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The Electric Scattering of the Polarizable Deuteron*
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The effect of the electric polarizability of the deuteron upon its electric scattering is discussed for cases in
which Ze'/hs»1 and the classical closest distance of approach is so large that the effects of direct nuclear
interaction are negligible. Under such circumstances, the chief departure from the Rutherford scattering law
is due to the polarizability of the deuteron. The magnitude of the departure is calculated, and in particular,
the polarizability contribution to backward scattering is estimated to be respectively about 3'percent and 4
percent for 8-Mev and 10-Mev deuterons scattered by bismuth and uranium.

I. INTRODUCTION

A S has been shown in the previous paper, ' the struc-
ture of the deuteron is such that it exhibits a

polarizability when placed in an electric field. This
phenomenon leads us to expect that the Rutherford
cross section for electric scattering of a nucleus of charge
Z will be somewhat modi6ed. ' Under ordinary circum-
stances this effect is likely to be obscured by nuclear
interactions. Consequently, in this paper, we will confine

our considerations to the energy regions where the
nuclear effects are negligible, that is, the energy regions
where the penetration of any part of the deuteron
through the Coulomb barrier to the scattering nucleus is

negligibly small. The approximate conditions for this
are that the classical distance of closest approach be
considerably larger than the nuclear radius and that the
penetrability much beyond the classical distance of
closest approach be small, which occurs when Ze'/kn»1.

The condition Ze'/ke»1 is also the condition in

Coulomb scattering that the classical approximation be
valid. This approximation can be successfully used in

obtaining numerical results as is done below in Sec. III.
This section, in conjunction with the preceding paper,
provides a complete procedure for calculating the
polarizability anomaly of the deuteron. Section II has
been included in order to exhibit the relation of this

paper to the recent work of French and Goldberger, ' and

it is not essential for an understanding of Sec. III.

trically scattered by a nucleus of charge Z. %e then have

L-', (ks/~) (V.saks)-Z~Z-t
+-', (k'/y) V„s—V(r) —

e$e (R, r)
=Ze'LI R+-', rI

—r —8 q@(R, r), (1)

where R=-', (r~+r„), r=r, —r„, m= deuteron mass,
p=deuteron reduced mass, V(r) =neutron-proton po-
tential, and &=deuteron binding energy. If we expand
%(R, r) in terms of the complete set of normalized.
neutron-proton wave functions x„(r) so that %(R, r)
=P„x„(r)D„(R), then multiply from the lef t by xs*(r),
and finally integrate over r space, Eq. (1) becomes

k2 Ze2
(Vns+ k') — Os (R)

2m

=Ze' x,*(r) ——e (R, r) (dr), (2)
I
R+xsrI z

where Qs(R) is the wave function for elastic scattering.
Treating the right-hand side as a perturbation, we make
the approximation +{R,r) =xs'(r)P(R) where xs'(r) is
the ground-state wave function of the deuteron as
distorted by the electric 6eld of the nucleus, so that
approximately

x.'(r) =xs(r) —Z'
I
&-+e?'

( 1 1
XI I, —o Ix-(r), (3)
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II. DEUTERON STRUCTURE AND POLARIZABILITY
SCATTERING where the summation is over both discrete and con-

tinuum states. %le then haveIn order to compare this calculation of the deuteron
polarizability scattering with the French and Gold-
berger' treatment of the effects of the 6nite deuteron
size, we can start with their wave equation' for a
deuteron of incident momentum kk which is elec-

k2

(VgP+k')—
2m

Qp(R)

1 1
=zaI o ——0 Ilt(R)

IR+-,'rI R J*This work was partially supported by the joint program of the
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criterion for the validity of the classical Coulomb scat-
tering. To be somewhat more general, in this section, we
assume that the scattered particle has a charge s. We
can then replace Eq. (5) with its classical counterpart,

E= -'m jP+-'mR' j'+sZe'R '—-'n(ZeR ')'. (7)

I,et 4 be the supplement of the scattering angle, then
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Frc. 1. The negative of the ratio of the polarizability to the
Coulomb diGerential cross section plotted as a function of scat-
tering angle for P=0.2.

term is obtained, since they introduce only the unper-
turbed deuteron wave function. In this paper, we are
confining ourselves to the region where Z))j. and
Ze'/jtv»1; hence P(R) is small for R less than the
nuclear radius, On the other hand, the main contribu-
tion to the matrix elements on the right-hand side of
Fq. (4) comes from the small values r since the wave
function xp(r) vanishes exponentially for r greater than
the deuteron radius. It is therefore a reasonable ap-
proximation to make a multipole expansion of the
matrix arguments in terms of R '(r/R) 'Pi(cosg). From
the angular integration, it then follows that the first
term vanishes in agreement with the statement of
French and Goldberger' for Rh-,'r. If, in the second
term, we keep only the lowest order term in r/R,
Eq. (4) becomes approximately

[sr ()'r'/m) (V'it'+ k') —Ze'R —']Op (R)
= —l (ZeR ')V(R), (~)

where
n=se'P' [E +ej '[ (N~r cose)0) ('. (6)

n~o

From our previous paper, ' we identify the n of Eq. (6) as
the deuteron polarizability, where ', Pn= -', (Zne-R ')' is
the polarization energy, so that for Z»1 and Ze /()'rv)
&)f we can speak of the polarizability of the deuteron as
causing the principal departure from Rutherford
scattering. 4

III. CLASSICAL SCATTERING

In a more approximate treatment of the scattering
problem, the difficulties of solving Eq. (4) or (5) can be
avoided by noting that the condition sZe /(hv)»1 is the

4 It should be noted, however, that in the neighborhood of the
origin Eq. (5) breaks down, because although iO(R) becomes small
as E goes to zero, it does remain finite,

C =2 —,(8)
[1 sZesE —

2~+ 1n(Ze)2E—2~4 gss1211

and for pure Coulomb scattering

Sp= s (sZe'/E) tan(rsC p). (10)

Following the approach used by Hardmeier, ' we say
that for a given impact parameter $0, the presence of the
polarizability term produces a small decrease 8 in the
scattering angle, so that the supplement of the scat-
tering angle can be written as

C'= C'o+h.

The pure Coulomb impact parameter required for the
deuteron to arrive at this angle is

s, =-', (sZe'/E) tan(-', (Co+6))=-,'(sZe'/E) tan(-,'C). (12)

Then, it follows that the ratio of the Coulomb plus
polarizability to the pure Coulomb differential cross
section at C =Co+8 is

f' s'od&o l ( ' std i I f'd&o'- q (d i l—(C)=I
o, (sinCdC') EsinCdC) L dC I ( dC )

tan(-'C ) sec'(-,'C o) (dC,/dC)

tan (-',Ci) sec'(-,'C)

sin(-,'C p) cos'is(C p+5) d8
1+

sin(-', (C p+8)) cos'(-', C p) dC p

From Fqs. (8) and (11) we can write 8 as

p
V1 kA)

5=2
[1—2v —t'v'+Pv'$'

& p [1—2v —1'v'Ql
(14)

' N. F. Mott and H. S. W. Massey, . The Th ory of Atomic Col-
Iisioes (Oxford University Press, London, 1949), p. 124,' H. Goldstein, CIassica/ Mechanics (Addison-Wesley Press,
Inc. , Cambridge, 1950), p. 82.

7 W. Hardmeier, Physik, Z, 28, 181 (1925),

where N=R ', I&——inverse distance of closest approach,
and $ is the impact parameter using the results of
classical scattering theory. ' The di6'erential cross section
ls

SdS
o-(C)=-

sinCdC
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where we have made the substitution e = ts(sZe'/E) I and
are using the dimensionless constants

t= L2E/(sZe') js= tan(-', Cs), (15)

P=n8 (hc/e') s-4Z—s (8/hc) s

=2 68X10"ns 'Z 'EM, , (16)
where e is in cm'.

Hardmeier~ has given a formula for 6 at small scat-
tering angles and has evaluated it explicitly for large
scattering angles for P= 1, 2, 4, 6. We have evaluated 8

at large scattering angles for P=0.2 by numerically
integrating the difference of the integrals appearing in

Eq. (4) except near the ends of the region of integration.
At the ends, the difference was approximated by ex-
pressions that could be integrated directly. dB/dC& was

then obtained by numerical differentiation. The results
for o„/o, are given in Fig. 1 using also Hardmeier's'
results for small scattering angles.

In the case of head on collisions, 0„/o. reduces to

L1+ (d8/dCO)] '; also, as t +0, —we have

d8 5 5 p'& dv
t

0 dv
lim = lim —= lim —=

dC, ™Cs ™2t, t 1—2V+Pe'j& & o [1—»)&
(17)

If we evaluate this as a power series in P, we obtain for
backward scattering

0'y—(0)= 1—0.229P—0.0354P'.

For P=0.2, this gives us a 4.7 percent deviation from
pure Coulomb scattering in the backward direction. For
the deuteron s=i and from reference 1, we have'

The value of n is taken from Eqs. (13) and (21) of reference 1
by noting that for the scattering problem, we must average over

n=0.56X10 "cm'. Then, applying Eqs. (16) and (18)
to some examples where the nuclear effects should be
comparatively small' and hence our treatment be valid,
we 6nd for 8-Mev deuterons scattered by»Bi where
P=0.112 a deviation of 2.7 percent in the backward
direction, and for 10-Mev deuterons scattered by 9~U

where P=0.177 a deviation of 4.2 percent in the
backward direction.

the magnetic quantum number so that (nlAv=aso+2nnn=ass
=0.56)(10 "cm'.' D. C. Peaslee, Phys. Rev. 74, 1001 (1948); C. J. Mullin and
E. Guth, Phys. Rev. 82, 141 (1951).
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The theory of scattering of electrons by hydrogen has been re-examined with the objective of identifying
the matrix element for the exchange scattered amplitude from the same integral equation which provides
direct scattered amplitudes. The theory of Mott and Massey is veri6ed, but it is demonstrated that their
result contains contributions from the incident wave which must be removed before coraputing exchange
amplitudes. The result is a theoretical justification for the Oppenheimer (prior) matrix element.

HE analysis of exchange scattering was originally
made by Oppenheimer, ' and an entirely different

treatment of this problem which has become standard
was given by Mott and Massey. ' The reason for the
superiority of the latter method is that the general
matrix element for the exchange scattered amplitude is
identi6ed, while Oppenheimer's solution is an approxi-
mate one from the outset so that the possibility for
improved estimates is automatically ruled out. How-
ever, the method of Mott and Massey involves the

*The research reported in this paper has been sponsored by
the Geophysical Research Directorate of the Air Force Cambridge
Research Center, Air Research and Development Command.

' J. R. Oppenheimer, Phys. Rev. 32, 361 (1928).
~

¹ F. Mott and H. S. W. Massey, Theory of Atomic Collisions
(Oxford University Press, New York, 1949), second edition.
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assumption that the usual stationary state solution
from which the direct scattered amplitude is derived
has the asymptotic form

Lim P (r t, rs) =Q
a f2

' g~ ' 'p~ (rt) ~

where r~ and r2 refer to the primary and hydrogenic
electrons, respectively. (This labeling will prevail
throughout the present paper. ) The rp's are Coulomb

functions; the sum includes integration over continuum

states. Mott and Massey point out that no proof of
this assumption has been given but that one should be
possible. It is the purpose of this paper to provide such


