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Radiation by Electrons in Large Orbits*
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By finding the points in the synchrotron magnetic cycle at whic t g
er or it revo ution is measured. The results, for electron

t h b t ddto318M 'h p y o"-ev wit reduced recision b
ing vo age is removed. No coherent ener 1

losses other than radiation have been observe"
ergy osses and no significant energy

I

I. INTRODUCTION

A N electron moving in a large orbit radiates energy
at a rate

P = 3 (e'/p) coo (E/'mc')' (1)

according to classical electromagnetic theory. ' ' Here
is the instantaneous power in ergs/sec, e the elec-

ronic charge in esu, p the instantaneous radius of
curvature in cm, coo the angular velocity, and E and mc'

energy, re-are t e electron's total energy and rest ener
spectively. For an electron moving with angular ve-
ocity coo in an orbit of constant radius this power can
e conveniently expressed as electron volts er

revolution:
n vo s per

P= 7168'p' ev/rev, (2)

where 8 is measured in webers/m' and p in meters. If
8 is measured in gauss and p in cm the right side of Eq.
(2) must be divided by 10".

The frequency distribution of this radiation has been
calculated by Schwinger. ' The energy is radiated at
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hi hh'g harmonics of the revolution frequency and much
o it ies in the optical range for electron energies of a
few hundred Mev. The existence of this optical radia-
tion is well known4 to experimenters with large syn-
c rotrons and betatrons. In the Cornell synchrotron,
or example, some of this light is directed on to a photo-

multiplier whose output signal is used as a tuning
in ication.

Recently a quantum-mechanical calculation' of the
ra iation frequency distribution showed results at
variance with Schwinger's classical distribution and
indicated a radiated power markedly below the classical
value. Since the fourth power energy dependence of
this radiation represents a major barrier in the con-
struction of circular electron accelerators in the Bev
range, it is of considerable practical importance to
know which result is correct. Measurem tmen s previous y
reported' showed that the classical value of total radi-
ated power is the correct one. The work reported here,
which is an extension and refinement of that previously
reported, shows even better agreement with the classical
result. In the meantime the faults of the quantum-
mechanical calculation have been pointed out. ' '

II. PRINCIPLE OF THE MEASUREMENT

The magnetic field in the Cornell synchrotron varies
with time in an approximately sinusoidal fashion at a
frequency of 30 cycles per second. The field has a radial

ependence given by 8=8o(po/p), where the nominal
value o e is —', . For the total energy of an electron
moving with a radius of curvature p in a magnetic

in gauss cm. This equation is good to better than one
part in 10' for a 200-Mev electron. If we allow both
80 and p to vary with time, we have

~/E= (1 ~)p/p+8o/8o, (3)

where the dots indicate differentiation with respect to
time. If the magnetic field has a general radial de-

4 Elder, Langmuir, and Pollock, Phys. Rev. 74, 52 (1948).
G. Parzen, Phys. Rev. 84, 235 (1951).' D. Corson, Phys. Rev. 86, 1052 (1952).

(1952)
' Judd, Lepore, Ruderman, and Wold Phy R 86, 123ys. ev.

H. Olsen and H. Wergeland, Phys. Rev. 86, 123 (1952).' L. I. Schiff, reference 3.
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pendence B=Bof(p) the factor (1—I) in Eq. (3) must
be replaced by (1+Lpf'(p)/f(p)]), where the prime
indicates diGerentiation with respect to p.

In Eq. (3) E is the net rate of change of energy and
is the sum of various contributing terms. %e have

E=Erf +Ep+ Ksd+ Eop (4)

where E,& is the rate at which energy is supplied by the
radiofrequency accelerating field, Ep is the rate at
which energy is supplied through the betatron effect
by virtue of the changing magnetic Qux within the
orbit, E„zis the rate at which energy is lost through
radiation and Eo is the rate at which energy is lost
through any other mechanism which may exist, as,
for example, through image currents in the conducting
walls of the vacuum chamber. If the various electrons
in a.bunch radiate coherently, the radiation energy loss
per electron per revolution will depend on the number
of electrons in the bunch;

In all the measurements reported here the electrons
are accelerated to an energy E and then the radio-
frequency accelerating voltage is removed, so that
E,q=0. Es is measurable (see Sec. III C), so that the
result of the experiment is a determination of E„q+Eo
These two terms can be separated by measuring at
different electron energies and finding the part of the
total energy loss rate which has a fourth power energy
dependence. Eo turns out to be no more than one or two
percent at most of the total energy loss at any of the
energies measured here.

It is convenient to express Ep/E as a fraction k of the
quantity Bo/Bo If k were eq. ual to unity, and neglecting
any energy losses, the acceleration would be entirely by
betatron action, k is the ratio of Qux within the orbit
to the Qux necessary to satisfy the betatron condition.
For the parts of the magnetic cycle where the magnetic
shunts, which provide the initial betatron acceleration,
have saturated, k is measured to have a constant value
of 0.192&0.002.

Expressing Ep/E in this fashion we have

( „Eg +E)/oE= (1—e)p/p+(1 —k)BO/Bo, (5)

for the case where E,q
——0. The most straightforward

way to use Eq. (5) to measure E„q+E0is to find the
point on the back side of the magnetic cycle, i.e., where
the field has passed maximum intensity and is de-

creasing, where p=0 when the radiofrequency field is
removed. At this point in the cycle the electrons are
losing energy by radiation and by inverse betatron effect
to the magnetic field, but the field is falling at a rate
which keeps the orbit radius fixed. If the radiofre-
quency accelerating field is removed earlier in the cycle
the orbit shrinks, if later the orbit expands. If k, Bo,
Bo, and p are known, E, q+Eo can be calculated. p is
best known from the frequency a)p/2m of the radiofre-
quency accelerating field, so that Eq. (5), in terms of
energy loss measured in electron volts per revolution,
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FIG. 2. Modulated signal from photomultiplier. At left, modu-
lation produced by rf pick-up shows where rf is turned off. Light
spot moving over grid produces seven half-cycles in photomulti-
plier output before beam is intercepted by synchrotron target.
Average signal level changes because eGect of limiting apertures
depends on orbit radius.

may be written as

300(1—e)Bop (1—k)9X10"BD
hE= + ev/rev. (6)

((oo/2') 2m-((oo/2')'

If the excitation of the magnet is changed and the new
p=0 point determined, hE can be found for a new
electron energy.

III. MEASUREMENTS

A. Determination of j=0 points

The primary method used in finding the p= 0 points
is illustrated in Fig. 1. As a bunch of electrons moves
around the orbit, the narrow cone of light (half-angle

mc'/E) sweeps across a lens. The lens brings the
light to an approximate point focus on a grid placed
over an electron multiplier tube (1P21). As the orbit
shrinks, after the accelerating field has been removed,
the focal spot moves across the grid, which is alter-
nately transparent and opaque, modulating the multi-
plier output. As the radiofrequency turn-oA time is
advanced to later points in the magnetic cycle, a point
is reached where the orbit shrinks for a short time
and then expands. In this case the modulated multi-
plier pattern is doubl" -one pattern as the orbit shrinks
and a repeat pattern as it expands. The mid-point of
this double pattern, corresponding to p=0, can be de-
termined with a probable error of about &0.1' of the
magnetic cycle. An example of a single modulated
output pattern is shown in Fig. 2.

The p=0 point can also be found, as indicated in
Fig. 3, by observing the x-rays produced when the
electrons strike a target. As long as the accelerating
field is applied the orbit radius is constant. If it is
turned oG near the peak of the magnetic cycle the beam
spirals in, as at (a) in Fig. 3, and strikes the synchrotron
target at p=p& producing x-rays at t=t . There is a
point in the magnetic cycle where the orbit will first
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Fio. 3. Illustration of x-ray production time dependence on rf
turn-off time. X-rays appear at a minimum time when orbit
radius is in equilibrium when the rf is removed.
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contract and then expand, as at (b) in Pig. 3. In this
case the x-rays appear at t= t& when the electrons strike
the electron injection gun at p=p2. As the radiofre-
quency turn-oR time is advanced still further, as in (c)
Fig. 3, the x-rays appear at t= t, which is earlier than
t&. There is an earliest time for x-rays to appear, corre-
sponding to the case where the orbit neither shrinks nor
expands when the accelerating field is 6rst removed. "
The radiofrequency turn-off time in this case is the
p=0 time.

B. Measurement of 8p and Bp

Bp and Bp are measured with the aid of an annular
loop of wire 6xed in the gap of the synchrotron magnet

TABLE I. Determination of the constant k= (EpBp/EBp) from
measurements of the emf Vp induced in a single loop of wire at
the orbit radius and from the rate of change of magnetic field at
the orbit, at various points in the magnetic cycle.

20.0'
30.0'
40.0'
50.0'
60.0'
70.0'
80.0'

Vp (volts}

249
232
208
176
139
97.5
51.4

Bp (g/sec)(10 6}

2.00
1.89
1.69
1.45
1.15
0.795
0.412

0.195
0.193
0.192
0.190
0.188
0.192
0.195

and centered on the orbit. This loop is part of the cor-
rection coil system regularly employed in the operation
of the machine. The output voltage from this loop is
proportional to Bp in the magnet gap at every instant.
The wave form of this voltage, shown in Fig. 4, is
precisely determined in the manner indicated below.
Since the area of the loop is unknown, Bp cannot be
determined directly. Instead the wave form is inte-
grated numerically, and the integral set equal to the
known peak magnetic field. This determines the scale
on the Bp es time wave form. The peak magnetic field
has been determined in two ways: by measuring the
spectrum of electron pairs from the bremsstrahlung
x-ray spectrum in a pair spectrometer which has been
absolutely calibrated, " and by measuring the peak
magnetic field at various azimuths around the magnet
with a small coil which rotates synchronously with the
alternating magnetic 6eM. The rotating coil is cali-
brated in a dc magnet by comparison with the proton
magnetic moment resonance.

In plotting the Bp es time wave form it is essential
that the time base be strictly linear; otherwise the in-
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Fxe. 4. Wave forms for rate of change of magnet field and
for betatron effect in volts/rev.

' This phenomenon was called to my attention by Dr. Morton
Camac.

tegration will not establish the proper Bp scale. Linearity
has been insured here by providing a timing circuit
which divides the magnetic cycle into 0.1 degree in-
tervals. This is accomplished by subdividing a 108-kc
oscillator frequency by a factor of 3600 to produce
30-cycle pulses, which are held in time coincidence with
the 30-cycle "peaking strip" pulses from the magnet by
a time discriminator —automatic frequency control cir-
cuit. The 108-kc frequency and its various submultiples
then provide 10', 1', and 0.1' marker pulses for timing
events throughout the magnetic cycle. By the use of
suitable gates, coincidence circuits, and delays, a con-
tinuously variable trigger pulse whose phase is known
to &0.1 degree is available.

The Bp wave form is recorded in comparison with a
dc potential difference in a null manner. The un-
grounded side of the annular coil is connected to one of
the vertical defI.ection plates of an oscilloscope. The
other vertical plate is connected to the variable tap of
a precision variable resistance which serves as a po-

W. DeWire (unpublished).
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tential divider across a battery, one side of which is
grounded. The precision timing marker is placed on the
horizontal deflection plates. The wave form is then
plotted out at closely spaced intervals throughout the
magnetic cycle by recording the variable tap position
when the timing mark is brought to the no-deRection
position on the scope.

Once the Bp es time curve is precisely determined,
Bo es time is obtained by integrating backwards (since
values near the top of the cycle are the ones of interest)
from the known peak magnetic 6eld.

In order to measure the radiation energy loss at dif-
ferent energies it is necessary to vary the magnet ex-
citation and measure the p= 0 point at several diferent
magnet currents. The peak magnetic field for each
magnet current must be measured, and this is done with
the rotating coil in a fixed position in the magnet gap.

C. Measurement of Betatron Voltage

The energy contributed per revolution by the chang-
ing fiux within the orbit is measured-with a single loop
of wire in the magnet gap at the orbit radius. The out-

TABLE II. Determination of the magnetic Geld radial de-
pendence exponent "n" from measurements of the orbit shrink
velocity at symmetrical points early and late relative to the peak
of the magnetic cycle.

4-
O
sc
CP

~lO
E

0
50 60 70 80 90 IOO I IO' 120

FIG. 5. Measured orbit shrink velocities when rf is turned off
at various magnetic cycle angles. Solid curves are calculated on
basis of classical radiation for measured and nominal values of
radial dependence exponent "n."

pz I' J. lBol
(cm/sec (cm/sec (g/sec Bo
+10 4) X10 4) )(10 o) (g)(10 4) n operating at its normal excitation (peak electron energy

of 318 Mev at the orbit for these measurements). To
extend the measurements to the peak energy, p and n
in Eq. (6) must be determined. p is measurable from the
modulation frequency of the photomultiplier output,
provided the change in orbit radius corresponding to
one modulation cycle is known. This has been cali-
brated by intercepting the electron beam with the
synchrotron target and measuring the number of modu-
lation cycles vs target position. The p determination is
somewhat uncertain because, as indicated in Fig. 1, the
azimuth in the orbit where the observed light is radi-
ated changes as the orbit shrinks, resulting in an
apparent slowing up of the orbit motion. Consequently

4.5 0 1,08 0.90 0.57
4.3 1.0 0.85 0.94 0.55
3.8 1.9 0.49 1.03 0.59
3.4 2.7 0.18 1.05 0.60

117.9'
111.6
102.0
94.5

62.1'
68.4
78.0
85.5

Average =0.58~0.02

put voltage from this loop is maximum at the beginning
of the magnetic cycle, as indicated in Fig. 4, when the
magnetic shunts are unsaturated. The peak voltage is
measured with a peak reading voltmeter. Amplitudes
relative to the peak are measured on an oscilloscope in
a null manner similar to that used for the Bp meas-
urements.

The factor k dered in Eq. (5) is given by

&p Bo 6.98X 10 'sUs(coo/2m)s
k=——.=

E Bp Bp

TABLE III. Electron energy loss in electron volts/revolution
determined from the magnetic cycle angle (8) corresponding to

(7) p=0 at several magnet excitations. Bo, Bo, and E refer to the
' p=0 point.

where Vp is the emf in volts induced in the loop at a
time when the magnetic 6eld is changing at a rate Bp
measured in gauss per second.

One may get a check on the Bp determinations by
measuring k at the beginning of the magnetic cycle.
Since the initial acceleration is by betatron action, k
must be unity. The measured value is 0.998.

D. Measurement of p

The highest energy which can be reached using the
p=0 points is about 280 Mev with the synchrotron

Imag

2550
2400
2300
2200
2100
2000
1900
1800
1700
1600

118.0'
115.4'
114.1'
112.2'
110.6'
108.9'
106.7'
105.4'
103.5'
101.3'

Bo
(gauss)

9320
9060
8790
8600
8350
8060
7790
7490
7200
6880

1.100
0.952
0.870
0.777
0.697
0.610
0.518
0.453
0.382
0.301

280
272
263
258
251
242
234
224
216
206

Bo R
(g/sec )(10 o) Mev ev/rev

567
491
448
400
359
315
267
234
197
155
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FIG. 6. Measured energy losses in ev/rev ss E'. The
straight line is the classical radiation calculation.

(1—n) =2(1—k)
~s ll~ lil—

where pz and p& are the orbit shrink rates at the sym-
metrical points early and late relative to the peak of the
magnetic cycle.

only the first few half-cycles of the modulation pattern
are useful, even though eight or ten complete cycles
have been observed. p may also be measured by ob-
serving x-ray production time vs target position. This
leads to somewhat uncertain results also, because the
electrons are spread out in orbit radius over a few
millimeters and it takes several microseconds for the
beam to sweep across the target. Consistent results
are obtained by measuring times corresponding to the
end of the x-ray pulse. Presumably the electrons which
arrive at the target last are those which are not ex-
ecuting oscillations about the equilibrium orbit, and
consequently are those which give a correct indication
of the equilibrium orbit motion.

E. Measurement of "n"
"n" may be determined directly by observing the

orbit shrink rates at symmetrical points about the
peak of the magnetic cycle. In Eq. (5) one sees that
E/E must be the same at the two points and Bs/Bs is
the same in absolute value but is positive at the early
point and negative at the late point. Equating E/E at
the two points we have

The results of the measurements to determine "k"
from Eq. (7) using the measured synchrotron frequency
of 47.3 Mc/sec are shown in Table I.

The numbers used to determine "e" are shown in
Table II.

Figure 5 shows a plot of orbit shrink velocity es
magnetic cycle angle. The solid curve represents the
calculated velocity dependence for an "e" of 0.58 and
the measured Bp and Bp values, assuming that the only
energy loss mechanism is by radiation according to
classical theory.

The most precise results are those from the p=0 de-
terminations. These data are tabulated in Table III
and plotted in Fig. 6. The straight line in Fig. 6 repre-
sents the classical radiation loss. In these measurements,
the angle corresponding to p=0 is determined with a
probable uncertainty of ~0.1'. At any given angle, Bp
and Bp have an estimated probable uncertainty of 0.5
percent. The synchrotron frequency is known to 0.1
Mc/sec, so that the uncertainty from this source is
negligible. (1—0) is known to &0.3 percent. It should .

be noted that the primary method used to find the p=0
points results in a measurement of the corresponding
magnetic angle at an orbit radius smaller than the
equilibrium synchrotron orbit. One can show that
8(p=0) has a slight dependence on orbit radius, de-
pending on "e," but over the range of radii of interest
iN is no more than O.i'. Experimentally, no variation
at all can be observed. All results have accordingly been
reduced to the synchrotron equilibrium orbit radius.
Total energy loss rates are determined with an esti-
mated probable uncertainty of ~1 percent. Xo de-

pendence of energy loss per electron per revolution on
the number of electrons in the bunch has been ob-
servable, i.e., no coherent effects have been detected.

V. CONCLUSIONS

From the plot of Fig. 6 it is evident that nearly all

the energy loss is accounted for by the classical radiation
loss. The measured points lie slightly above the radia-
tion line, but perhaps not significantly so. The agree-
rnent with the classical theory is substantially better
than in the previously reported results. "The difference
lies in the more precise timing during the magnetic
cycle in these measurements.




