
LETTERS TO THE E D I TOR 715

inelastic collision cross sections are given, based on an estimate
of the eGect of multiple scattering. The accuracy of the integrated
elastic cross sections shown in the third column is about 6fteen
percent apart from the effects of multiple scattering. The estimate
of the inelastic collision cross section is, therefore, uncertain by
at least Bteen percent of the values given in the third column.

The observed angular distributions are in qualitative agree-
ment with results obtained with pile neutrons. '

Measurements on other elements are in progress, and Anal
results will be reported after the calculations of the corrections
are completed.

+ Work supported by the U. S. Atomic Energy Commission and the
Wisconsin Alumni Research Foundation.

f U. S. Atomic Energy Commission Predoctoral Fellow.' Feshbach, Porter, and Weisskopf, Phys. Rev. 87, 188 (1952) and private
communication.' H. H. Barschall, Phys. Rev. 86, 431 (1952).
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The Elastic Scattering of Pions in Deuterium*
K. A. BRUECKNER

Indiana University, Bloomington, Indiana
(Received April 2, 1953)

ECKNT experiments by Arase, Goldhaber, and Goldhaber'
on the elastic scattering of pions in deuterium have shown a

considerable discrepancy with the results of a straightforward
application2 of the impulse approximation'- to the problem. It is
the purpose of this note to show that inclusion of the eBects of
the multiple scattering of the mesons by the two nucleons in the
deuteron leads to a considerable improvement of the agreement of
experiment. with theory. The method used has been developed in
a recent paper4 (to be referred to as I) by the author and there
applied to the evaluation of the total cross section. The results ob-
tained can be easily extended to the determination of the elastic
cross section.

The approximations made in I were (a) the usual impulse
approximation of neglecting both the binding effects in the deu-
teron on the scattering matrices and the oE-the-energy-shell de-
penderice of the scattering matrices; (b) the adiabatic approxima-
tion for the treatment of the nucleon motion, i.e., treating the
nucleons as very heavy. ' It was not necessary, however, to make
the additional approximation of neglecting the rescattering of the
outgoing meson waves from one nucleon by the other nucleon
in the deuteron. The coupled algebraic equations obtained could
be solved exactly by straightforward methods to give the cross
sections. The result for the total cross section for m+ mesons on
deuterons was

0k,c i=4' Imj fR(0) ~go(R) ~'dR
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FIG. 1. Elastic P-wave scattering of pions by deuterons at 140 Mev for
a phase shift of 45'. The solid curve gives the impulse approximation
neglecting multiple scattering; the dashed curve includes the effects of
multiple scattering, The curves are in the center-of-m~ss system for the
meson and one nucleon. Note the change in scale at do/des =20 mb/steradian.

The differential cross sections calculated from Eqs. (2) and (3)
are given in Figs. 1 and 2, together with the result obtained if the
multiple scattering is neglected. In evaluating the integrals over
the deuteron wave function, the Hulthen wave function has been
used. The cases given are for phase shifts of 45 degrees at 140
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The elastic cross section is given by'
2
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' = ffrr(~)IAD(~)l'dR (2)
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FIG. 2. Elastic scattering at 200 Mev for a phase shift of 90'. The

notation is the same as in Fig. 1.. Note the change in scale at do/des =15
mb/steradian.

In both of these results fz(0) is the scattered amplitude into the
isotopic spin singlet state with the two nucleons at a separation
R. In I, fg(8) was evaluated for P-wave scattering with isotopic
spin dependence; for scattering in the isotopic spin state 3/2
state alone, which is a quite good approximation to the experi-
mental results for scattering on free nucleons, fz(8) is given by

2Q,
(g) cosg[&i(ko—k) ~ lr+ &i(kp+k) ~

iranb2f2

+ L'bgLb(j+I) '~"' "~"—jl+b fi) ~ ~+"jt'
R

+a term in which R is replaced by —R, (3)
where b=e's sing, f= (1/x)(d/x) (e"/x), g=xdf/dx, h= f+g, and
x=R/X. The neglect of multiple scattering is equivalent to the
retention of terms linear in b only.
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Mev and 90 degrees at 200 Mev„' the former gives approximately
the correct total cross sections for m+, m-—,and charge exchange
scattering, and roughly the correct angular distribution for m.+

scattering on protons. The actual scattering is of course spin de-
pendent and also includes strong even wave interference so that
these results can serve only to illustrate the effects of the multiple

scattering.
It is clear from Figs. 1 and 2 that a very marked departure from

the impulse approximation results if multiple scattering is in-
cluded. This is particularly apparent for phase shifts as large as
90 degrees for which the backward elastic scattering is almost
entirely eliminated. These results reQect the strong depression of
the scattering which sets in when the two scatterers are at dis-
tances less than roughly twice the scattering length, the e8ect
when the phase shifts are large being particularly marked for
large momentum transfers (large angle scatterings) where the
small distance contributions to the cross section are especially
important.

It is possible to conclude from these results that the elastic
scattering is probably considerably overestimated by the usuai
impulse approximation and that the angular distribution is also
given incorrectly when the phase shifts are large, with strong
interference effects reducing the backward scattering. Both of
these conclusions are in qualitative agreement with experiment. '
It is quite possible that the cross sections may be further altered
by additional sects such as scatterings which do not conserve
energy and the nonadiabatic motion of the nucleons. The correct
treatment, of these, however, is quite difFicult since coupled in-
tegral equations are encountered' and in addition knowledge of
the scattering matrices off the energy shell is required. It is ex-
pected that a more detailed treatment of these points will be con-
tained in future papers.

The author is indebted to Dr. Arase, Dr. G. Goldhaber, and Dr.
S. Goldhaber for information on their experimental results in ad-
vance of publication and to Dr. T. Green for information on his
theoretical interpretation.

+ This work was supported by a grant from the National Science
Foundation.

1Arase, Goldhaber, and Goldhaber, Phys. Rev. 90, 160 (1953).' Fernbach, Green, and Watson, Phys. Rev. 82, 980 (1951).
3 G. F. Chew, Phys. Rev. 80, 196 (1950); G, F. Chew and G. C. Wick,

Phys. Rev. 8S, 636 (1952).
4 K. A. Brueckner, Phys. Rev. 89, 834 (1953),
g The validity of this approximation is discussed in some detail in

reference 2.
6 Compare, for example, reference 2.
7 Anderson, Fermi; Nagle, and Vodh, Phys. Rev. 86, 793 (1952).
g A related problem is discussed in the Appendix of the article by K. A,

Brueckner and K. M. Watson, Phys. Rev. 90, 699 (1953).

High Energy Nuclear Interactions in Lead and
Light Elements*

M. F. KAPLQN, D. M. RITsoN, AND W. D. WALKER
Vnf'fjersf'ty of Rochester, Rochester, ¹3j York

(Received April 3, 1953)

'N order to extend previous measurements' on nuclear inter-
actions in the energy region 10"—10" ev, an emulsion cloud

chamber consisting of a "block" of emulsion 6 in. &4 in. &2 in.
placed on top of an emulsion cloud chamber of 25 alternate 3-mm
lead plates and 250-micron G-5 emulsion was Gown for six hours
at White Sands. The "block" of emulsion consisted of 92 G-5
stripped emulsions, 6 in. &4 in. )&400@, which were separated after
Qight and processed by the NRL technique' (emulsions attached
to glass backing prior to development).

Figure 1 shows the results for interactions observed starting in
the lead. The multiplicity observed on the plate directly below
the lead absorber in which the interaction occurred is plotted
against the distance back to the point of interaction. The line of
the graph which appears to represent the data is calculated assum-
ing an initial production of 20 charged particles and ten neutral m

mesons decaying into two photons with a laboratory lifetime less
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FrG. 1. Apparent multiplicity of showers vs distance in lead.

TABLE I, High energy stars in emulsion.

No. of evaporation prongs
NI

0
2

6
15
. 1

7

Secondary interaction

No. of shower particles
Na

10
16
19
12
15
16
15'
18b

15

See reference 9.
b See reference 10.

than 3X10 " sec.' (For 3X10 "sec& the mean decay distance of
0.9 mm is short compared to the radiation conversion length in
lead. ) The calculated line seems to fit the data well and accord-
ingly in the majority of showers the initial multiplicity of charged
particles would appear to be about 20. The median energy of this
group of interactions was about 2&10" ev as estimated from the
median angle of the shower particles.

Seven primary interactions were found in emulsion. Table I' ' .

gives the value of E„the number of minimum ionizing particles,
and Xz, the number of gray plus black prongs, occurring in the
interaction. The median energy for this group was ~10I3 ev. The
multiplicity appears to be independent. of Et, with an average
value of about 16; If the interaction cross section for primaries of
these energies is geometric, approximately half the collisions in
emulsion would occur in Ag or Br and the rest in C, N, O, and H.
Though the division of interactions on the basis of the number of
star prongs is not certain, it seems likely that the cases with lV& ——0
occur in light elements, and the case with Ey, = 15-must have arisen
from an interaction in an Ag or Br nucleus. If the dividing line
between the light and heavy elements is taken to be EA =4 or 5,
then our data are consistent with half the interactions occurring in
ight elements and half in heavy elements. It is seen that the

mean number of shower particles for interactions with EI,&4 and
SI,&4 is 16 for both cases.

If we now utilize previous results' and correct for the differences
in median energies on the assumption that the multiplicity varies
as E&, we can compare multiplicities of shower particles in various
elements for primary energies of ~5&10"ev. For lead the multi-
plicity is ~24, brass~18, Ag and Br~14, and light elements~14.
It would appear that the multiplicity in this energy region is al-
most independent of the target nucleus. There have been cases
found in which the multiplicity of shower particles is much
higher than those considered above. '


