoretical description only with the
process of quantization and the introduction of creation
and annihilation operators. There seems to be no good
reason why such changes of rest mass should not be
incorporated in the classical theory before quantization.

From the mathematical point of view the require-
ment that the rest mass of a particle be constant is
somewhat artificial and is quite independent of the
requirement of relativistic invariance. The relativistic
equation of motion of a particle is

where
dp„/ds= I'„,

p„=mdx„/ds

is the momentum 4-vector of the particle, and F„ is the
4-force which, in an action at a distance theory, is
determined by the motion of the other particles. The
requirement that the rest mass tn be constant is
equivalent to demanding that the 4-force be always
perpendicular to the world line of the particle:

P„pe=0 (3)

In electrodynamics the condition (3) is satisfied in a
natural manner. But this is not always so. For example,
in the theory of a scalar potential V, giving rise to an
inverse square law of attraction, the condition (3) can
be satis6ed only by subtracting out the tangential com-
ponent from the simplest definition BV/Bx& of the
4-force.

In Sec. 3 it will be shown that classical electro-
dynamics can be obtained from an action principle
which is simpler than the usual one. In this new action
principle the rest mass of a particle is varied as well as
the coordinates. The constancy of the rest mass then
follows as a consequence of the equations of motion.
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Simple modifications of this action principle yield
theories in which the rest mass is no longer a constant
of the motion.

Modifications of the usual action principle are pos-
sible which yield a purely electromagnetic rest mass for
a fundamental particle. But this electromagnetic rest
mass is unique, being determined by the particular
modification used. The new action principle permits a
new class of simple modifications in which the rest
masses of all charged fundamental particles are of
purely electromagnetic origin.

The ultimate object of the point of view adopted
here is to explain nature in terms of a single law of inter-
action between fundamental particles of one kind only.
Such a particle is characterized mainly by its charge e,
a fundamental constant. At distances large compared
to 10 " cm, particles interact electromagnetically and
their rest masses are automatically conserved. At
small distances particles interchange not only mo-
mentum (mutual accelaration) but also rest mass. In
the classical theory the rest mass is treated as a con-
tinuous variable, but it is hoped that quantization will
introduce discreteness. In a quantized theory it is also
expected that exchange of rest mass will be accompanied
by exchange of spin. Neutral particles have little room
in this type of theory; they are the agents of rest-mass
exchange between charged particles and play a role
analogous to electromagnetic interaction.

2. UNITS AND NOTATION

We choose units such that the velocity of light |,= 1

and the magnitude of the electronic charge
~
e( = 1. The

charge of a fundamental particle is then dimensionless
and always

e= %1.

Length and time are measured in cm, and mass in
cm ', the electronic mass being

ygo
——3.Qg ${)~~ cm ~

Greek suffixes range over 0, 1, 2, 3 and the coordinates
x"—= (t, r) are real, Proper time is denoted by s and the
Minkowskian metric given by

ds'= (dx')' —(dx')' —(dx')' —(dx')'. (6)

The usual conventions apply to summation dummies
and to the raising and lowering of suffixes.

The rest mass of a particle is denoted by m. The elec-
tromagnetic potentials are A„—= (g, —A), and the elec-
tromagnetic field tensor is

When systems of particles are considered, the dif-
ferent particles are labeled by bracketed latin suffixes.
Thus x( ~~, e(„), m(, ), ~ ~ ~, are the coordinates, charge,
rest mass, , of particle a, At, ~„, F~ )„„describe the
electromagnetic field at particle u due to the other
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charges. The summation convention does not apply to Analytically, this is equivalent to assigning the four
these bracketed Latin sures. functions

3. MOTION OF A SINGLE PARTICLE
x"=x~(u). (16)

where the variations are assumed to vanish at the end
points:

bxl"=0 at Pj, P2.

This leads to the Lorentz equations

d xp dx"
m =e Ji„„.

ds ds

(9)

(10)

Along the world line of the particle we now introduce
a preferred (i.e., nongeneral) parameter u de6ned by

du= ds/m.

Then the momentum (2) of the particle is

p"=dx"/du,

and the rest mass nz is given by

m =p"p„=
du du

(13)

In terms of the parameter u, the action principle (8)
may be written in the form

pp"p„+ ep"A„5du =0,
4P&

(14)

where the variation is not only subject to the end con-
ditions (9), but also to the auxiliary condition

Before going on to the general problem of several
particles interacting at a distance, we shall discuss the
simpler case of a single charged particle in a known
electromagnetic ield. The field is given by electromag-
netic potentials A„which are functions of the coor-
dinates x& only.

The equations of motion of the particle can be ob-
tained from the well-known action principle

Pg

I m(dx„dx~)'*+ eA„dx~5= 0,
P1

We now consider a riew action principle for the motion
of a particle with variable rest mass:

L(x, p)du=0,

I.=p~p„+ 2—ep~A„. (19)

Here p& is not an independent variable but an abbrevi-
ation for dx&/du. In this variational principle the rest
mass of the particle is varied as well as the coordinates
x"; thus no auxiliary condition such as (15) is prescribed.
On the other hand we add to the end conditions (9) the
new restriction that the parameter u for the varied
motion take on the same initial and final values u~, u2,
as for the original motion. ' We shall express this by
wr iting

(2o)5x&=0, Su=0, for u=u~, u2.

The Euler-Lagrange equations of the new variational
principle (18) are

or, by (19),

BI 81 .
-=0

du 8pl' Bx~

dp„/du= ep"Ii„„

(21)

(22)

From these equations of motion and the skew-symmetry
of Ii„, it follows that

dpi'

1
p" =-—(p"p ) =0

du 2 du

and, by integration, that

The momentum of the particle and the variable rest
mass can be obtained by differentiation, as in Eqs. (12)
and (13). The only restriction on (16) is that the
momenta be always time-like:

dx~ dx„
&0.

s(p p„)=o, (15) m'= p"p„=constant. (23)
which expresses the fact that the constant rest mass nz

is not to be varied. Because of the auxiliary condition,
the reformulation of the variational principle (8) in
Eq. (14) is clumsy; it is given here only for comparison
with the new action principle below.

For particles with constant rest mass m the param-
eters s and u are only trivially diGerent. This is no
longer the case when we consider a particle with variable
rest mass. The motion of such a particle can be de-
scribed by assigning any time-like world line para-
metrized arbitrarily by the monotonic parameter u.

. Using this result, it is now easily seen that Eqs. (22)
are identical with the Lorentz equations of motion (10).

Thus we regain the equations of motion of classical
electrodynamics. Although the constancy of the rest
mass is not assumed u prion, it now follows as a con-
sequence of the equations of motion. The Lagrangian
(19) is rational in the derivatives p&=dx&/du, and

The new end condition suggests the possibility of a 5-dimen-
dional representation with I as a 6fth coordinate. For a 5-dimen-
sional theory with some similarity to the present one, see H. C.
Corben, Nuovo cimento 9, 235 (1952),
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therefore the new action principle (18) is simpler than
the old action principle (8).

The Euler-Lagrange equations (21) have, quite
generally, the Jacobian integral

p&BL/8 p"—L= constant. (24)

If the Lagrangian L has the special form (19), this
equation reduces to (23). Classical electrodynamics may
be modi6ed by retaining the action principle (18), (20),
but with more general Lagrangians. For example, in
Eq. (19) the potentials A„may be given as functions
of the coordinates ha and of the momenta p" of the
particle. Generalizations of this type are considered in
Sec. 5. In these cases, Eq. (24) remains as an integral
of the motion, but it no longer reduces to (23), so that
the rest mass of a particle changes during its motion.

4. SYSTEMS OF PAR,TECLES

The physical laws governing the motion of several
charged particles in electromagnetic interaction can be
summarized in the Fokker' action principle:

Q t5(a) (dh(a) Ch(a)a)

+pp e&a)e&b) Jt J tI($(~)"$(~)v)ch(a)ach(b)„=0. (25)
a&5

tials, but that it also gives the correct relativistic
radiation-reaction forces on a charged particle. We shall
accept this general scheme and give no further discus-
sion of possible difhculties associated with the advanced
potentials.

We now replace the Fokker action principle (25) by
a new action principle for charged particles with vari-
able rest masses:

&) 2 P(a) "P(a)ad'bb(a)+2 2 e(a)e(b)
a a b

(b «)

X
l I 8(k(ab) 8(ab)v)p(a) p(b)adQ&a)dg&b) 0~ (29)

P (a)"=dh (a)"/dN (a) ~

Note that the double sum in (29) contains two identical
interaction terms for each pair of distinct particles,
whereas the double sum in (25) contains only one inter-
action term for each such pair. For the variation of the
motion of particle a, this action principle reduces to

'a(a) 2

~J Lp(a) p(a)a+2e(a)p(a) +(a)a)dN(a) = 0& (30)

~ (a)a 2 e(b) ~ (6(ab) 6(ab) v)P (b)ad+(b) (31)

(b &a)

(26)~( b)"= h( )" *(b)".
dl (a),

If the motion of particle a is varied, the action prin-
ciple (25) reduces to (8):

of particle u is the same for the original and the varied
motion. The electromagnetic potentials in (31) are

(2&) identical with those of (28). The contribution A &,b» of
particle b to the potentials A(,)„at x( )& is easily ob-
tained explicitly:

$~(a) (Ch(a) Ch(a)a) +e(a) (a)~adh(a) $

where

The 8 in the double integral is the Dirac delta function,
and (( b)a is a vector joining two points on the world The action PrinciPle (30) is identical with (18), (19).
lines, of the particles a and b: It is again assumed that the u length,

~( )a E e(b) ~(k(ab) 5( b) )dh(b)a

(b &a)

(28) P &b—)a
(ab)w a~(b) +he(b) (32)

8(ab—)vP (b—) k(ab+) vP (b+)

are electromagnetic potentials at particle a generated
by the remaining particles of the system. The electro-
magnetic Geld tensor, derived from these potentials,
satisfies Maxwell's equations.

Thus the action at a distance theory characterized
by the Fokker action principle is essentially equivalent
to classical electromagnetic field theory. There is,
however, one important difference. The potentials (28)
are not the usual retarded Lienard-Wiechert potentials,
but are half the retarded plus half the advanced
potentials. In their absorber theory of radiation, '
Wheeler and Feynman have shown that in a universe
with large numbers of charges such a theory not only
reproduces the usual interaction by only retarded poten-

Here the —and + signs in the suffixes refer to the two
points on the world line 6 which are respectively re-
tarded and advanced relative to x( )~ so that

$ (ab )v((ab )5(a—b+) v$ (a—b+) —0. (33)

This is illustrated in Fig. 1. The 6rst term in (32) is
one-half the usual retarded Lienard-Wiechert potential
and the second term is the corresponding advanced
potential. A&,b» is homogeneous of degree zero in p&b»
so that only the direction of the world line b enters into
this expression and not, for example, the rest mass ns(b).

It follows from our previous discussion that the new
action principle (29) gives the same physical results as
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the Fokker action principle and thus reproduces clas-
sical electromagnetism. In particular, the rest mass of
each particle is a constant of the motion.

S. ELECTROMAGNETIC SELF-ENERGY

The only null vector $&„)" from a point x& )" to a
time like world line passing through the point is the
zero vector,

5(«+) (34)

Thus, the self-Geld of a particle, given by (32) with
b=a, is in6nite. This is the usual Coulomb in6nity of
a point charge. It can be avoided if the 8-function in
the Fokker action principle is replaced by some other
approximating function f. As Feynman has shown, b the
interaction term of a particle with itself is then 6nite
and for a particle with moderate acceleration, reduces
to the inertial term J'mds. Thus the mass of a particle
can be ascribed to an electromagnetic origin. However,
the electromagnetic rest mass m is uniquely determined
by the stre(;tgre function f. lf this function is chosen to
6t the mass of electrons, then the masses of other
fundamental particles, such as protons, will not be
purely electromagnetic. This difficulty can be overcome
by replacing the 8 function in the new action principle
(29) by a function not only of $&,»" but also of the
mOmenta p&,&", p&b)a.

In order to be speci6c we shall discuss a simple
structure function of the type proposed by Lande' and
Groenewold. ' The 6-function in (29) is replaced by

(35)

F&G. 2. Self-action for
moderate acceleration.

vectors satisfying (33), but by time-like vectors of the
small magnitude X:

$(ab—)v$(ab-) = $ (ab+) v$(ab+) (36)

(a)"
5(aa'—)"= $(aa'y)"= )(

(p (a) "p (a) v)

(37)

The potentials of a particle at a point on its own world
line are now 6nite. They can easily be computed ap-
proximately if we neglect changes of the momentum
of the particle during short time intervals of the order
of X. Then, as seen from Fig. 2,

(38)p(o'+) p(a' )p(a) ~—

()e
A( )„=e(,)

~(p(a) p(a)v)

where) is small and may, for the moment, be considered
constant. The potentials, obtained with this structure The self-Geld of a particle, Fq. (32), is now given by
function, are still given by (32). However, the retarded
or advanced events are no longer connected by null p a

(3

P(&b b) The self-action term of a particle is de6ned by
I

&(a) ~ (aa)aP(a) "d'Eb(a)

~($(aa') 8(aa')v ~ )p(a) p(a')adg(a)dQ(a') ~ (40)J

This becomes identical with the inertial term

p
b-) if we put

p(a)"p(a)adN(a) v

~ = 1/p(a) p(a)v (42)

FIG. 1. Retarded and advanced potentials.

in the self-action term or, more generally,

"'=1/p& )"p&» (43)

in the interaction term of two particles. In the deriva-
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tion, the form (32), (36) of the modified electromagnetic
potentials was used. This form is no longer rigorous
when X is not a constant, but it remains valid in the
approximation of moderate accelerations made above.

This discussion suggests the action principle

Xp( &"p(b)„«(.&«&b) =0. («)

e &~ eo. (46)

Whether this can be derived from a quantized theory
of the type considered here is a matter of speculation.
We shall accept (46) as an empirical fact. In contrast
to Euclidean geometry, the absolute value of the scalar
product of two time-like vectors in Minkowski space is
greater than or equal to the product of their magnitudes.
Thus

I p& & "p(b& I
~~m&, &m&b& ~~mo'. (47)

It follows that X, given by (43), satisfies the inequality

X ~&1/mo=2. 8X10 "crn. (48)

The physical consequences of the modi6cation (44)
of classical electrodynamics can be summarized as
follows:

For moderate accelerations, where we can neglect
the changes in the momenta of particles during time

A diagonal term b= a in the double sum is to be inter-
preted as

1
~&«') ~(«')~

p( )"p(") )

Xp(.)"p(. ),drab(. )«(. ), (45)

where I( ~
and I|,) are two points on the world line of

particle a. Also e& &e& ) =1, by (4).
We wish to show now that the modifying term X, Eq.

(43), is small. This cannot be done completely within
the framework of the classical theory presented here.
We shall use the fact that there exists no charged par-
ticle in nature with a rest mass smaller than that of the
electron:

intervals of the order of 10 " cm or 1G " sec, the self
action terms (&i=b) in (44) reduce to the corresponding
inertial terms (41). Thus all rest masses are of electro-
magnetic origin.

When particles are at distances from each other
which are large compared to 1G " cm, the difference
between (36) and (33) is negligible for ahab. The par-
ticles interact electromagnetically and each rest mass
is a constant, being an integral of the motion.

When particles are close together their interaction is
of a new type and is accompanied by changes in the rest
masses.

The action principle (44) is not unique. Di6'erent
action principles can be obtained by starting from
structure functions other than (35). This lack of
uniqueness is a drawback which the present theory
shares with those of Bopp and Feynman.

There is one simple modification of (44) which will
be mentioned here. Wheeler and Feynman' have sug-
gested that, instead of distinguishing between positive
and negative charges, one can, equivalently, consider
particles moving forwards or backwards in time. Thus
a particle whose momentum vector points into the
future null cone (p') 0) can be interpreted as carrying
a positive charge, a particle whose momentum vector
points into the past null cone (p'(0) as carrying a
negative charge. With this convention the most natural
action principle of the general form of (44) can be
written:

Xp(~)"P(b)&«(~)«(b) =0 (49)

In the old notation this means that X2 is given by

~ = ~(~)&(b)/P(~) P(b)~) (50)

rather than by (43). This change has no effect on the
self action terms since (e&,&)'=+1.However, the inter-
action of unlike charges (e&,&e&b&= —1) is now propa-
gated along space-like directions $&,b~&". Thus the
velocity of propagation exceeds the velocity of light, if
only by very small amounts for particles that are not
too close.


