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The arguments leading to the formulation of the action principle for a general field are presented. In
association with the complete reduction of all numerical matrices into symmetrical and antisymmetrical
parts, the general field is decomposed into two sets, which are identified with Bose-Einstein and Fermi-Dirac
fields. The spin restriction on the two kinds of fields is inferred from the time reflection invariance require-
ment. The consistency of the theory is verified in terms of a criterion involving the various generators of
infinitesimal transformations. Following a discussion of charged fields, the electromagnetic field is introduced
to satisfy the postulate of general gauge invariance. As an aspect of the latter, it is recognized that the
electromagnetic field and charged fields are not kinematically independent. After a discussion of the field
strength commutation relations, the independent dynamical variables of the electromagnetic field are

exhibited in terms of a special gauge.

HE general program of this series' is the con-

struction of a theory of quantized fields in terms

of a single fundamental dynamical principle. We shall

first present a revised account of the developments
contained in the initial paper.

THE DYNAMICAL PRINCIPLE

The transformation functions coﬁnecting various
representations have the two fundamental properties

(o |v)= f (o!18)d8 (B |7),
(o |8)*= (8] o),

where /"dB’ symbolizes both integration and summation
over the eigenvalue spectrum. If §(¢’|8’) is any in-
finitesimal alteration of the transformation function, we
may write

3o [B)=1(a[0W as| B, (1

which serves as the definition of the infinitesimal oper-
ator 6W.s. The requirement that any infinitesimal
alteration maintain the multiplicative composition law
of transformation functions implies an additive compo-
sition law for the infinitesimal operators,

SV ay= W g1 5. (2)

If the a and 8 representatlons are identical, we infer -

that .
W ae=0,

which expresses the fixed orthonormality requirements
on the eigenvectors of a given representation. On
identifying the a and v represéntations, we learn that

W ga=— W .

The second property of transformation functions
implies that
—z(a’IBW,,g[B')*— —1 (8| 8W ot &)
—1(6 '5Wﬁa[ [o% ),
1 J. Schwinger, Phys. Rev. 82, 914 (1951), Part I.

or
EWa,gT= 5Wa,9;

the infinitesimal operators W .5 are Hermitian.

The 6W.s possess another additivity property re-
ferring to the composition of two dynamically inde-
pendent systems. Thus, if I and II designate such
systems,

(ar’ ot |Br'Brr’) = (' | B1) (et | Brr'),

and if 8W 6" and 8 6'" are the operators characterizing
infinitesimal changes of the separate transformation
functions, that of the composite system is

W ap=0W ag'+8W ap'L.

Infinitesimal alterations of eigenvectors that preserve
the orthonormality properties have the form

0 ()= —1G¥ (o),
8T (o) 1=1T () 1Gq,
where the generator G, is an infinitesimal Hermitian
operator which possesses an additivity property for the
composition of dynamically independent systems. If the
two eigenvectors of a transformation function are varied
independently, the resulting change of the transforma-
tion function has the general structure (1), with
' W ap=Go—Gp.
The vector

¥ (o) 0¥ (o) = (1—iGa)¥ (&),
can be characterized as an eigenvector of the oper-
ator set
' a= (1—iGs)a(1+iGo) = a:—da,
with the eigenvalues o’. Here
da=—ila, Go].

This infinitesimal unitary transformation of the eigen-

vector ¥(«’) induces a transformation of any operator

F such that , _
(/|Fla)=(&|F|&").
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We write this in the form
(@|F|a")—(|F|o)=(&|(F-F)|&"),

or, in virtue of the infinitesimal nature of the trans-
formation,
3 |Fla)=(/|8F "),

where the left side refers to the change in the eigen-
vectors for a fixed F, while the right side provides an
equivalent variation of the operator F, given by

8F=F—F=—i[F,G.].

If the change consists in the alteration of some
parameter 7, upon which the dynamical variables de-
pend, and which may occur explicitly in F, we have

F=F—(sF).,
=F+38,F—9,F,

where §,F is the total alteration in F, from which is
subtracted 9.F, the change in F associated with the
explicit appearance of 7, since the latter cannot be
produced by an operator transformation. We thereby
obtain the “equation of motion” with respect to the
parameter 7,

8, F=0,F+i[F, G,]. 3)

For dynamical systems obeying the postulate of local
action, complete descriptions are provided by sets of
physical quantities, {, associated with space-like sur-
faces, . An infinitesimal alteration of the general trans-
formation function ({1'a1]¢s"'02) is characterized by

8(C1o1| " ae) =i(E1 01| W aa| £2 a2). (4)

Here the indices 1 and 2 refer both to the choice of
complete set of commuting operators ¢, and to the
space-like surface . We can, in particular, consider
transformations between the same set of operators on
different surfaces, or between different sets of commut-
ing operators on the same surface, as in

6({'0’]5'0’)=i(§"0[5W|f"a). (5)

One type of change of the general transformation
function consists in the introduction, independently on
o1 and on ¢y, of infinitesimal unitary transformations
of the operators, including displacements of these sur-
faces. The transformations will be generated by oper-
ators G; and G, constructed from dynamical variables
on o; and o3, respectively, and

W 12=G1—Go. (6)

When the transformation function connects two differ-
ent sets of operators on the same surface, which are
subjected to infinitesimal transformations generated by
G and G, respectively, we have, referring to (5),

W=G—-G. (M

Since physical phenomena at distinct points on a space-
like surface are dynamically independent, a generator G
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must have the additive form
6= [ asGo )= [ 4G,

where do is the numerical measure of an element of
space-like area and G(q) (%) is to be regarded as the time-
like component of a vector in a local coordinate system
based on ¢ in order to give the surface integral an
invariant form. If one can interpret G,(x) on ¢;, and
on gy, as the values of a vector defined at all points,
the difference of surface integrals in (6) can be trans-
formed into the volume integral

W ia= f (@4)9,G, (),

(9,=0/%,).

A second type of transformation function alteration
is obtained on considering that the transformation con-

‘necting {1, o1, and {y, o2 can be constructed through the

intermediary of an infinite succession of transformations
relating operators on infinitesimally neighboring sur-
faces. According to the general additivity property (2),

o1
5W12 = Z 5Wo—+da, oy

where 6W,i14,, characterizes a modification of the
transformation function connecting infinitesimally dif-
fering complete sets of operators on the infinitesimally
separated surfaces o and o+4do. If the choice of inter-
mediate operators depends continuously upon the sur-
face, we shall have

W, =0,

and, referring again to the dynamical independence of
phenomena at points separated by a space-like interval,
with the consequent additivity property, we see that
OW 5140, » will have the general form

ot+da
6W¢+dn‘, s = f (dx)6£ (T)

ag

Therefore

W 19— f " e ). (@)

The combination of these two types of modifications
is described by

o1
6I/VIZ=GI_GZ+f (dx)6£ (.’)C),

which involves dynamical variables on the surfaces o,
a9, and in the interior of the volume bounded by these
surfaces. On the other hand, we can write this as the
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volume integral -
a1
W= [ @8,6,0+se@)],

which indicates, conversely, that any part of §£(x),
possessing the form of a divergence, contributes only
to the generation of unitary transformations on ¢
and o 2. .

The fundamental dynamical principle is contained in
the postulate that there exists a class of transformation
function alterations for which the characterizing oper-
ators §W, are obtained by appropriate variation of a
single operator Wiy,

6W12= 5 (W12>.

Of course, this principle must be implemented by the
explicit specification of that class.

The operator Wis, the action integral operator, evi-
dently possess the form

I/V12=‘]“71 (dx).,B(x).

2

The Hermitian requirement on Wy, is satisfied if Wi,
is Hermitian, which implies the same property for £(x),
the Lagrange function operator. In order that relations
between states on o7 and o, be invariantly characterized,
the Lagrange function must be a scalar with respect to
the transformations of the orthochronous® Lorentz
group, which preserve the temporal order of ¢; and .
A dynamical system is specified by exhibiting the
Lagrange function in terms of a set of fundamental
dynamical variables in the infinitesimal neighborhood
of the point x. Contained in this Lagrange function
will be certain numerical parameters, which may be
functions of x. Any change of these parameters modifies
the structure of the Lagrange function and is thus an
alteration of the dynamical system. Accordingly, in-
- finitesimal changes of the dynamical system are de-
scribed by

W 13— f " @),

where §£=0(£), and the numerical parameters are the
object of variation. This form is in agreement with (8).
For a fixed dynamical system, Wi, can be altered by
displacing the surfaces o1, o5 and by varying the dy-
namical variables contained in the Lagrange function.
The transformation function (¢1'e1|{s” o) describes the
relation between two states of the given system so
that a change in the transformation function can only
arise from alterations of the states on ¢; and o2. Hence,
for a fixed dynamical system we must have

Wie=G1—G,,

2 This name was suggested by H. J. Bhabha, Revs. Modern
Phys. 21, 451 (1949). -
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where 6W12=08(W1s) and the objects of variation here
are o1, o9, and the dynamical variables of which £ is
a function. '

The latter statement is the operator principle of
stationary action. It asserts that Wi, must be stationary
with respect to variations of the dynamical variables
in the interior of the region defined by o; and o, since
G and G only contain dynamical variables associated
with the boundaries of the region. This principle implies
equations of motion for the dynamical variables, that
is to say, field equations, and provides expressions for
the generators Gi and G,. The class of variations to
which our postulate refers can now be defined through
the requirement that this information concerning field
equations and infinitesimal unitary transformations be
self-consistent.

There exists much freedom within this class, as may
be inferred from the remark that two Lagrange func-
tions, differing by the divergence of a vector, describe
the same dynamical system. Thus

&(x)= L) — 9, fu(®),
Wia=Wi— (Wi—W,), )

where, on each surface,

W= [ dofu= [ doso

Accordingly, the stationary action principle for Wi,
is satisfied if it is obeyed by W, since

5W12= Gl_GQ.

yields

Here _ _
5W1 = Gl—G1, 6W2= GZ_G2,

define G, and @, which are new generators of infini-
tesimal unitary transformations on ¢; and o3, respec-
tively. The latter equations possess the form (7), and
thus characterize transformation functions connecting
two different representations on a common surface.
Indeed, with a suitably elaborate notation, we recognize
in (9) the additivity property of action operators,

W (101, $202) =W (§101, 100)+W (C101, $202)
+W(§'20’2, 5202)1

where, for example,

Wi=—W ({101, {100) =W ($101, $101),
and }
Wa=W ({209, {209).

To be consistent with the postulate of local action,
the field equations must be differential equations of
finite order. One can always convert such equations into
systems of first order equations by suitable adjunction
of variables. We shall designate the fundamental dy-
namical variables that obey first-order field equations
by x,(x), which form the components of the general
field operator x(x). With no loss in generality, we take
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x(x) to be a Hermitian operator,

xr (@) 1=x.(x).

If the Lagrange function is to yield field equations of
the desired structure, it must be linear in the first
derivatives of the field operators with respect to the
space-time coordinates. Furthermore, if these field
equations are to emerge as explicit equations of motion
for field components, that part of the Lagrange function
containing first coordinate derivatives must be bilinear
in the field components. With these preliminary re-
marks, we write the following general expression for the
Lagrange function,

£= % (Xmﬂanx - auXE)I#X) —3 (X) y
in which a matrix notation is employed,

XQ’IMG#X =Xr (ﬂn)rsapr

The derivative terms have been symmetrized with re-
spect to the operation of integration by parts, a process
which adds a divergence to the Lagrange function, and
is thus without effect on the structure of the dynamical
system. In order that £ be a Hermitian operator, the
general function JC must possess this character,

xOot=300,

and the numerical matrices U,; u=0, 1, 2, 3 (x4=1x,,
A,=149,) must be skew-Hermitian,

At=Wb*=—-A,; 1=0,1,2,3.

Although we are interested in complete dynamical
systems, it is advantageous mathematically to employ
devices based upon the properties of external sources.
Accordingly, we add to (10) a term designed to describe
the generation of the field x(x) by an external source
£(x), which is to be regarded as a field quantity of the
same general nature as x(x),

Laource™= %(E%X‘FXEBE) (1 1)
This is a Hermitian operator if B is a Hermitian matrix,
Bt=2.

For the source concept to be meaningful, all compon-
ents of x must occur coupled with the source com-
ponents in (11), which requires that 8 be a non-
singular numerical matrix.

An orthochronous Lorentz transformation

(10)

’
Xu =%ty
7’44> 0,

induces a linear transformation on the field com-
ponents,

=1,

"x=Lx=xL*,
where L must be a real matrix,
L*=L,

to maintain the Hermiticity of “x. The scalar require-
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ment on £ is satisfied if 3C is a scalar,

3 (Lx)=3(x),
and if
LY, L=r,,. (12)

We shall suppose that the source possesses the same
transformation properties as the field. The condition
for the source term of the Lagrange function to be a
scalar is then given by

L+BL=B. (13)

Note that 2, and B also obey Egs. (12) and (13),
respectively, and that these equations can be com-
bined into

LB U) L=7,,(B7,),

in view of the nonsingular character of B.
For an infinitesimal Lorentz transformation,

7

Tu=Tu— €yt €4y €= — €y,

the matrix L can be written

L=1—1%€uSu, (14)

(15)

where
* .
S =—=Suw;

The infinitesimal version of (13) is
— S, =B, B =5,

u, v=0, ---3.

or

(%SM)TZ (%SMV)J

in which the complex conjugate statements refer to the
components indicated in (15). Similarly,

A, Sa— SN, =160, — Buﬂh)\
B, Sin]=106,aB"A,—5,,BUy).

If one views 'x= (1 —1%¢€,,5,,)x as a field in the original
coordinate system and thus subject to the same de-
pendence upon that coordinate system as x, it is
inferred that

(16)
and

L—IS,,,,L= 7’“)\1’,,‘5)\,(.
For infinitesimal transformations, this reads
i[S“y, S)\x:] = auxsv)\_ 6»KSu)\+5v)\SuK— 6;4)\va-

In performing the variation of the action integral,
we shall treat the two types of quantities, coordinates
and field variables, on somewhat the same footing,
although the former are numbers and the latter oper-
ators. We introduce an arbitrary variation of the co-
ordinates, 6x,, throughout the interior of the region,
but subject to the condition that the boundaries remain
plane surfaces,

3,0, 9,0x,=0, 17)

on'g; and a9 The field components x,(x) are dependent
both upon the coordinate system and the ‘“intrinsic
field.” Under a rotation of the coordinate system, the
field components are altered in the manner described
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by (14). Accordingly, we write the general variation of
the field as the sum of an intrinsic field variation, and
of the variation induced by the local rotation of the
coordinate system,

5(7() = BX'" 7‘% (anaxv)snvx,

where the antisymmetry of .S,, ensures that only the
rotation part of the coordinate displacement is effective.
For the source field, a prescribed function of the
coordinates, we have

6(5)'__'635#6#5‘ (18)
We also remark that
8(dx) = (dx)d,0x,,
and
0 (an) = (auaxv)aw
whence
5(6“)(): aua(X)— (a;ﬁxv)ayx. (19)

The Lorentz invariance of £ produces a significant
simplification, in computing the contribution to §(£)
from the coordinate induced variation of x. Thus, if
d.6x, were antisymmetrical and constant, its coefficient
in the variation of the Lagrange function would vanish
identically, save for the source term since the rotation
induced change of £ is not present in (18). Accordingly,
for the general coordinate variation of (10), there
remains only those terms in which 9,8x, is differentiated,
or occurs in the dilation combination, 98,6x,~+ 9,0x,.
Both types are contained entirely in (19), which
leads to

0 (*’Q’) =0L— % (anaxv—i" avaxﬂ)%(xmuavx - avXQIuX)
- 1‘% (aua véx)\)%x (QI“S,,)-{"S,)‘T%I”)X
—15(8,02,) (EBS uix — xS 1BE).

In virtue of the symmetry of the second derivative,

(9,0:820)x (UpSn+Sin U, )x
= (an(avéxk'{'akaxv))X(gleul'l"Sukfﬂv)x

—— (3,803F 9x6%,) 3, [ x (WS i+ S 1) x ],
where the last step expresses the result of an integration
by parts, for which the integrated term vanishes, since
the dilation tensor is zero on the boundaries (Eq. (17)).
Collecting the coefficients of d,6x, into the tensor 7',
we have

(W)= fﬂ (dx)[6£+ (9,0%,) TPV]

o1
- f (d)[6£— 82,8, w0, (Tud) ],
where "

T,“, =Lou,— %(X?I(,,ay))(“ a(vXQIn)X)
— i3 (£BSwx— xS, 1B§)
+’L%a)‘[x (%[(MSM)‘*‘SMVQIM))XI (20)
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and we have employed a notation for the symmetrical
part of a tensor,

9'I(Ilal’) =%(2Iuaw+%vap)
The expression for 4L is

0L =08xN,0,x— 9,xU,0x — 3¢+ 3 (5xB&+£Bdx)
+ 62,3 (xBuE+ 0,EBx)+ 9,3 (A wdx—xApx) 1.

Hence, on applying the principle of stationary action
to coordinate and field variations, separately, we obtain

apTuv = % (x%apg—{_ a;uf%x):
and
83¢ =8xWu0,x— 0,0 dx+3 (0xBE+ EBdx),  (21)

while the surface terms yield, on o; and o, the in-
finitesimal generator

G= f dou[5 (xUdx— xAux) + Tbix, .

The operator 3C is an arbitrary, invariant function of
the field x. If its variation is to possess the form (21),
with §x appearing on the left and on the right, the latter
must possess elementary operator properties, character-
izing the class of variations to which the action prin-
ciple refers. Thus, we should be able to displace éx
entirely to the left, or to the right, in the structure of 63,

83 =06x(9:3¢/dx) = (3,3¢/dx)éx,

which defines the left and right derivatives of 3¢ with
respect to x. In view of the complete symmetry between
left and right in the process of multiplication, we infer
that the expressions with dx on the left and on the right
are, in fact, identical. The field equations, therefore,
possess the two equivalent forms
2%{11610(: (azﬁc/ax)—‘%f,
—0,x2:U,= (9,3¢/9x) — £B,

and G can be equivalently written

G= f do xR ox+ T
! (22)

=fd0,,[—5x%l,.x+T,,,,6x,:|.

In keeping with the restriction of the stationary
action principle to fixed dynamical systems, the ex-
ternal source has not been altered. If we now introduce
an infinitesimal variation of £, and extend the argument
of the previous paragraph to 6% we obtain the two
equivalent expressions for the change induced in Wy,

5 ra= f (dx)5EBx = f (dx)xBoE.

The corresponding modification in the relation between
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states on ¢; and on o2 can be ascribed to the individual
states only if one introduces a convention, of the nature
of a boundary condition. Thus, we may suppose that
the state on o is unaffected by varying the external
source in the region between o; and o In this “re-
tarded” description, §:WW 12 generates the infinitesimal
transformation of the state on oi. An alternative,
“advanced” description corresponds to — ;W 1, generat-
ing the change in the state on o, with a fixed state on o4.
These are just the simplest of possible boundary
conditions.

The suitability of the designations, retarded and ad-
vanced, can be seen by considering the matrix of an
operator constructed from dynamical variables on some
surface o, intermediate between o and oy,

(t1'01| F(0) [ $2""o2)
- f @ E)dE o F (o) |70)de (o] £10).

An infinitesimal change of the source £ produces the
following change in the matrix element,

8:(¢101] F(0)|¢o"0s)
= (g‘lla'll (aEF(G')+i35W1,F(U)+£F(o—)5£Wﬂ) !§'2"0'2)
= (01| (96F (o) +i(F (@)3W 1)) [£"a2),

in which we have allowed for the possibility that F(o)
may be explicitly dependent upon the source, and intro-
duced a notation for temporally ordered products. The
matrix element depends upon the external source
through the operator F(c), and the eigenvectors on o
and g2. One thereby gets various expressions for §:F (c),
depending upon the boundary conditions that are
adopted. Thus, if the state on o3 is prescribed, we find

068 (0) = 04F () +-4(F ()3 1)1 — W 1 ()
= 0:F (o) +i[F (o), 8:W 52,

which only involves changes in the source prior to, or
on ¢. The opposite convention yields the analogous
result

aEF(G')]&dv= agF(o')—l"’L(F (U)55W12)+"‘1:F(0')6W12
=9:F (¢)—i[F(0), 0:W1s ].

(23)

Note that
8eF (0) Jeot— 028 (0) Jaav=1LF (), :W12].
The operator G of Eq. (22) consists of two parts,
G=G,+G,,

where

Gx=f dox N Sx= —-f dowdxAux,

[

and

Gg;= fdo‘,,T“yaxy= eypy—l"%e;w]uv-

The latter form of G, is a consequence of the restriction
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to plane space-like surfaces, limiting displacements to
infinitesimal translations and rotations,

0%, = €+ €4y,

with the associated operators, the energy-momentum

vector
Pv: fdo-#Tl“’)

and angular momentum tensor

Juv:: fdo“)\M)\uVy

M)\u,,= x,‘T)\,—x,,T)\,‘.

The operator G evidently generates the infinitesimal
transformation of an eigenvector, produced by the
displacement of the surface to which it refers. With the
notation

0¥ (g"o') = (fvav'l'%ewaw)\y(g"o');

we have

i8,¥ (¢'e) =P, ¥ ({'o),
and
B ¥ (o) =T W¥ (o), —iu¥ (o) =V (o)1 4

If F(o) is an arbitrary function of dynamical variables
on ¢, and possibly of nondynamical parameters de-
pendent on ¢, we use the notation

6zF(‘7) = (6,5,,—’-%6“,5,”)1?(0),

axF(‘T)? (evav+%€waw)F(°)>
to distinguish between the total change on displace-
ment, and that occasioned by the explicit appearance

of nondynamical parameters. On referring to Eq. (3),
we see that

—’iay\I’(g"a)T:\I’(f,U) TPII’

8,F(0)=9,F (¢)+i[F (s), P,],
3wl (0) =0, F (0)+i[ F (0), J ]
The proper interpretation of the generating operator
G, can be obtained by noting its equivalence with an
appropriately chosen infinitesimal variation of the ex-

ternal source. Consider the following infinitesimal sur-
face distribution on the negative side of o,

Bot=W00x8 (2(0), (24)

which is not incompatible with the operator properties
of these variations. We have assumed, for simplicity,
that the equation of the surface o is %) =0. With this
choice,

Bng = f do’x%[(o)ax = GX'

The change that is produced in x can be deduced from
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the variation of the field equatons,

29,0,0:x—5:(:3¢/9x) = —Bd¢
= —W0oxd (x@)-

Evidently there is a discontinuity in 8gx, on crossing
the surface distribution 8¢, which is given by

2 ex ]= — U (py0x.

In the retarded description, say, 8¢x is zero prior to the
source bearing surface, so that the discontinuity in 8gx
is the change induced in x on (the positive side of) o.
Thus, the surface variation of the external source
simulates the transformation generated by G, in which
NAoyx on ¢ is replaced by

Awx=WAox+Awmdex

(25)
=W x—3Ac0dx.

The matrix g has been retained in this statement
since it is a singular matrix, in general. The number of
components of x that appear independently in (25)
equals the rank of the matrix (o), and this is the number
of independent component field equations that are
equations of motion, in that they contain time-like
derivatives. The expression of (25) in terms of the
generator Gy is

[Aox, Gxl=13Amdx.

The factor of § that appears in this result stems from
the treatment of all components of A yx on the same
footing; we have not divided them into two sets of
which one is fixed and the other varied.* If F is an
arbitrary function of Y gx on o, we write

[F; Gx]=i(6F)x=i%6F7

(26)

in which the components of U x are the objects of
variation. When the field equations that are equations
of constraint prove sufficient to express all components
of x in terms of A(gx, we can extend (26) into

[Xa Gx] = 1%6)(

Of course, one must distinguish between these varia-
tions, in which only the Upx are independent, and the
independent variations of all components of x which
produce the equations of constraint from the action
principle.

In order to facilitate the explicit construction of the
field commutation relations, we shall introduce a re-
ducibility hypothesis, which is associated with the
Lorentz invariant process of separating the matrices
A, B into symmetrical and antisymmetrical parts. We
require that the field and the source decompose into
two sets, of the first kind xW=¢, £V =¢, and of the
second kind, x®@ =y, £¢?P =y, as a concomitant of the

* Note added in proof:—Further discussion of this point will be
found in a paper submitted to the Philosophical Magazine.
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decomposition
A=A +Q[”(23’
W= 9,0, POt =P,
A@w=9 O BOr=_HO,

The matrices of the first kind are real (u=0, ---3),
and those of the second kind are imaginary. We shall
not write the distinguishing index when no confusion is
possible.

According to this reducibility hypothesis, the field
equations in the two equivalent forms

ZQIMBMX: (8lgc/aX)—§B$7
—2,%9,x = (8,5¢/9x) — B¢,
separate into the two sets
2,0,4= (03¢/9¢)—B¥,

and

2,0,= (3:3¢/ ) — B,

Furthermore, the generator

B=PO4+BO,

(9:3¢/ o) = — (8,3¢/ 0).

Gx=fdaxﬂ(0)5x=fda(—g‘)l(o)%X)X’

decomposes into Gy+Gy, where

G¢=fd0_¢9[(o>5¢= f do (N 0o)d,
(27)

and

Gy= fda¢2[(0)5\1/=fdo(‘g[(())a‘/’)ﬁb-

These results reflect the form assumed by the Lagrange
function,

£= %{d’?{m a#d’} +%[‘//%Im au¢]'_3c(¢y ‘l’)
+3{B, ¢} +3[1B, v].
The equivalence between left and right derivatives
of the arbitrary function 3¢, with respect to field com-
ponents of the first kind, and of the two expressions for
G4, shows that 6¢ commutes with all fields at the same
point. It is compatible with the field equations to
extend this statement to fields at arbitrary points,

Lo(x), 8¢ («") J=[¥(x), 68 (x") =0,

provided the source components are included,

(¢ (x), 8¢ (+") J=[n(x), 6¢(+') ]=0.

It follows from (27) that the relation between y¥ and
&y is one of anticommutivity. The opposite signs of the
left and right derivatives of 3¢ with respect to ¢ is then
accounted for by

Lo (x), 8¢ («") ]={¥(x), 3 (")} =0,

provided only that 3C is an even function of the vari-
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ables of the second kind. The inclusion of the source
components

[ (@), (") 1= {n (=), W ()} =0,

insures compatibility with the field equations. We have

now obtained the explicit characterization of the class

of variations to which our fundamental postulate refers,
Let us also notice that

a1 a1
s [ anse= [ (0 @t
decomposes into ;W 15-+6,W 12, where

5 W 1a= f (dx)¢6DBo; = f (d2) (BD)s,

a2

and

5V 12 f (dx)yDBon= f (dx) (—Bon)y.

2 a2

We can conclude that source variations have the same
operator properties as field variations, as already ex-
ploited in Eq. (24).

The operator properties of N x on a given ¢ can now
be deduced from (26), with the results

Ao (x), o)Ay ]= 500, (x—2"),
Ao (x), ¥ () A 1=0,
{Aoy (), (')A } = 13A 00, (x—2"),

in which &,(x—«’) is the three-dimensional delta func-
tion appropriate to the surface ¢. The numerical forms
of these commutators and anticommutators insures
their consistency with the operator properties of 6o
and 8. The dynamical variables of the first and
second kind thus describe Bose-Einstein and Fermi-
Dirac fields, respectively, which are unified in the
general field x.

Since the rank of the antisymmetrical matrix % ®
is necessarily even, there are an even number of inde-
pendent field components of the first kind, say 2#W.
One can always arrange the matrix ® so that all
elements are zero beyond the first 2#® rows and
columns. We shall denote this nonsingular submatrix
of dimensionality 2#® by A« ®, and the associated
independent components of ¢ by ¢. The first commuta-
tion relation of (28) can then be written

[o(), ¢(+)]=13Aw "3, (x—2').

The matrix B®, associated with Fermi-Dirac fields, is
antisymmetrical and nonsingular. Hence the total num-
ber of field components of the second kind is even. If
we allow for the possibility that 2,® may be singular,
and arrange the rows and columns so that the non-
singular submatrix @ is associated with the inde-
pendent components 1}, we obtain

{U(®), 4} =300, (x—2),

(28)
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which requires that the real, symmetrical matrix
W y®~! be positive definite.

We shall argue that the number of independent field
components of the second kind, the dimensionality of
W@, must be even, 22®. Let us imagine that, by a
suitable real transformation, @ is brought into
diagonal form. If the number of components in 4 is
odd, the product of all these components at a given
point commutes with 1 at that point. Thus, as far as
the algebra of operators at a given point is concerned,
this product is a multiple of the unit operator (the
necessary commutivity with ¢ at other points on ¢
can always be achieved), which contradicts the assump-
tion that all components of i are independent.

The relation between invariance under time reflection,
and the connection between spin and statistics, may be
noted here. The time reflection transformation

!

1
X4= — Xy, X=Xk,

induces a transformation of the field

"x=Lax,
such that

L4“2I4L4= —'2[47 L4tr21.kL4=QIk7 (29)
and

L BLy= éB, 3 (L4X) =3 (X) .

However, this preservation of the form of the Lagrange
function is only apparent, for fields of the second kind.
Since —i (@ is a non-negative matrix, one can only
satisfy the first equation of (29) with an imaginary L,®
which produces skew-Hermitian field components ‘x®.
But the invariance of the Lagrange function is not the
correct criterion for invariance under time reflection.
The reversal of the time sense inverts the order of o
and o3, and thus introduces a minus sign in the action
integral, which can only be compensated by changing
the sign of 7 in (4). We shall describe this as a trans-
formation from the algebra of the operators x to the
complex conjugate algebra of operators x*. Since the
linear transformation designed to maintain the form of
L(p, 040;¥, 09) has effectively replaced £ with
£(¢, 0,9; 1, 10,4), the criterion for invariance reads

L(¢, 0ud; W, 10,4)*=L(¢%, 0u0™; ¥, 0™).

The derivative term in £ is indeed invariant since the .
matrices ,® and N, are real and imaginary, respec-
tively. We describe this by saying that the theory is
kinematically invariant under time reflection. In order
that it be dynamically invariant, 3¢ must be such that

(@, W)*=3c(o™*, ¥¥).

Since JC is an even function of the components of ¢,
the latter are to be paired with the aid of imaginary
matrices, characteristic of the variables of the second
kind. The source term is invariant if source and field
transform in the same way.

The correlation between spin and statistics enters on
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observing that an imaginary L, is characteristic of half-
integral spin fields. We can prove this by remarking
that all the transformation properties of L, are satis-
fied by

Ly=exp(—1miS14) L1 exp(371S1s) =exp(—miS14) Ly,

where L, is the matrix describing the reflection of the
first space axis. The latter form is a consequence of

LSuli=—Su.

The essential point with regard to the reality of L, is
that S14=1S10 is a real matrix, whence

L4*= €xXp (‘II"I:SM)Ll =€xp (21!'1:514)[44.

Now S14 must possess the same eigenvalues as .Sys, say,
which implies that L, is real for an integral spin field,
and imaginary for a half-integral spin field. The re-
quirement of time reflection invariance thus restricts

fields of the first (B.E.) and second (F.D.) kind to -

integral and half-integral spins, respectively. This corre-
lation is also satisfactory in that it identifies the double-
valued, half-integral spin fields with fields of the second
kind, of which £ is an even function.

We have introduced several kinds of generators of
infinitesimal transformations. A criterion for consistency
is obtained from the alternative evaluations of the
commutator of two such generators, '

[Ga, Go]=1(8Ga)s= —1(8Gb)a,
namely
(6Ga)b+ (6Gb) a™— 0.

As a first example, we consider the two generators

G,= GVPV(UI)+%€#VJMV(UI))
and

Ge= f (dx)xBo,

2

in the retarded description. In preparation for the test,
we remark that

P,(01)— Py (o) = f (@20, Ty

= f (dx)3 (xBa,£+9,£Bx),

and that
o1
JMV("'I)_]uv(0'2)=f (dx)akMMw
o2

a1
= f (dx)[x,.axTx,
o2

. —xvaXT)\p+ Tpv"“ Tvu]-
Since

TI“‘_ T>u= —i%(s‘sBSﬂVX—_XSuvT%E)y
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we have
ol
Tulo)=Tu(od= [ @B, — 2,5,
T2

+ (%,0,— 2,9, +15,,) EBx ).
In the absence of an external source, T, is symmetrical
and divergenceless, and P,, J,, are conserved. For
simplicity, we shall confine our verification to the situa-

tion of no source, in which the infinitesimal 8¢ is dis-
tributed in the region between o, and o,. Hence

551),,(0'1) = f (dx)avx%afa

and

86T o () = — f (0) (5,0y— 10,15 ) BOE.

o2

The consistency requirement

(6G).= f (d) (6) BoE=5:Gy

then demands that
— (0x) s=€,0,x+ 3 €0 (%,0,— %,0,+1Su)x, (30)

which is indeed true in virtue of the equivalence be-
tween (3x(x))s, induced by the displacement é8x,, and
’x(x)—x(x), induced by the coordinate transformation
"2y =2, 0%,.

Alternative forms of P, and J,, are convenient for
testing the consistency of G. and Gy. The following
relations derived from (16), .

x50 x — x U 0,x = ix (UnS 1y — S, 12n) Arx,
apX?IvX_ avX%[nX = ia)\x (2[)\51414— Suvfg[)\)Xy
enable us to write T, as
Tyy=Lb,— '% (Xﬂuaﬂ(‘" avxglﬂX)'I" NSxurtPurs

where

S\ = T Sun = iix (22&#5)\") + ZSX(vQIu)
- Ql)\S,w_ Suvfmkbb

\

and
Pur= —’i%[S,,yx(azJC/ax)-F (3,5C/6x)5upx].

In virtue of the antisymmetry of sy, in the first two
indices, 9xsxu» is automatically divergenceless and does
not contribute to the energy-momentum vector P,,

P,= f do [ £, — 5 (xUudx— 3xUux) +puv ],
but does enter in
Tu= [ doL= b0 0.~ 2.0,+iS,)x
+3 (£.0,— 2,0, 448 u0) XAnx+Luors— Xopru

+f (doyx,—doux,) L.
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The components of P, in a local coordinate system are

P(o>=fdofﬂc*xﬁ(kﬁ(k)x—%(E%xﬂ—xﬁﬁf)],
(1)
Pyy= fdtT[—Xﬂ<0)3<k>x+P<o)(k>],

while those of J,, are
J(O)(m:x((»]’(k)—fdﬁxw)[f}(f—% xAwmdwx
—daxAmx) — 5 (EBx+xBE) ]

*%”:fda'x(2[(0)5(0)(Ic)+S(0)(k)T2[(0))X, (32)

Jwmw= fdv[—xﬂ(m (@ dw—2wm0w+iSww)x
Fxmpn—2wPow -

The quantity p,, is closely related to the infinitesimal
expression of the scalar character of 3C,

SC(X_ i%fquwX) -3 (X) =0.
We can, indeed, conclude that
pu=0,

if JC is no more than quadratic in the components of
various independent fields. We shall also prove this
without the latter restriction, but, for simplicity, with
the limitation that there are no equations of constraint.
The commutation relations equivalent to (30),

I:X) P,,:]= —10,x,
D Jwr]=— (2,0, — 2,0, 1S w)x,

imply that L NoJmsS
X5 4V py J= O urXs

~ Nyp=Jun—2.P+x,P,.

This enables one to express the scalar requirement on 3C
in the form

where

[5¢, Nuw]=0.
The components

Noyw= f do’ (e —xay ) (+") — 3 6Awdw'x

=30/ xUAmx) — 3 (EBx+xBY)

—35i f dox AwSow+SowAw)x,

do not involve the unknown p(y). According to our
simplifying assumption of no constraint equations, the
commutators (anticommutators) of all field components
at x and &’ contain the three-dimensional delta function
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d,(x—«") and therefore vanish when multiplied by
Xy —%w’ . Furthermore,

[3e(x), x (") 10y = 32(9,5¢/9x)ds (v — ),

A [x (@), 3¢ (x) ]=13i(8,5¢/0x)d, (x— ),
from which we obtain
L3¢, Ny 1= 2ipwy s =0.

With this information, the proof is easily extended to
all components of p,,.

The consistency of the generators G, and Gy requires
that

and

%6,((6”1)»'[‘%6“»]”): —de(BX)ZQI(U)aXa
or

5XP,. = fdo'ayngI(o)ax,

6,(],“,=fda(x,ta,,—xva,.-l—iS,,,,)xZ%I(g)éx,

which can now be verified from the expressions (31)
and (32), with pey=0.

CHARGED FIELDS

Our considerations thus far specifically exclude the
electromagnetic field (and the gravitational field). We
introduce the concept of charge by requiring that the
Lagrange function be invariant under constant phase
(special gauge) transformations, the infinitesimal ver-
sion of which is

'x=(1—10\8)x.

Here 6\ is a constant, and & is an imaginary matrix
which can be viewed as a rotation matrix referring to
a space other than the four-dimensional world. The
invariance requirement implies that

E1=BEB,
or
(BE1=TBS,
and
[87 %_12[14]= [8: S,,,,]= 0,
and that

F(x—1i0NEx) —3(x)=0.
We now write the general variation as
8(x) = 0x—15(9,0%,)S uix—10NEx,

where 6\, characterizing a local phase transformation,
is an arbitrary function of x, consistent with constant
values on oy and on ¢;. The additional contribution to
8(L) thereby produced is

7u0ON— 12 (EBEX—XxBEE)ON,
where
Ju=—0xUubx
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is the charge-current vector. The stationary action
principle requires that

au.;u— —1i3 (fngX Xﬁgf);

and yields as the phase transformation generator

(33)

Gr= f douf SN = Q0N

where Q is the charge operator.
The integral statement derived from (33),

0(e)—Q(09)= f (d2)i} (B 8E— EBEx),

becomes the conservation of charge in the absence of
an external source. If an infinitesimal source is intro-
duced in the region bounded by o7 and o3, we then have,
in the retarded description,

5:0(0) = —i f (d)5EBEx

T2

=i[Q(01), G¢],
[Xy Q]= gX-

This commutation relation also follows directly from
the significance of G, indicating the consistency of the
latter with Gy.

We shall suppose that the matrix B is an element of
the algebra generated by B, and S,,. It follows that
B commutes with &, and therefore that the latter is
explicitly Hermitian,

whence

&t=6.

Such an antisymmetrical, imaginary matrix possesses
real eigenvalues which are symmetrically distributed
about zero; nonvanishing eigenvalues occur in oppo-
sitely signed pairs. Since § commutes with all members
of the above-mentioned algebra, the charge-bearing
character of a given field depends upon the reducibility
of this algebra. Thus, if the algebra for a certain kind
of field is irreducible, the only matrix commuting with
all members of the algebra is the symmetrical unit
matrix. Hence §=0, and the field is electrically neutral.
If, however, the matrix algebra is reducible to two
similar algebras, as in

A, O
w® )
0 A
the matrix & exists and has the form (with the same

partitioning)
0 —i
=e( )
7 0

This describes a charged field, composed of particles
with charges 4-¢, the eigenvalues of &. If three similar

(34)

(35)
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algebras are involved, the field contains particles with
charges 0, =-e.

To present & as a diagonal matrix, we must forego the
choice of Hermitian field components. Thus, for the
example of a charged F.D. field, where the field com-
ponents decompose into ¥y, ¥ (2, corresponding to the
structures (34) and (35), the mutually Hermitian con-
jugate operators

Yn=vYo—%wo, ¥Yo=v%Yot+#e,

are associated with eigenvalues +4-e¢ and —e, respec-
tively. On introducing these field components, the
derivative term in the Lagrange function, the electric
current vector, and the commutation relations, respec-
tively, read

o, 9w I+ VUL, 94, (36)
—ies oAb~ ANo), (37)
and
{Ao¥wm @), ¥ @) Aw}
={Aovo @), ¥ @ )3[«»} 0, 38)

(Ao @), ¥ (@) Aw}
={Ao¥o @), ¥ @A} =Awd. (x—a’).

There is evident symmetry with respect to the substitu-
tion Yy, e —e.

Since ¢4y and ) are Hermitian conjugate operators,
we can arbitrarily select one as the primary non-
Hermitian field. We shall write

%_Qlu: i’Ym
and
Y=v¢, voB=¢yIB=1.
This yields the following forms for (36), (37), and (38):
%[‘Z’YM} iaﬂ'ﬁb]_%{[iaﬂ‘i/ﬁ’m 'p];
. (39)
6%[%’)’,‘, 4’]7
and
{vo¥ (@), Yo¥ ()} ={¥ @), ¥(&)vw} =0, 40)

{vo¥ (@), ¥ ()0} =v0d.(2— ).

To express the now slightly obscured symmetry be-
tween positive and negative charge, we call ¢, the
charge conjugate field

‘pc= (_%_1)\51 (41)

and state this symmetry as invariance under the substi-
tution Yy°, ec>—e.

The matrices y,; p=0, - - -3, obey
Vul =B, B,
and
yutr=—LBy, B8, (42)

since they are purely imaginary matrices. One should
also recall that B is an antisymmetrical, imaginary
matrix. If we were to depart from these special struc-
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tures by subjecting all matrices to an arbitrary unitary
transformation, we should find that the only formal
changes occur in (41) and (42), where the matrix B
appears modified by an orthogonal, rather than a
unitary transformation. Hence, in a general representa-
tion these equations read

ye=Cy,
Yut'=— Cv,C,

where C still exhibits the symmetry of B, appropriate
to the example of a half-integral spin field,

Cor=—C.

The commutation relations (40) are in the canonical
form which corresponds to the division of the inde-
pendent field components into two sets, such that one
has vanishing anticommutators (commutators, for an
integral spin field) among members of the same set.
The generator of changes in ¥ and ¢, Eq. (27) in the
notation of the charged half-integral spin field ex-
ample, is

GW,¥)=5%i f do ({v o — 8y oY),

which can be deduced directly from the Lagrange func-
tion derivative term (39). Associated with the freedom
of altering the Lagrange function by the addition of a
divergence, are various expressions for generating
operators of changes in the field components. Thus, we
have the following two simple possibilities for the
derivative term and the associated generating operator,

$0v. 0],

CY)=i f dody bl

and

- %[’ia"\Z’)’,‘, ¢]J
6= =i [ dodbra:

Evidently G(¢), for example, in the generator of
alterations in the components v, with no change in
¥¥. The associated commutation relations,

Lvow, GO I=ivod¥,

['L’Y(O)y G(S”)]: Oy
are satisfied in virtue of (40), and, conversely, in con-
junction with the analogous statements for G(¥), imply
these operator properties of the field components. The
connection with the generator in the symmetrical treat-
ment of all field components is given by

GO, H=3CW)+3IGWY),

which indicates the origin of the factor (1/2) in th
general Eq. (26). :
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THE ELECTROMAGNETIC FIELD

The postulate of general gauge invariance motivates
the introduction of the electromagnetic field. If all
fields and sources are subjected to the general gauge
transformation,

"x=exp(—i\(x)E)x=x exp(i\ (x)8),

the Lagrange function we have been considering alters
in the following manneér,

'E=8+7,9,\.

The addition of the electromagnetic field Lagrange
function,

*’cemf:%{jm Au}'—%{F‘m aMAV"‘avAM}
+iFw+Ju4,, (43)

provides a compensating quantity through the associ-
ated gauge transformation

"Ap=A,— I\
The term involving the external current J, is effectively
gauge invariant if
3,7, =0,
since the modification is in the form of a divergence. In
the same sense, there is no objection to employing a

form of the Lagrange function in which the second term
of (43) is replaced by

3{0uFu, A,}. (44)

We write the general variation of 4, in the form

5(A,)=84,— (3,00,)4,
=04,—3(8.02,—8,0x,) 4, —5(0,0%,+9,0x,) A,

which ascribes to 4, the same transformation properties
as the gradient of a scalar, thus preserving the possi-
bility of gauge transformations under arbitrary coordi-
nate deformations. In a similar way,

5(F,,,,) =5F“.,-— (6,,6xx)FM— ((9,.5%)‘)F,,)\.

With regard to the derivation of the electromagnetic
field equations from the action principle, it should be
noted that general gauge invariance requires that the
sources -of charged fields depend implicitly upon the
vector potential 4,. We express this dependence by

Bab() = f (d) (B& (') /54, ()64, ().

Since the infinitesimal gauge transformation, §4,=
— 3,0\, must induce the change d¢=—i0A8¢, we learn
that ‘

0 (0¢(x") /84 4(x)) = —i6E(x)d (v —a").

One obtains the following field equations on varying

(45)
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F,, and 4, in the complete Lagrange function,
Fu=090,4,—9,4,
O F=7jutku+J,,

(46)
47)
where
ku(x)=% f (dx")[ (08 (=) /84 u(x))Bx («")
+x ()B0£(")/64,()) ],

is the contribution to the total current vector associated
with charged field sources. We derive from (45) that

9uky= 7/% (E%é’x— X%gf)

But the total current vector is divergenceless in conse-
quence of the electromagnetic field equations. Therefore

0ufu= —13(EBEX—XxBEY),

which is in agreement with (33).
After removing the terms in §(Lems) that contribute
to the field equations, we are left with

) ("eemf) = %{6.7#: A,,,} - a# (F/-waA v)+A uav]yaxu
—3(9,0%,+0,8%,) G{Jy A} —F{Fir, Fin})

—(8,0%,)T 4, (48)

in which
3{07u, Aup = —10xUu{x, Au}=—i{A, x}Anb0x.
This term alters the field equations of charged fields,
2, (9,x— 64 A x3) = (3:36/ 00— B,
— (dux+ix{x, 4.} 8)2U,= (9,3¢/9x)— £B.

We- have anticipated that not all components of 4,
commute with x. The tensor T, is now obtained as

Tu=- - +3{F, Fn) =3 40} —Tuds,  (49)

where --- stands for (20), but with £ the complete
Lagrange function. The action principle supplies the
differential equation

al‘TI‘V= % (X%avs-" avg%x)-i_-A uav]p- (50)

The divergence term in (48) yields the infinitesimal
generator

GA—_- —fda“F”,éA = “‘de'F(o)(k)(sA (k) (51)

while the Lagrange function with the derivative term
(44) would give

GF'= fda'“dF#yA »y= fdo’ﬁF(o) (k)A (k)- (52)

The change in the action integral produced by a
variation of the external current J, is given by

) a1
O Wia= f (dx)6J A .
o2
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If 6J, has the explicitly divergenceless form
BJ“=6VBM,“, M“y='—Mvm

where 6M ,,, vanishes on o and o, we find that

(83)

ol
55 W= f (d2)30M  F o,
o2

which makes it unnecessary to introduce an external
source that is directly coupled to the field strength
tensor F,.

The special nature of the electromagnetic field® is
apparent in the form of the operator (52) generating
changes in the local electric field components. Since one
of the field equations is the equation of constraint

ImF om=Jjo+ko+7 o, (54)

the three variations 6F )y cannot be arbitrarily as-
signed ; the electromagnetic field and charged fields are
not kinematically independent. This is evidently an
aspect of the gauge invariance that links the two types
of fields. Alternatively, we see from (51) that A is
not a dynamical variable subject to independent varia-
tions. But there is no field equation that expresses A4 (g
in terms of independent dynamical variables, in virtue
of the arbitrariness associated with the existence of
gauge transformations. Furthermore, a variation of
A in the form of a gradient, that is, a gauge trans-
formation, yields a generating operator which, in con-
sequence of (54), no longer contains electromagnetic
field dynamical variables. Thus, in either form, (51)
or (52), there are only two kinematically independent
variations of the electromagnetic field quantities.

We now apply these generators to deduce commuta-
tion properties for the gauge invariant fieid strength
components. According to the eflcct of a variation
84 (xy, upon the local components of F,, we have

(Foyw, Gal=0,
LFmwm, Gal=1(8wdA m—9dwdAw),

whence

LFow (), Fow@)]=0, (55)
and
LPaa @), Foym @)]

=W m0nm =81 mow)d. (x—x"). (56)

In using Gr, we must restrict the electric field variation
according to

dwoF =0,
which is identically satisfied on writing

SFoym=0wdZmw, Zww=—Zwuw-

3 Papers dealing with the situation peculiar to the electro-
magnetic field are legion. Of the older literature, the closest in
spirit to our procedure is that of W. Pauli, Handbuch der Physik
(Edwards Brothers, Ann Arbor, 1943), Vol. 24.
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This yields the form
GF=de%F(k><l)5Z(k>(z>~

The expression of changes induced by 8 o)),
[Faw, Gr]=0,
[F o, Grl=10F oy,

then provides the commutation properties

[Fawa @), Famym(¢)]=0,

Lo (), Faym ()]
=18 10 m)— 8wy (m O ()8 (— ).

(57)

where the latter is equivalent to (56).

An alternative derivation employs an infinitesimal
change in the external source, distributed on (the nega-
tive side of) o, %) =0,

OM = 0m b (2(0)),

for which the associated generator is

Gn= f do[Fomay o F wy—moymFow -

The alteration produced in the field components follows
from the field Eq. (47), and the form of (46) given by

ava)\—i"avFMt_l_a)\FyV:O- (58)
Thus,

3 (OF 0y — M (yy) = — 30F a1y 0y + 0 w0 M v,
38F iy =90wdF 0y — dm0F 0y v,

which yields the icllowing discontinuities in 6F,, on
crossing the surface,

OF oy = dm0may y,
8F iy ]= 0 ydm oy vy — O mydm oy v«

In the retarded description, these discontinuities are
the actual changes in the field components on ¢. On
referring to the general formula (23), we obtain

dwdmum=1LF 0w, Gnl,
ddm ) iy — 8 by =1L F iy vy Gm -

In view of the arbitrary values of 2, on o, these equa-
tions imply field strength commutation relations, which
are identical with (55) and (57).

We give a related procedure which also illustrates the
possibility of evaluating commutators of field quantities
at points in time-like relation. The two field Eqgs. (47)
and (58) can be combined into (we incorporate &,
with 7,)

- 6)\2va= ay(]v+]v) - av(]u"’"—’n)
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A change in the external current, of the form (53), yields

- (9)\261$1F,”'— auanv'*'avanu
= 0,0\ M ,\— 0,000 M >,

where, in the retarded description

(59)

6MF,“,(x)='i[F,w(x), f‘r (dx’)%&M)\x(x’)FM(x/)]

o2

= f (dx")30M (2" )ny (x— )3
X [FI-W (x)l FM (x/>:ly

and 7, is the discontinuous function

ne(x—a)=1, x>x

-_—..0,

We have a similar expression for §:4,(x). On comparing
the coefficients of 8M (") in (59) (our two treatments
employing external sources are thus distinguished by
surface and volume distributions of 6M ,,, respectively),
we find

— Oy (o — & )i F oy (2), Fae(') ]
— duny (x—a")i[ 7, (x), Fre(x')]
+aump (x—a")il ju(x), Fac(a’)]
= (8,000 —8,,0,00—8,00,0,
+0,:9,0))0(x—x").  (60)
The value of i[ F, (%), Fac(x')], for equal times, is then
obtained from the coefficient of the differentiated delta
function of the time coordinate, with the anticipated
result. _
In the approximation that neglects the dynamical

relation between currents and fields at points in time-
like relation, the differential Eq. (60) has the solution

Ny (— o' )i[ F (), Fru(a’)]
= (5v)‘apax" Ovk0pu0r— 8#)\avax+6ﬂka”a>\)D’e‘ (x— '),

where D, (x—2") is the familiar retarded solution of
— 02D,y =08(x—x'). (61)

Had we employed the advanced description, 74 would
be replaced by —7_, where

20 < xol.

n—(x—x)=0, xo>x0

= 1, xo<x0',

and the advanced solution of (61) would appear. Sub-
tracting these two results, we find

iLF (), Fae(2)]
= (5,.)\(9,‘3(— Bp,ca,‘ax—5,‘)6,6,‘+6,‘,‘6,8x)D(x— x'),

in which D(x—x’) is the homogeneous solution of (61)
provided by

D= Dret— Dadv-



THEORY OF QUANTIZED FIELDS

The kinematical relation between the electromagnetic
field and charged fields, on a given o, is most clearly
indicated in a special choice of gauge, the so-called
radiation gauge,

dmAm=0
With this choice, the constraint equation for the electric
field reads

IwFomw=—9w'dw=jo+Jw,

so that the scalar potential is completely determined by
the charge density,

Aw@= [ d'D.e=) o @)+ 0))
where ’
D, (x—a')= (1/4m)[ (xy — 2 )2 ]

Evidently, 4 ) does not commute with the components
of charged fields. In this gauge, then, the dependence
of the electric field upon the charged fields is made
explicit through the decomposition of the electric field
into transverse and longitudinal parts,

Fom=—00Am—9dwd v
=Fouw"+Fown®

The inference that the transverse fields are the inde-
pendent dynamical variables of the electromagnetic
field in this gauge is confirmed on examining the gener-
ators G4 and Gr. Indeed,

Ga= —deF(t»(k)aA 0= _deF(O)(k)(T)aA(k);

and

Gp=fd0'6F(0)(k)A (k)=fd0'3F(0)(k)(T)A(k):

in view of the transverse nature of 4y, Eq. (62). We
can now derive the commutation properties of these
dynamical variables from

LA, Gal=10A ), (Fow™, Gal=0,
LF 0w ™, Gr]=1F @™ (4w, Gr1=0,
on taking into account the restrictions '
318 A iy =0w0F " =0,

produced by the transverse nature of these quantities.
The Lagrange multiplier device permits us to deduce
that

LA (%), Foyo® @) I=8wmds (x—2") 4w N

The divergenceless character of the transverse electric
field supplied the information

" Ny =d(yds (x—x'),
whence ‘
)\(k) = - a(k)ib.,(x— x’) .

(62)°
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The resulting commutator

LA (%), Foyw® (@')]
=0 0o (x—2")— I Dy (—2")
= (Bmads(x—a")D,

is also consistent with the transverse nature of 4 (). The
remaining commutation relations are

[Aw @), A @) ]1=[F 0w ®), Foun® ') ]=0.

We shall use the device of the external current to
derive the commutation relations between the electro-
magnetic field tensor and the displacement generators
P,, J,,. According to (49) and (50),

Puon)—P,(o0) = f @)+ +4r0u2],

a1
(@) =T (o) = f (@] - 44 (00— 0,0,) ]
+AIIJ"_'AVJM]’

in which we have indicated only the terms containing
the external current. We consider an infinitesimal
change in the latter possessing the form (53). In the
retarded description, the resulting changes of P, and
J v on gy are

o1
6MPV(‘TI) = _‘f (dx)%éM)\,ﬂ,,F)\,‘,
a2

o1
5Mf,w(0'1)= —f (dx)[%&M)\,((x,‘a,,—xya,,)F;\,‘
2

A M\ Fpy— M\ Fon ]

When expressed in terms of the generator
GM—f (dx) FOM ) F s,

the following commutators are encountered,

i[F)\x, Py_]= 6VF)\K7 )
'i[F)\K, ]pv]:‘ (xnav—xrap)F)\x_*'avpr)\
—6MKFV>\+6p)nFVK_
Finally, we remark that the extension of (31) to

include the electromagnetic field, in the radiation
gauge, is

6»)\F1u¢-

Pey= fdtf[% Fowm Py +iFwmae)?
F+5C—xAry Ay — 184 1)) x
—JwAw+3Got+ o) do—5EBx+xBH],
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and
Pyy= f do[3{F 0 ?, Fay} —xAdmwx]-

In arriving at the expression for Py, the noncommu-
tivity of Ay with x must be taken into consideration,
but produces no actual contribution. A variation of each

JULIAN SCHWINGER

of the independent fields yields

oP,= f do[[6F 0y P 9,uA 1y — 84 (1 3 0y ey 17
‘ —x2U 0 d,x ],

which confirms the consistency of the translation gener-
ator with the various field variation generators.
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In this paper we discuss the electromagnetic field, as perturbed by a prescribed current. All quantities of
physical interest in various situations, eigenvalues, eigenfunctions, and transition probabilities, are derived
from a general transformation function which is expressed in a non-Hermitian representation. The problems
treated are: the determination of the energy-momentum eigenvalues and e‘genfunctions for the isolated
electromagnetic field, and the energy eigenvalues and eigenfunctions for the field perturbed by a time-
independent current; the evaluation of transition probabilities and photon number expectation values for
a time-dependent current that departs from zero only within a finite time interval, and for a time-dependent
current that assumes non-vanishing time-independent values initially and finally. The results are applied
in a discussion of the infrared catastrophe and of the adiabatic theorem. It is shown how the latter can be
exploited to give a uniform formulation for all problems requiring the evaluation of transition probabilities

or eigenvalue displacements.

INTRODUCTION

E shall approach the general problem of coupled

fields through the simpler situation presented
by a single field which is externally perturbed. In this
paper we illustrate the treatment of a Bose-Einstein
system by discussing the Maxwell field with a pre-
scribed electric current. A succeeding paper will be
devoted to the Dirac field.

The solution to all dynamical questions is obtained
by constructing the transformation function linking
two descriptions of the system that are associated with
different space-like surfaces. Thus, for a closed system,
the general transformation function can be expressed as

§lor| o) =X @ |v) (Y orlv o) (v |52,
L o

where the v are a complete set of compatible constants
of the motion, in terms of which the energy-momentum
vector P, can be exhibited. In the v representation, the
effect of an infinitesimal translation of o; is given by

b (Y'or|v'o2) =i(Y'c1| Pideu| v 09) = 1P,/ be, (Y o1 |7 02),

where P,’=P,(v’). Accordingly, if o1 is parallel to oy,
and is generated from the latter by the translation X,
we have

(Yor]|v"o2)=58(v",v") exp(iP,/X,),

and
(§1'01]$2""02) =Z, &) exp P/ X) (Y] §&:7). (1)

This shows how a knowledge of the transformation
function that relates two conveniently chosen repre-
sentations on parallel surfaces yields all the eigenvalues
and eigenfunctions of P,.

Another illustration of the utility of transformation
functions relates to the situation in which the same
system is externally perturbed, in the interior of the
space-time region bounded by oy and ¢y. The trans-
formation function (y'o1|v"0s), inferred from the
knowledge of (¢1'c1|¢s”0s), then yields the probability
of a transition from the initial state vy to the final
state v/,

PO )= (oily e) | 2

Representations of particular convenience are sug-
gested by the characterization of the vacuum state for
a complete system. The vacuum is the state of minimum
energy. If this natural origin of energy is adjusted to
zero, the vacuum can be described as that state pre-
senting identical properties to all observers, P,¥,
=J,¥o=0, and is therefore independent of the surface
o. Now, if the general field component x is analyzed
into contributions of various frequencies, xpo, we have
[xpo, Pol= poxeo, or Poxpo=xwo(Po—po). When this
relation, involving a positive frequency, po>0, is



