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Effects of Departures from the Single Particle Motiel on Nuclear Magnetic Moments*
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Departures from the single particle model (SPM) are considered, in which the SPM wave function is
mixed with others representing states for which the core no longer has zero angular momentum. It is found
that under certain restrictions an experimentally established relation exists between the deviations of
odd-Ã nuclei from the Schmidt lines and those of odd-Z nuclei.

INTRODUCTION
' T was observed long ago that magnetic moments of
- ~ odd-A nuclei, when divided into. two groups accord-
ing to whether Z or X is odd, show a striking regularity.
Schmidt' has pointed out that this regularity can be
approximately predicted on the basis of a model which
assumes that for odd-A nuclei the magnetic moment
is due to one single nucleon only, the rest of the nucleus

being so coupled as to give a vanishing total magnetic
moment.

Recent developments in the theory of nuclear struc-
ture have given further support to the original idea of
Schmidt. The big pairing energy' which tends to
couple pairs of equivalent nucleons to a resultant
angular momentum zero lends strong support to the
assumption that the ground state is formed by coupling
the odd nucleon to the spherically symmetric core. The
regularities found among the nuclear spins of the ground
states also support this interpretation.

The Schmidt lines on which the magnetic moments
should lie when plotted against the nuclear spins
represent, however, only an approximation to the ex-

perimental data. As is well known, nearly all magnetic
moments deviate from them, in some cases quite con-

siderably. These deviations, however, show some reg-
ularities which suggest that they should be considered
more closely. Most important is the fact that, with very
few exceptions among the lightest nuclei, all magnetic
moments lie between the Schmidt lines. Thus any
attempt to explain the deviation should at least agree
with this qualitative observation.

Further, on the above Schmidt diagram "forbidden
zones" are observed, both for odd-Z and odd-E nuclei,

lying more or less midway between the two Schmidt
lines and separating the two groups of magnetic
moments which correspond to j=3+-', and j=/ ——,'. It
should be noted in this connection that the apparent
appearance of this forbidden region in. the case of
odd-Ã nuclei may very well be due to experimental
di6iculties. In fact, in this case only small magnetic
moments are covered by the forbidden zone (see Fig. 2),

and as an odd-E nucleus is usually a comparatively
low abundant isotope among many abundant even-
even isotopes of the same element, its magnetic moment,
if small, can easily escape observation. -

Other regularities concern the relative deviation of
related nuclei. Thus in the case of nuclei diBering by
two neutrons or two protons and having the same
total and orbital angular momenta —the heavier one
almost always lies nearer to the Schmidt line."Also
the deviations of odd-Z nuclei are bigger than those of
odd-X' nuclei if Z= S'.

Many attempts have been made to explain the
deviations of magnetic moments from the Schmidt
lines. 4 The present note is concerned with the extent
to which simple departures from the single particle
model may explain the observed regularities in the
deviations.

THE CORE EFFECTS

Let us assume that there are m nucleons involved in
the formation of the ground state under consideration
and that each of them has an angular momentum jl,
(we confine ourselves to jj coupling), and magnetic
dipole y,~= gl,jI,. The total magnetic dipole will then be

ts=g pl =P gijs.

It is easily verified that p satisfies the following com-
mutation relations with 1=+ js.

[p,„J.J=0, [p„J„]=shlj,„[p., J,]-—ilia„, etc.,

and, therefore the average value of p in the state
(ji, js, , j,J, M) characterized by the eigenvalues

(V)=(J) —2 a~((is J)),
J(J+1)

or, in terms of the total g factor,

*This work was supported by the U. S. Atomic Energy Com-
mission and the Higgins Scientific Trust Fund.

$ Now at the Physics Department, Massachusetts Institute of
Technology, Cambridge, Massachusetts.

' T. Schmidt, Z. Physik 106, 358 (1937).' M. Mayer, Phys. Rev. 78, 16 (1950).

This is the well-known Lande formula, which in the
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TABLE I. A comparison of deviations of similar odd-Z
and odd-E nuclei from the Schmidt limits.

the Schmidt line for the state considered will be

6k

Odd-Z
nucleus

Odd
nucleon Odd-N

bgp state nucleus ~gN ~gp:~gN

~g= g
—go= (g —gt) J(J+1) 2lI,+ 1

—1.1776—0.96
0.64292
0.64292
0.90—1.10—1.10—1.10

0.7359 1.50
0.95 1.21
0.5052 1.38
0,5052 1.11
0.46 1.05
0.81 1.64
0.81 1,62
0.81 1.35

4Bees
ISMgIS2S
IeSI7»
IeSI&~
soZnwe7
ssSr4gs7
ssSr4s 7

4oZreIs'

eBe»
IsA114»
nClIs"
17C12os7
s~Rb4sss
4sine4»s
4slnee»s,
sISbvo"'

2.6886
3,639
0.8210
0.683
1.349
5.460
5.475
3.70

1.104
1.153
0.697
0.559
0.487
1.333
1.318
1.09

Ps/s
de/2
de/2
d 3/2
fs/&
gs/2
gs/s
de/2

t!p

&&((j &))— ' (4)
21o+1 I

case e= 2 takes the form

(js——J is the angular momentum of the odd nucleon).
In Eq. (4) we have separated the two factors which

influence the magnetic moment of a certain combination
of angular momenta, namely, the electromagnetic
properties of the nucleons involved and the way in which

j (j +1) ~.(&.+—1) the coniguration is constructed from its nucleons'
g= s( g+tg)s+( gt gs) ( a) angular momenta. We might expect that the latter will2JJ 1 be the same whether the. odd group consists of protons

g=gt+(g, —gt) 2 ((js J))
J(J+.1) 2ls+ 1

(3)

As the Schmidt value of the g factor, gp, is given by a
formula similar to (2), we see that the deviation from

One also sees from this formula that if the g factors of
all the nucleons involved are equal to each other, they
are also equal to the g factor of the combined angular
momentum. In particular, the g factor of any state of
equivalent nucleons is equal to that of the correspond-
single particle state.

The evaluation of the scalar products (js J) in (1)
for n) 2 is generally impossible without further assump-
tions on the way in which the angular momenta are
coupled. In a Anal form of the theory such "assump-.
tions", or "coupling schemes" as they are called, 'should
result from the type and form of the forces between the
nucleons, but with the present state of the theory of
nuclear forces this can hardly be expected to yield
reasonable results.

The experimental data of nuclear spectroscopy seem

to indicate that one should first couple among them-

selves the angular momenta of the protons and the
neutrons separately, and the two resulting angular
momenta should then be coupled to give the total
nuclear spin. - This suggests that in introducing de-

partures from the SPM, we do so 6rst for the odd group
of particles in the nucleus, leaving the even group in its
state of spherical symmetry. Thus the g&'s in Eq. (1)
will all refer to nucleons of the same charge character.
Now the g factor of a single nucleon can be written in

the form,

g„=g,+ (g, —gt) e„/(2&l+1), (e& ——&1 for js= l&&-', ) & (2)

where g~ and. g, are the orbital and spin g factors, re-

spectively, and depend only on the charge of the
nucleon. (For protons gt ——1, g, =5.6; for neutrons gt =0,
g, = —3.8.) Introducing (2) into (1) we now obtain:

0

I/2
I
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I
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I
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or of neutrons (provided, of course, their number and
angular momenta are the same). The electromagnetic
factor (g, —gt) is, however, different. We therefore get
for the ratio of the deviations of such similar nuclei
from the Schmidt lines the value,

l~g~l/l~g~l = lg, ' —g, I/lg. -g,
[
= 1.20.f.

Thus the bigger deviation of odd-Z nuclei from the
Schmidt lines is correctly predicted, as can be seen
from Table I.

Another way to check the validity of this approxima-
tion is the following: As was mentioned in the introduc-
tion, forbidden zones are observed both for odd-Z

)Rote added trt Prooj': It was pointed out to me b—y Professor
E.Feenberg that this result remains valid for any coupling scheme
provided one assumes, as is done here, that the contributions to
the angular momentum come only from nucleons of the same
charge as that of the odd one.

FIG. 1. Magnetic moments (in nuclear magnetons) of odd-Z
nuclei plotted against nuclear spin. Full lines are the Schmidt
limits; broken lines are limits of the forbidden-zone (taken to be
Dirac lines in this case).
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nuclei as well as for odd-X nuclei; if the above approxi-
mation is a good one, the widths of the allowed zones
should be in the ratio of 1.20 to one. Figure 1 shows the
Schmidt diagram for odd-Z nuclei; the limits of the
forbidden zones are taken to be the Dirac lines. ' Figure 2
shows the Schmidt diagram for odd-S nuclei; the limits
of the forbidden zone in this case were obtained from
those of the proton case by the above procedure. The
agreement is strikingly good.

Equation (4) as it stands does not determine the sign
of the deviation. To arrive at this we should make
further assumptions on the way in which the real wave
function of the ground state is diBerent from that of
the SPM. A suggestion may be based on the following
consideration.

If the single particle approximation is valid, the bare
core of an odd nucleus A should resemble very much the
even nucleus A-1. We know that the ground state of an
even nucleus has angular momentum zero, positive
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Fro. 3. g factors of single nucleons as a function
of total angular momentum.

gs the excited state of the core is assumed to be formed
by equivalent nucleons, g, should be set equal to the
g factor of one of these nucleons. Figure 3 shows the
dependence of the g factor of a single nucleon on its
total angular momentum. An inspection of this graph
immediately shows that Eq. (5) will give the observed
direction of deviation from the Schmidt lines provided
the many-particles configurations are formed by com-
bining an l~2 odd nucleon with excited states of either
l'Wts pairs or with excited l"&ts pairs where l")1.(By
l~-,' particle we mean a particle in a state of total
angular momentum j and parity ( —1)»&, etc.)

It is evident that if one wants to explain the devia-
tions of magnetic moments from the Schmidt lines by
means of mixing single-particle states with many-
particle states, some sort of a selection rule should be
invented to take account of the fact that the experi-
mental points always lie between the Schmidt lines, and
the above restriction represents one possibility. It is
interesting to note, however, that this rule seems to
be quite reasonable when we inspect the detailed struc-
ture of the shells as proposed by Mayer' and by Jensen. s

In fact one may expect that the main contribution to the
deviation would come from the "last" pair of nucleons
added to the core. Very often this last pair is formed in
a state of high angular momentum (gs~s, h»~s, its~a, etc.)
making the situation in favor of the second alternative
of the above rule. One also Ands that in most of the cases
l& ~ states have l'W —,

' states as their neighbors, in which
case the 6rst alternative of the rule applies.

0
«0

-—S-0

y
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FIG. 2. Magnetic moments of odd-N nuclei plotted against
nuclear spin. Pull lines are the Schmidt limits; broken lines are
limits of the forbidden zone deduced from the corresponding
limits in Pig. 1.

parity, and that the first excited state nearly always has
angular momentum 2, positive parity, indicating that
it is very probably an excited state of a configuration
of an even number of equivalent nucleons from the
core. It is thus natural to assume that the single-particle
wave function of the ground state is mixed with
the wave function of that state in which the odd
nucleon combines with the Grst excited state of
the core. The fact that both the ground state as well as
the erst excited state of the core have the same parity
makes such a mixture possible.

Using the Lande formula (1a) for evaluating the

g factor of the state in which the core has angular
momentum j„and the total angular momentum J is
equal to that of the odd particle j, we obtain

j (j+1)
a=g —(c.—a ) .j.(j.+1)

s F. Bloch, Phys. Rev. 83, 839 (1951);A. de-Shant, Helv. Phys.
Acta 24, 296 (1951).

DISCUSSION

s Haxel, Jensen, and Sness, Phys. Rev. 75, 1766 (1949).

We have completely ignored the contribution of
(5) exchange currents to the observed magnetic moments.

This is certainly unjustified. It is, however, still
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questionable how important their contribution is. On
the one hand, the fact that the proton forbidden zone
has as its limits the Dirac lines strongly supports the
use of a quenching mechanism to explain the deviations
from the Schmidt lines, ' but the occurrence of a for-
bidden zone for the neutrons raises the question whether
this coincidence is not accidental.

It was once suggested that the direction of deviation
of the magnetic moments be explained by a mixture of
an /+ —', state with an /'W-,' one. This interpretation has
been rejected because of the diGerence in parity of
these two states. The present note somewhat revives
these ideas, the parity difFiculty being overcome by in-
volving pairs in the admixture. In this respect it is

H. Miyazawa, Prog. Theoret. Phys. 6, 801 (1951).

similar to the somewhat less explici;t work of Davidson.
Although some arguments were given in favor of our
rule for the formation of the many-particle cordigura-
tion stated above, this rule should still be considered as
somewhat arbitrary.

The case of nuclei with nuclear spin —,
' deserves special

mention. Only such a state of the core can acct its
magnetic moment which has a total angular momentum
1. States of that angular momentum are rather rare
among the known spectra of even-even nuclei and
probably need a comparatively higher energy to be
excited. There is, however, no indication of a better
agreement with the Schmidt limits for spin —, nuclei.
The question is thus left open.

J. P. Davidson, Phys. Rev. 85, 432 (1952).
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The extent to which multiple production of x-mesons takes
place in local sea-level penetrating showers was studied with a
counter controlled cloud chamber in a magnetic field. The rates
at which penetrating showers occur under carbon, aluminum, and
lead were determined and a search was made for them under liquid
hydrogen. In a total operating time of 626 hours with an average
thickness of 2.28 g/cm~ of liquid. hydrogen above the chamber, no
penetrating showers were found which could have originated in
the hydrogen. On the basis of the rates at which such showers occur
in heavier materials and the number of them formed in the material
of the Dewar while operating with hydrogen, one would have ex-
pected to detect a minimum of 6 showers from the hydrogen if the
cross section for the production of penetrating showers were the
geometric area of the nucleus (taken as 6X10 "cm' for hydrogen).
It can then be concluded that the majority of sea-level local
penetrating showers detected below heavy materials by an ap-
paratus of this kind can be attributed mainly to plural production.

From momentum measurements in the magnetic field, the
minimum value which can be assigned to the momentum of the
incident nucleons which causes the average penetrating shower
detected with this apparatus was estimated at 6 B ev/c. It follows
that the multiple production of charged mesons in a single nucleon-
proton collision at about 6 Bev probably does not occur in more
than 15 percent of the cases.

The ratios of the rates at which penetrating showers were
detected under C, Al, and Pb were proportional to the geometric
area of the nuclei within statistical limits.

An even, t found in the hydrogen which is very similar in ap-
pearance to the p-meson interaction first observed by Braddick
and Hensby is discussed. A photograph of a nuclear collision in
lead is described in which very little energy is transferred to the
lead nucleus although the incident particle has a momentum
estimated to be 40 Bev/c.

I. INTRODUCTION

M NE of the more direct ways to study high energy
nuclear interactions of fundamental particles is

by means of cloud-chamber observations on local
penetrating showers. There have been many cloud-
chamber studies of these events at various altitudes and
issuing from a wide variety of materials. ' " At sea
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5 J. R. Green, Phys. Rev. 80, 832 (1950).' A. J. Hartsler, Phys. Rev. 82, 359 (1951).
7 M. Gottlieb, Phys. Rev. 82, 349 (1951).

'level, practically all such showers are believed to be
caused by the collision of very high energy nucleons
with atomic nuclei. "The resulting penetrating showers
have a complex character in general which Janossy
suggested is due to successive collisions in the same
nucleus (so-called plural production of mesons). rs A
large positive excess among the penetrating particles in
local sea-level penetrating showers has been estab-
lished "which is interpreted to indicate the presence

e K. H. Barker and C. C. Butler, Proc. Phys. Soc. (London)
A64, 4 (1951).

~ W. W. Brown and A. S. McKay, Phys. Rev. 77, 342 (1950).' Froehlich, Harth, and Sitte, Phys. Rev. 87, 504 (1952).
"Walker, Duller, and Sorrels, Phys. Rev. 86, 865 (1952).~ G. D. Rochester, Proc. Roy, Soc. (London) .A187, 464 (1946).
'3 L. Janossy, Phys. Rev. 64, 345 (1943).
re Butler, Rosser, and Barker, Proc. Phys. Soc. (London) A63,

145 (1950).


