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A covariant description is given of the properties, relative to an
arbitrary secondary frame, of an element of anisotropic continuum
composed of a single chemical species. These properties are
measured by an observer in a primary reference frame relative to
which the motion of the secondary frame is constant. This is a
generalization of an earlier formalism in which the secondary
frame coincided with the rest frame of the element. The equation
of continuity of mass in the classical sense is formulated, and
Gauss’ theorem for transformation of volume integrals of space
divergences into surface integrals is stated for the secondary
reference frame. If the equation of motion relative to the secondary

frame is assumed given by the statement that the divergence in-

the secondary frame of the energy-momentum tensor vanishes,
then the equation for the first law of thermodynamics, the equa-
tion of continuity of energy, the dynamical equations of motion
including the force equation and the kinetic energy equation, and
the equation of continuity of momentum result; each equation
is formulated for motion of an element of continuum relative to
an arbitrary secondary frame as measured by a primary observer.
The divergence in the secondary frame of the entropy tensor is

assumed to be a time vector whose projection upon the four-
vector velocity of the element relative to the primary frame is
non-negative; this is shown to imply the second law of thermo-
dynamics relative to the secondary frame, and, in the reversible
case, an equation of continuity of entropy. The equation defining
the reversible stress in the element of continuum is introduced.
The chemical potential function which appears in this equation
has the properties of the specific Helmholtz free energy in the
thermodynamic consequences of this equation and the properties
of the specific Gibbs free energy in the dynamical consequences,
a circumstance which obviates the necessity of formulating a
Gibbs free energy for anisotropic media. The conditions for rever-
sibility of a process in the continuum are found to be independent
of the secondary reference frame chosen for description of the

" process. Finally, a covariant theory of transport processes is

given for a one-component, anisotropic medium. It is shown that
in the theory of diffusion and thermal conduction the motion of
every element of the continuum must satisfy a special transport
condition relative to a secondary frame; in the theory of viscosity
this condition need not be met.

A. MATHEMATICAL FORMALI"SM

N a preceding paper,! a formalism was developed for
resolving four-dimensional tensors into space and
time components by means of the unit space tensor 8,,
and unit time vector #,. We consider the case of two
reference frames, one attached momentarily to the
physical system whose properties are to be measured,
the rest frame, and the other a frame relative to which
the rest frame has a four-velocity #,=c#,, where ¢ is
the speed of light. We call the latter frame a primary
frame. Any four-vector whose components in the rest
frame are P,° will have conponents in the primary

frame,
P,=L, PO 1)

L,, is the general Lorentz transformation.
The transformation L,, may be expressed as

LM =4 xml;wA rvo- (2)

If the velocity in space of the rest frame relative to the
primary frame is represented by the three-vector v,
then the matrices on the right side of Eq. (2) have the
following meanings: 4.,° is an orthogonal space rotation
with Euler angles 6°, ¢° ¢° which transforms a coor-
dinate system in the rest frame whose Z° axis is parallel
to v into an arbitrarily oriented coordinate system in
the rest frame; A,, is a similar rotation with Euler
angles 8, ¢, Y which transforms a coordinate system in
the primary frame whose Z axis is parallel to v into an
arbitrarily oriented coordinate system in the primary

1 B. Leaf, Phys. Rev. 84, 345 (1951) (referred to in the following
as Paper I).

frame; /,, is a simple Lorentz transformation from a
coordinate system in the rest frame whose Z° axis is
parallel to v to a coordinate system in the primary
frame whose Z axis is parallel to v. Accordingly, L.,
transforms one arbitrarily oriented coordinate system
in the rest frame into another arbitrarily oriented
coordinate system in the primary frame.

In Paper I, we used the Hermitian matrix @,, of
Abraham and Becker in place of L,.. It may be ob-
tained as a special case of L,, by letting §=6°, p=¢"
¥=y0. However, a,, does not possess the group property
under conditions general enough for our purposes. In
fact, if a,,’ and a,.* represent successive transformations
associated with relative velocities v/ and v*, their
product cannot be written as a single transformation a,,
associated with a velocity v unless the velocities v/, v*
and v are parallel. The generality of a,, over the simple
Lorentz transformation /,, consists only in the fact that
whereas the direction of v/, v¥, and v in the former case
is unspecified, in the latter case it must coincide with the
common direction of the Z axes of the three reference
frames involved. In addition, in either case, as is well
known, the magnitude of v must be obtained from that
of v/ and v* by the Einstein addition law.

The requirement that the general Lorentz matrix Z,,
possess the group property imposes the following con-
ditions on the velocities: Let 8’ be the magnitude of
the velocity v’ of the first reference frame relative to a
second frame, 8* be the magnitude of the velocity v* of
the second frame relative to a third frame, and 8 be the
magnitude of the resultant velocity v of the first frame
relative to the third frame, all magnitudes measured in
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units of the speed of light. Then,

(1) B/(1—p")k= (8*+p"+26*B' cost,

—B*B" sin®fa)?/ (1—p*)(1—)%
Here 6. is the angle between v’ and v* as measured by
an observer in the second frame. If ,=0, this equation
reduces to the Einstein addition law. This relation is
the relativistic form of the trigonometric law of cosines,
to which it reduces for small velocities.

(2) sinfa(1—B%)%/B=sind, (1—B*)}/p%)}/*
= —sinf;(1—82)/8".

Here 6, is the angle between v and v’ as measured by
an observer in the first frame; 83 is the angle between v
and v* as measured by an observer in the third frame.
This relation is the relativistic form of the law of sines.

(3) We also have the relationships:
cosbly = cosf; cost;+-sinf; sinfs/ (1—p2)3,
sinfy/ (1 —B*2)¥= — cosf; sinfs;+sinf; coss/ (1—G2)3,
sinfs/ (1—B"2)}=cosf; sinf; — sinfs cosfy/ (1—B2)3,

which reduces for small velocities to well-known trigo-
nometric equations for 6;=0,+6;.

(4) As in the classical case, the vector v must be co-
planar with v/ and v*.

In Paper I the group property was not essentially
employed so that the results appearing there are not
significantly affected by the use of the Abraham and
Becker transformation @, in place of L,,. Only Egs.
(23) and (24) of Paper I depend on the particular trans-
formation matrix used, and must be modified for the
" general case. In the present paper we shall utilize the
group property in an essential way and will, therefore,
require L,,. The transformation L, is orthogonal but
not, in general, Hermitian. Its determinant equals
unity.

Let us return to the case of two reference frames, the
rest frame and the primary frame. Introducing the unit

vectors in the rest frame,

7,°=(1,0,0,0) j°=(0,1,0,0),
k=(0,0,1,0), 4,°=(0,0,0, 1),
into Eq. (1), we find their values in the primary frame,
#=Ly1, Jo=Les, ke=Lss, #,=iL,s.

Accordingly, #,=icL,4, and we find, on using the values

of L,4 given by Eq. (2), that

we=v:(1—22/c®)~ for k=1, 2, 3, and us=ic(1—v2/c%)~H.
©)

In terms of unit vectors, the Kronecker delta §,, and
the unit space tensor §,, become

661’ = Su‘r - 12.#2,—, SVT = ’i,’i.,-+ jarj"r‘" k—o'/k_p (4)

In Paper I, we defined the space component of a
vector P, as 6,-F; an the time component as — #,4,P,.
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Since

SarP'r:,ZdPlo"i_ jaP2O+IEUP30=LakPk0;
we see that the space component of P, is the value of -
(P4, PR, Py, 0) after Lorentz transformation; it is the
space component of P, relative to the rest frame as
measured by a primary observer. Similarly, since

— Ul Pr=— 10, P0= L,y P,

the time component of P, is the value of (0, 0, 0, P,)
after Lorentz transformation; it is the time component
of P, relative to the rest frame as measured by a
primary observer.

Let us consider some examples of space and time
components. If x, is the position vector of an element of
the physical system along its trajectory as measured
by a primary observer, then

Xo— ¥o (O) = Lvrx-ro = ioxlu"‘f— jzrx20+ ]5,,96‘30— 1:120.%‘40, (5)

where x,(0) is the initial position of the origin of the
coordinate system in the rest frame as measured by the
primary observer, and «,° is the position vector of the
element relative to a coordinate system in the rest
frame. The time component of x,—x,(0) is —id,x,0
=u,l"; the space component, Z,x%+ J,a0+ a0, It
may be observed that the whole trajectory is plotted
by the primary observer who uses a single coordinate
system in the primary frame, but not by the succession
of rest observers each of whom records only one position
of the element along the trajectory. The coordinate
systems which the rest observers employ need have no
relation to each other either in point of origin or in
orientation in space. Any vector having components
P, in such an arbitrary coordinate system of a rest
frame will have components P, as measured by a
primary observer when the -appropriate value of L,
is used in Eq. (1).

Despite the arbitrary variability of x,° along the
trajectory according to the rest observers’ choices of
origin and orientation of coordinate systems, the change
in x,° as the physical system moves relatively to any
one such coordinate system may be defined. This is the
change in position along the tangent at a point on the
trajectory as measured by a rest observer at that point
using a single coordinate system. Thus

da®=0 for k=1, 2, 3;

The corresponding change in dw, along the tangent,
measured by the primary observer, is obtained by dif-
ferentiating Eq. (5). We find

dxo=1,d0. (6)

dx®= icd°.

The “proper” time interval d£° is read on a clock fixed
in the rest frame. Since dxs=icdt, we see that

di=—ifydlP= (1—12/c2)~1dp. )

Consequently, du;=u,(1—v*/c?)¥ds for k=1, 2, 3. Com-
parison with Eq. (3) gives v,=dux;/d!. The time interval
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dt is measured as the difference in readings of two
synchronized clocks fixed in the primary frame, one at
the initial point, the other at the final point of the dis-
placement duxyi. Accordingly, df is an interval associated
with the trajectory.

The four-vector velocity #,=dx,/df’ is itself a time
vector since §,,4,=0. The space component of velocity
of an object relative to its own rest frame is zero when
measured by any primary observer. The four-vector
acceleration du,/dl° is a space vector, since #%,du,/di’=0.
The time component of acceleration of an object relative
to its own rest frame is zero when measured by any
primary observer.

The symbol 9, represents the gradient operator,
whose time and space components are — #,%,0, and
8:+0,. The factor u,0, in the time component is the
operator, d/di®=wu.9,. This operator was designated as
d/dr in Paper I, but we shall reserve this symbol for
a more general operator defined in Eq. (20) of which
this is a special case.

In Paper I, any symmetric, second-order tensor ¥,
was resolved as follows

. 1po7= - (1/62) (pruaur+qur+urQa)+¢0r; (8)
where the combinations of space and time components
for each tensor index are

¢0‘r = §tmg‘rv¢nv,
—1,Q0/¢*= 8o (— ﬂ_”ﬁ")‘hv’
- MUQT/ 62 = ﬁvﬁuarﬂl/}w,
prﬂaﬂ-r = (‘_‘ ﬂa’ﬂ“) (—‘ 12712,,)1//,“,,

Here, if we identify ¢,, as the energy-momentum
tensor, we find that Q, and ¢,, are the components of
heat flux and stress relative to the rest frame as meas-
ured by a primary observer, whereas x,, is the scalar
invariant energy density relative to the rest frame,
(i.e., nonkinetic energy) which will appear the same to
any primary observer.

In all the resolutions of vectors and tensors into
space and time components which we have performed
up to this point, we have in every case obtained the
components. relative to the rest frame as measured by
the primary observer. But in many physical experi-
ments the primary observer does not measure the
properties of an element of continuum relative to the
rest frame of the element, but relative to some other
arbitrary frame. We call such a frame a secondary frame.
Let the secondary frame have a three-vector velocity v*
relative to the primary frame as measured by a primary
observer; and let the rest frame have a three-vector
velocity v’ relative to the secondary frame as measured
by a secondary observer. Then, subject to the condi-
tions stated previously on the magnitude and direction
of the resultant velocity v of the rest frame relative to
the primary frame, we may write the group property
of the Lorentz transformation L, of Eq. (2) as

Lar = va*Lpr’- . (9)
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The transformation P,'=L,’P,° gives the values P,
of measurements made upon the rest frame by a
secondary observer and P,= L,,*P,’ gives the values P,
of measurements made upon the rest frame by a
primary observer. Also '

PF=L,*P° (10)

gives the values P,* of measurements made by the
primary observer upon physical systems at rest in the
secondary frame. Introducing the unit vectors in the
secondary frame, 7%, 7,°, k0, 4,°, into Eq. (10) we
find their values in the primary frame, 7,*=L,*,
Jo¥=Lyo*, ks*= Lys*, 6,*=1iL,4*. The four-vector veloc-
ities #,” and u,* are related to the corresponding three-
vector velocities v/ and v* by equations similar to Eq.
(3). We may now write the Kronecker delta §,, and a
unit relative space tensor §,,* as

Bor=Bor* — ¥, Bor* =124 ¥ j 4 E*h,*,  (11)
and define the relative space component of P, as &,,*P,
and the relative time component as —#,*4,*P,. We

readily find that
80r*Pr=1,*Py + J* Py + k* Py = Lp* Py,
- 'ﬂo'*'lzr*Pr = illza*Plil = L<74*P4I-

Thus §,.*P, is the value of the space component,
(P, Py, Py, 0), relative to the secondary frame as
measured by a primary observer, and —#,*4,*P, is
the time component, (0,0, 0, P,), relative to the
secondary frame as measured by the primary observer.
If the secondary frame and the momentary rest frame
are at rest relative to each other, then we revert to the
case considered previously, with §&,*P,= 8.+P, and

— 4,4, *P,= — #,4.P,. On the other hand, if the
secondary frame is at rest relative to the primary frame,
then the primary observer is measuring the properties
of the physical system relative to his own coordinate
system in the primary frame. In this case, L,,* becomes
a mere space rotation in the primary frame, so that

3o*Py=(Py, Py, P3,0), —a*4,*P,=(0,0,0, P,).

For example, let P,=u,, the velocity vector. Then
the relative space component, §,,*u,, equals zero when
the secondary frame coincides with the rest frame, but
it equals (#1, 22, #3, 0) when the secondary frame coin-
cides with the primary. At the same time, the relative
time component, — #,*4,*u,, equals %, in the first case,
and (0, 0, 0, #4) in the latter.

We now define the four-vector v,

Ve =1t,/ (— B, 4,%). (12)

The invariant quantity —4,4,* will appear frequently
in the following and will be represented by %’. We find

b =— 1:’124/ = L44, = (1 _,3’2)-—*.

The relative space component of v, is &, *0,= Loa*v/,
which when measured by a secondary observer is equal
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to (v, v/, v5’, 0) in which the three space components
constitute the three-vector velocity v’ of the rest frame
relative to the secondary frame. The relative time com-
ponent of v, is —#,*%,*v, =u,*, which when measured
measured by a secondary observer is equal to (0,0, 0,ic).
The vector v, differs quantitatively from #, only by the
factor 1/k. But a fundamental qualitative difference
appears between them. In the case of %, it will be noted
that #,” is the value measured by a secondary observer
of the vector #,°= (0, 0, 0, ic) associated with the rest
frame. But in the case of v, there is no property of the
rest frame which when measured by the secondary ob-
server yields v,/=
observer, therefore, measures v,= L,,*v,” he is measuring
a property of the secondary frame, This is particularly
evident in the expression for the relative time com-
ponent of v,, — 4, *%,*v, =u,*.

We conclude this section with a result which we shall
find very useful. If 4, is a space vector and B, a time
vector, then

(55,*4,) (8,*B,)+ (— d,*4,*A,) (— 2,*4,*B,) =0,
so that
A, i,*=35,,%4,B,/B. 4%
or _
A = — 5,54 0. (13)

B. EQUATION OF CONTINUITY AND GAUSS’
THEOREM

The secondary frames used in physical experiments
have certain special properties which we now formulate.
While the velocity #, of the rest frame relative to the
primary may vary in space because of the differing
velocities of the various elements of the physical system
relative to the primary, and may vary in time because
of the acceleration of ‘these elements, this is not the
case for a secondary frame. The velocity #,* of the
secondary frame relative to the primary must have the
same value throughout space; that is, the secondary
frame is a rigid reference frame. A necessary condition
for the uniformity in space of ,* is §,,*9,*u,*=0. We
shall require also that the secondary frame be unac-
celerated, so that #,%9,*u,*=0. These two conditions
imply. that

3, ¥u,*=0 and

3,*5,*=0. (14)

The gradient operator d,* indicates partial differentia-
tion with respect to x,*.

A formalism was presented in Paper I according to
which the basic equations of dynamics and thermo-
dynamics for an element of continuum appear, respec-
tively, as space and time components of the same tensor
relationships. However, the space and time components
were in every case the values relative to the rest frame
of the element. We shall now reformulate these equa-
tions in order to obtain the laws of dynamics and
thermodynamics for an element relative to a secondary
frame.

v1’, v, 03, ic). When the primary |
p
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Consider first the equation of continuity of mass.
This equation was stated in Paper I as d,pu,=0, where
p is the scalar invariant density of rest mass per unit
volume in the rest frame. We now consider instead, the
equation,

35*ptty=0. (15)

We shall see that this equation describes conservation
of rest mass in motion relative to the secondary frame
as measured by any primary observer. It includes the
earlier formulation as a special case when the secondary
frame coincides with the rest frame.

Resolving the vectors #, and 9,* in Eq. (15) into
relative space and time components and using Eq. (14),
we find that

— A" 0,*9,* (— 4% 8, pu,) = — 5,,‘*6,,* (Sw*PMV);

or
Apk!/d7* = — 8,8, *put, (16)
where we have written
3/97* =u*o,*. 17

Comparison with the operator #,0,=d/d® shows that
9/97* gives the rate of change with respect to time
as read on a clock fixed in the secondary frame. Evi-
dently, u,9, and #,*d,* are the same invariant operator
according to the primary observer, which implies that
the rate of flow of time is the same in every reference
frame when measured by a clock at rest in that frame.
From Eq. (15) we also obtain

4s05%p=—p0,*ts. (18)
The left side of this equation can be written as
4,0, p= k' (8p/ d7*+ 85, *v,0,%p).
It is evident that the operator,
d/dr*=98/97%+ 50,*0,0,* =1,9,*, (19)

is the usual hydrodynamic “mobile” time differentiation
operator which follows the motion of the physical
element relative to the secondary frame. We now define
the operator,

d/dr=u,0,*=k'd/dr*. (20)

This definition supersedes that given in Paper I where
d/dr was identified with d/d#®=u,d., and includes it as
a special case when the secondary frame c01nc1des with
the momentary rest frame.

It is important to understand the four operators,
d/dr*, d/dr, d/dt', and d/di*. We shall see that the two
latter ones are special cases of the two former. Writing

2,0,%=12,/9,9= lim Ax,’8,°/At,
At =0

:0.¥=1,'9,9= lim Ax,’d,%/ AR,
A0 =0

we find that d/d* expresses rate of change relative to
the secondary frame along the trajectory per unit of
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time interval A#'; and d/dr, rate of change relative to
the secondary frame along the trajectory per unit of
time interval A#. The proper time interval AL is read
on a clock fixed in the rest frame, whereas A=k Al
is the difference in readings of two synchronized clocks
fixed in the secondary frame, one having the same posi-
tion as the rest clock at the beginning at A#; the other,
the same position as the rest clock at the end of AZL.
We may write similarly

d/dt'= lim Ax,29,°/Al;
At =0

d/dP= lim Ax,23,°/AL.

At0 =0

Accordingly, d/dt’ gives rate of change relative to the

rest frame along the trajectory per unit of A¢’; and d/d2°,
rate of change relative to the rest frame along the tra-
jectory per unit of A®. Obviously d/d+* and d/dr reduce
to d/dt and d/dP, respectively, in the special case that
the secondary frame coincides with the rest frame.

The rate of dilatation of an element of continuum as
it moves relatively to the secondary frame is
—d Inpk’/dr* which, according to Eqs. (16) and (19),
equals 8,.*d,*v,. The quantity pk’ is the density of rest
mass per unit volume fixed on the secondary frame.
The factor &’ appears because of the Lorentz contraction
of volume in motion relative to the observer. If pk’
is constant, then the dilatation rate vanishes, and
85.%9,%v,=0. However, this does not describe the case
of an incompressible material. For this case, p is con-
stant which, according to Eq. (18), requires d,*u,=0;
dilatation occurs at the rate —d Ink’/dr*.

Volume integrals of space divergences of the form
8,.%9,*P, may be transformed by Gauss’ theorem into
integrals over the surface enclosing the volume. In
covariant form, Gauss’ theorem is

Gor0P) (—itav)= [ Pant, D)
' =

V*

where dn,*=§,.*dn,* is a space vector having the direc-
tion of the normal drawn outwardly to the boundary
surface Z* and magnitude equal to an element of area
of =* The invariance of —i4,*dV* follows according
to the argument given in Paper I, Eq. (72); it represents
the differential volume of a region at rest in the second-
ary frame. The conditions of Eq. (14) upon the second-
ary frame are essential for this formulation; for this
reason, the theorem is not applicable to an integral of
a space divergence §,,0,P, in the rest frame.

Forming the volume integral of Eq. (16) over a region
fixed in the secondary frame and applying Gauss’
theorem, we have

dm/dr*=— f pE'v,dn,*, (22)

where m= fpk'(—i#*)dV*. Equation (22) is the
statement of the classical law of conservation of rest
mass contained in a region V* fixed in the secondary
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frame. A similar integration shows that the integral
over the region V* of the dilatation rate is equal to the
surface integral fv,dn.*.

The symbol p can also be interpreted as the quantity
of electrical charge per unit volume of the rest frame,
in which case Eq. (15) represents the equation of con-
tinuity of charge. In a molecular theory the equation
of continuity expresses conservation of number of par-
ticles rather than of rest mass or charge; conservation
of the latter results from the fixed quantity of rest
mass or charge per particle. It is obvious that Eq. (15)
applies only when a single chemical species is considered
and chemical reaction excluded, since in the course of
chemical transformation the number of particles of a
species is not conserved.

C. EQUATIONS OF MOTION

The basic dynamical and thermodynamic hypothesis
of Paper I, d.4.,.=0, is replaced here by the more
general assumption,

aa*¢ar= 0. (23)

The tensor ¥, is the energy-momentum tensor of Eq.
(8) so that, accordingly,

6,*[ Koottt Q0)ttr/ 62] =9,*(or— Mer/ ).

Four equations can be obtained from Eq. (23) by
equating to zero the time components and the space
components of d,*Y,, relative to the rest frame and the
secondary frame. We consider these in turn.
Multiplying Eq. (24) by —u,, we obtain the time
component equation relative to the rest frame,

35 (XopttetQ0) = bo: 0%t — (Qs/¢*) (dur/dr).  (25)

Resolving the gradient operator into space and time
components, and using Eq. (13), we find

(6/6 T*) (prk,+ 501*Q0v7/62) + sar* 6v* (pru'r"l"Q‘r)
= (1/¢%) (6:,*Vppor— E'Q.) (Qu/ 37*)
F (Por— F'Qr05/2)b5,* 0, ur.  (257)

Neglecting terms which vanish in the classical limit,
c¢—o, we recognize the first law of thermodynamics
relative to a secondary frame. On the left side appear
the rate of increase of energy density x,,&" which is the
rest energy per unit volume in the secondary frame, and
the space divergence of the flux of heat and convected
rest energy, Q.+x,%.. On integration over a volume
fixed in the secondary frame, the integral of the space
divergence term can be transformed by Gauss’ theorem
into the surface integral, [(Qs4xX,0k"v,)dn.*. On the
right side appears the rate at which thermodynamic
work is performed on unit volume of the secondary
frame.

Multiplying Eq. (24) by —u.*, we obtain the time
component equation relative to the secondary frame,

* [k' (Xp oYt Qa)] = aa*[_ (¢w - qu‘r/ ) Srﬂ*vu] ’ (26)

(24)
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which may be written as

(9/0*)K (Xoo'~+557*Qe0./ ) 80784 TF (xoutto+-0:) ]
=(1/e*)(8/87%)[ (¢ar7’p‘§ap* —k'Q:)6n %0, ]
+ Svu*av*[ (¢ﬂf - u,‘Q,/cz) Sﬂs*'l)p]. (26’)

Equation (26) has the form of a continuity equation for
energy relative to a secondary frame. In the classical
limit, there appear on the left side of Eq. (26’) the rate
of increase of energy density, x,.k"/(1—@B?)?* which
includes the kinetic energy density relative to the
secondary frame, and the space divergence of heat and
convected energy flux, also augmented by the factor
K= (1—p"?)"* as compared to the flux in the corre-
sponding term of Eq. (25’). On the right side appears
the rate at which total work, both thermodynamic and
dynamical, is performed on unit volume. Equation (26)
is equivalent to

60‘* (‘po'rur*) = aao (iCl//qz;’) =0. (26")

Thus in Eq. (26') the operator d/9+* differentiates
¢44 _'_\I/Mﬁ 12

KI/44 = prk,2+ zsar*Qtru‘r/c2 - ¢’vrgvp*vp5m*'up/52-

It is because of Eq. (26”') that it is customary to inter-
pret ¥ud as the total energy density and icyns as the
three-vector of total energy flux relative to the second-
ary frame.?

Multiplying Eq. (24) by 8., we obtain the space
component equation relative to the rest frame,

(1/¢*) (Xppo@tte/ d7+Q00s*the) = K o, (27

where K, is a Minkowski force density,
K o= 8ar05* ($or—1s01/?). (28)
Obviously, K, is a space vector, so that K.u.,=0 and,

according to Eq. (13), —u. K =6.6"K v5. Equation
(27) is the basic equation of dynamics relative to a
secondary frame. It may be resolved in turn into two
equations. Multiplication by 8.5* gives the relative
space component equation,

(1/62) (prduaSaﬂ*/dT+Qaav*ua5aﬂ*) = gaﬂ*Kaa (29)

which is the force equation; multiplication by —u,*
gives the relative time component equation,

Xoo@k' /AT+Q00*F = §og* K avg, - (30)

which is the kinetic energy equation. Thus, the product
of the space component of force relative to the secondary
frame, 60,,3 K., by the relative space component of
velocity, 6,5, _gives the rate of performance of dy-
namical work, §.s*K .15, which according to Eq. (30)
equals the rate of increase of kinetic energy. We may
readily show that

aa*[ (¢1rr - u.yQy/Cz) 57”*7)“]
- k, (¢vr - uo'Q-r/C2) 3,*14,,

2 See, for example, R. Tolman, Relativity, Thermodynamics and
Cosmology (Oxford University Press, London, 1934), p. 73.

Sag*K aUB=
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so that, according to Egs. (25) and (26), the rate of
performance of dynamical work per unit volume in the
secondary frame is equal to the excess of the rate of
performance-of total work over that of thermodynamic
work per unit volume.

Multiplying Eq. (24) by 8.*, we obtain the space
component equation relative to the secondary frame

a.*[ (pr”v+Q¢)”f‘§af*/ ] _
= 0¢*|: (¢u’r - M,,-Q,/Gz) 60:1'*:]- (3 1)

This is the equation of continuity of momentum relative
to the secondary frame. It is equivalent to

60'* (¢VTSQT*) = 6¢0¢am, = 0, m= 1, 2, 3. (31’)

Here we have the basis for the usual interpretation of
icYsm’ as the total momentum density three-vector and
Yrm' as the total stress three-tensor relative to the
secondary frame.

Just as Egs. (25) and (26) yielded Egs. (25") and
(26'), respectively, when the gradient operator was
resolved into its space and time components, similarly
each of Egs. (27) to (31), inclusive, may be written in
more detail. These equations will not be given here.
However, an important case arises, the condition of the
steady state, the covariant requirement for which is
that the application of operator 8/d7* to any quantity
characterizing the continuum produce a derivative
whose value is zero. Since the operator 8/d7*, as we
have seen, is equal to d/df’, the steady-state condition
does not depend on the choice of secondary frame to
which the motion of the physical medium is referred.
For example, the kinetic energy equatlon Eq. (30),
gives for the steady state

Yook 80r* V60, ¥k +58,,%Q,0, %k = §,.*K ,0,,

where the terms in the expression for K,, Eq. (28),
which contain 9/d7* also vanish.

The equations of this section all stem from Eq. (23),
which we have seen implies, among other things, the
expression for the first law of thermodynamics. They
will appear more familiar as a description of the con-
tinuum after being modified by the statement of the
second law and the equation for the stress in the system.
They will be employed in the following discussion only
in considering the case of a continuum composed of a
single chemical species in the absence of chemical
reaction.

D. ENTROPY TENSOR AND SECOND LAW OF
THERMODYNAMICS

As in Paper I we write the entropy tensor,
Sor=— (1/6) (Sppttottr~+Ssthr+Sstts), (32)

where .S,, is the scalar entropy density in the rest frame
and S, is the entropy flux vector given by the heat flux
vector divided by the scalar temperature 7.

Sa=Qa'/T- (33)
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It was shown in Paper I that S,, and T have the proper-
ties, respectively, of the Clausius entropy and Kelvin
temperature. We shall now require that the vector
9,*Se- be a time vector. Accordingly,

80r05Ser=0. (34)
Furthermore, we require
%:0,5S5, 2> 0. (35)

Equation (35) is a generalization of Eq. (55) of Paper I,
but Eq. (34) is a new condition, of a dynamical rather
than thermodynamic nature, which completes the speci-
fication of 9,*Se-.

Equation (35) is the statement of the second law of
thermodynamics relative to a secondary frame. It may
be written

05 (Sppths+S5)+ (S:/¢?) (du./d,) >0,
or, in more detail,

(8/97%) (Sppk'+3S. ,7),-5.,,-*/ A+ Sor*ds* (Spsttr+Sr)
+(S./c® (du./dr) > 0.

Apart from terms which vanish in the classical limit,
¢—, these equations state that the local entropy
production rate per unit volume in the secondary frame
is non-negative. A process occurring in the continuum
for which the equality in Eq. (35) holds at every point
will be called. a reversible process relative to the
secondary frame. :
Equation (34) may be written

Sp,,dua/dr—}-S,,aq*Ma = g&faﬂ* (S‘ruv) .

35)

(35")

(34)

From this equation two component equations may be
derived. Multiplying by —u.* gives the time component
equation,

Sopll' /A4S0, = — 5 g 68 ar* (Sytt),  (36)

or multiplying by &.* gives the space component
equation,

Spo@ttebas®/ AT+ S0 05 (Uabas™) = — bag®8ard.* (Syut,). (37)

These equations describe a sort of entropy dynamics, a
consequence of Eq. (34).
If 8,%S,, is multiplied by #«.*, we find that

3:* (Sortt,*) = k'14,0,%S,, >0, (38)

since &’ is non-negative. This may also be written as
A *[E (SppttetSot8ag*Sasvs/c2)]>0.  (38)

In a reversible process for which the equality holds, we
find a continuity equation for entropy relative to a
secondary frame. This result cannot be obtained from
the second law, Eq. (35), alone without the use of Eq.
(34). Equation (38) is equivalent to

0.9(icS04’) >0, (38"

LEAF

which permits interpretation of Sy as the total entropy
density and S« as the three-vector of total entropy
flux relative to the secondary frame.

Similarly, if 9,%S,, is multiplied by §,.*, we have

* (Svrg'ra*) = (u,gm*/ 62) (”pav*S up), (39)
which is equivalent to
3:Sem’ = — (/%) (4,0,%S,,) for m=1,2,3. (39)

The right side vanishes in a reversible process, so that
an additional continuity equation appears in this case,

0. *[ (S,pttottetSothrtS,140)6.a* ]=0. (40)

These equations which have been obtained from Egs.
(34) and (35) may be combined with those of the pre-
ceding section obtained from Eq. (23). We write, using
Eq. (33),

Yor=—(1/¢%) Gxop— T'Spp)ttstts+TSsrtor, (41)
so that
— (1/e%) XL (Xop—T'Spp)ttctts ]
= —T0,*Ser—S0:0*T— 0, pr.  (42)
Letting
pA=Xpo—T'Sp—pc" (43)

where A4 is the specific Helmholtz free energy, as in
Paper I, and using the equation of continuity, Eq. (15),
we have

—(o/A)d(A+cPu./dr

= —T0*Ser— S0 5T — 0, %¢er.  (44)

Equation (44) is an alternative formulation of Eq.
(24) and yields equivalent thermodynamic and dy-
namical consequences when the time component and
space component equations relative to the rest frame
and. the secondary frame are obtained. We shall list
these in turn, each combined with the appropriate
component equation derived from Eqs. (34) and (35).

Multiplying Eq. (44) by #, and using Eq. (35) gives

pdA/dr < —S,,8T/dT—S:0,*T+¢or0*u..  (45)
Multiplying Eq. (44) by #,* and using Eq. (38) gives

oA+ [dr <~ K (St +-5.)0,T
— (810505, /c2) (AT /A7) + 3o* (P arvubry™). (46)
Multiplying Eq. (44) by —é.. and using Eq. (34) gives
o(14+A4 /A du,/dr=—(Ss/A)(dT/dr)+80:0s bor.  (47)
Equation (47), when multiplied by —u.*, gives the

kinetic energy equation,

p(A+cD)dk dr =~ (Suvgbas®/c®) (AT /A7) + 15305 50r0s* b0,
(48)

or, when multiplied by b.s*, gives the force equation
p y » 8 q )

p(14A4 /) duad o5 /dr

= —5a(8a5"/%) (@T /A7) + 8as*6er0o*bor.  (49)
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Finally, multiplying Eq. (44) by —6&.* and using Eq.
(39) gives

(o/c®)d(4 -I—cz)u,éw*_/dr
=9,* (¢¢r5m*) - (5ar*/52)[(59puf+sf) (@T/dr)

+u,S‘,8,*T]—— T(urg‘ra*/cz) (Mpavr*Svn); (50)

in which the last term on the right side vanishes in a
reversible process. These equations describe the thermo-
dynamics and dynamics of an element of continuum
composed of a single, chemically inert species, and
conform to the requirements of the first and second
laws of thermodynamics.

E. THE STRESS IN THE SYSTEM AND
REVERSIBILITY

Let us now introduce the equations defining the
reversible stress in the system. This is the stress deter-
mined by the properties of the element of continuum
at a point in the physical system. It was denoted by
¢o» and defined by Eq. (38) or Eq. (46) in Paper I.
We will denote it here by ¢,.” and replace Eq. (46) of
Paper I by a more general form,

[ (—1/6®p (A4t~ dor"]
= (ptts/ ) 0* (A+cP)u,
(At DU ]— 8,04 T, (51)

With the help of the equation of continuity Eq. (15),
we may reduce this equation to
——pa,.*A —Sppaf*Tz 6¢*¢arr- (51,)

Consequences of this equation are obtained in the
usual manner. Multiplying Eq. (51") by —u, gives

pdA dr+S,,dT dr=y:7d,*u,. (52)
Multiplying Eq. (51") by —u,* gives
pIA/AT*+S,,0T /7% = 05* (por'0u6r*).  (53)
Multiplying Eq. (51’) by 8., gives
—Par0r* A = Sppbar0r* T =bars* b, (54)
Multiplying Eq. (51’) by ba.* gives
—POar*d* A —Sppdar* ¥ T'= 0,* (Pr"0ar®).  (55)

In Eq. (52), d4/dr expresses the rate of change of
specific Helmholz free energy, a point function of the
variables specifying the properties of the element of
continuum. In the special case that these properties
are isotropic, ¢.,” reduces to the hydrostatic pressure,
— p8.r. We find with the aid of Eq. (18) in this case
the usual thermodynamic formula,

pdd/dr=—S,,dT/dr—ppd(1/p)/dr,  (52)

expressing 4 as a function of 7" and specific volume, 1/p.
Equation (54) takes a particularly interesting form
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in the isotropic case,

POard:*A = —S,p00:r0:*T —b0r0:*p— (p/c%) (dtta/d7).
5 4

But in the classical limit, c—c0, the right side is just
the expression which would be expected to equal
p8a:9,*F, where F is the specific Gibbs free energy,
rather than pé..9,*4, where 4 is the specific Helmholtz
free energy. We see, therefore, that 9,*4 in Eq. (51')
has the property that in its time component or thermo-
dynamic aspect, 4 plays the role of the Helmholtz free
energy, but in its space component or dynamical aspect,
4 has the nature of the Gibbs free energy. It will be
seen in the following that the Helmholtz free energy
will appear in our dynamical equations whereas in the
corresponding classical equations for the isotropic case
the Gibbs free energy would appear. This is particularly
fortunate since it enables us to formulate equations
for anisotropic media which cannot be written classi-
cally, because of the inability of classical theory to
define an adequate Gibbs free energy for anisotropic
media; we use the Helmholz function. In the following
we shall refer to 4 as simply the chemical potential.

Similar remarks, of course, apply to the behavior of
Xoo/p in the equation,

_Paf* (Xop/P) =—Tpod,* (SPP/p) + 0o *bos".

In the time component of 8,*(x,,/p) this quantity
appears as the specific thermodynamic energy, whereas
in the space component it appears as the specific
enthalpy. Classical theory is likewise unable to define
an enthalpy function for anisotropic media.

Since the change in 4 in a physical process depends
only on the end points of the process and not on the
path, therefore, in the reversible case described by the
equality in Eq. (45), the expression for pd4 /dr in Eqs.
(45) and (52) must be identical. This is the case if we
take as conditions for reversibility,

(56)

S,y:O and ¢¢r=¢arr- (57)

Following Paper I, Eq. (67), we could have chosen the
condition §,,0,*T'=0 instead of S, =0, offering Fourier’s
law of heat conduction as evidence that the two condi-
tions are equivalent. However, Fourier’s law, as we shall
see in the discussion of transport processes which con-
cludes this paper, does not possess the degree of
generality which has been assumed in our formulation
to this point. It seems preferable to take S,=0 as the
condition of reversibility with §,,0,*T'=0 as equivalent
to it when the motion of the medium conforms to the
requirements of the theory of transport processes. It is
important to note that the conditions stated in Eq. (57)
are independent of the choice of secondary reference
frame to which the motion of the continuum is referred.

Equations (45) and (52) give, in the general case,

—Se06* T4 (or — bor™) O™t >0, (58)
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which is the dissipation equation corresponding to Eq.
(57) of Paper I, while Eq. (45) itself corresponds to
Eq. (58) of Paper 1.

In the remainder of this section we shall consider the
dynamical consequences of Eq. (51’), appearing in the
space component equation, Eq. (54). If we combine the
dynamical equation, Eq. (47), with Eq. (54), we find

p(1+4/dus/dr+ (Sa/c?) (AT /dT)

= Sppéar 6T*T— Pga-r ar*A - Saraﬂ* (¢df - ¢UTT) ) (S 9)

corresponding to Eq. (78) of Paper I, the difference
arising from our present assumption of Eq. (34). On
multiplying by 6.s* we obtain the force equation,

p(14+A4/?)dtted og®/d7+ (Sabas®/c?) (AT /dr)
= SPP Saﬂ*ga‘f aT*T - péaﬂ* 5(11'81'*14
+ Saﬂ*sa‘raa* (¢ar - ¢cf') .

On the right-hand side, the following force densities
may be recognized:

(1) 8as*8ar@s* (or—0r”)
= (1/62) (6/67*) [ (d’m - ¢mr) Saﬂ*gvn*vp]
5,20 (Bpe 8y 3]
— (adag™/ ") ($or— Gor") O™ ths.

In the classical limit, ¢—<0, only the space divergence
term remains on the right. On integration over a volume
fixed in the secondary frame, the integral of this space
divergence can be converted into a surface integral,
S (Poa—doa")Sag®dn,*, proportional to the area of the
boundary surface. This force density corresponds to the
classical surface force density of hydrodynamics.

(2) —pdsa*8ard*A is a body force density arising
from the gradient of chemical potential. As we know,
other forces such as electromagnetic forces and gravita-
tional forces are included among the possible body
forces of classical hydrodynamics. The absence of such
forces in Eq. (60) indicates the limitation of our present
treatment to a single-component chemical system with-
out external body forces. Equation (59) may be written
in the form

pa1to/dT+ (So/c?) (dT/d7)
= (pu/) (3> A, — 0, *A L)
- SPPS‘"BT*T—}_ Sa‘raa* (¢ﬂr - ¢"r) . (59,)

The term containing the skew-symmetric tensor,
. A A, — 3,*A 4., suggests the electromagnetic Lorentz
force, (pu./c)(3.*A,— 3,*4 ), where A, is a four-vector
potential. Inclusion of such an electromagnetic force
would be accomplished by simply replacing the chemical
four-vector potential A4, by the electrochemical poten-
tial A#4,+A,. A general investigation of electrical
processes in continuous media will no doubt reveal such
quantities, but this will not be undertaken here.

(3) —Sppbsa*8ard,*T is the force density arising from
the presence of entropy in a temperature gradient. This

(60)
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force is exerted on the matter with which the entropy
is associated.

The sum of these three force densities constitutes the
single force density §ga*84r9,*¢or on the right-hand side
of Eq. (49), the total force density exerted on an element
of continuum relative to the secondary reference frame.

On multiplying Eq. (59) by —u.* we obtain the
kinetic energy equation,

p(A+)dF [dr+15dos*S AT/ dr
== ﬁpvﬁgaﬁ* Sarar*T_ Pvﬁsaﬁ*gafa"*A
+ 'Uﬁaaﬁ*aarav* (¢VT - ¢""T) .

Each term on the right, representing a rate of per-
formance of work per unit volume, is simply the product
of the corresponding force density term of Eq. (59)
by the relative space velocity 2,54,*. The last term on
the right, attributable to surface forces, may be written
as

vﬁgaﬂ* 5ovr aa* (¢ar - ¢”r) = av*[ (¢va - ¢xrar) Saﬂ*vﬁ]
—k (¢01 - ¢d-rr) av*u‘r-

Each term on the right side of this equation has an
interpretation in the classical limit. The first yields a
space divergence which gives the total rate of per-
formance of work by the stress at the surface of the
element in excess of that which the element can support.
The other is the rate of dissipation accompanying the
action of this excess stress. It is of interest that dis-
sipative effects are associated with surfaces stresses,
not with body forces.

For reversible processes the dynamical equations, Egs.
(47) and (59), give

p(14+A4/D)d%a)/dT= 50r0*Pur”
= =S80 0¥ — pbard,* 4,

(61)

(61)

(62)
or

081to/dT=—38,,65:0,*T+ (o1 /) (% Ath,— ¥ A 7).
(62)

According to Eq. (62'), in the absence of a temperature
gradient an element of continuum moves in a reversible
process like a particle of rest mass density p in a field
whose four-vector potential is A%,. As a special case of
reversible process we have the condition of unac-
celerated motion relative to the secondary frame, for
which du./dr vanishes. Equation (62) shows that in
this case 84r0,%b,,"=0. Since the operator d/dr=1u,d,*
depends on the choice of secondary frame, the vanishing
of du./dr in one secondary frame does not guarantee
its vanishing in all others, unless the secondary frame
in which du./dr vanishes is also a rest frame.
Equations (52) and (62) can be used as a starting
point for the formulation of the theory of elasticity.
The stress which according to Hooke’s law is propor-
tional to the symmetric strain is ¢,,”. The theory is
essentially a theory of reversible strains. For example,
in the derivation of the Laplace formula for the velocity
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of sound in a gas, the equations for reversible, adiabatic
compressions are employed.

F. TRANSPORT PROCESSES IN A ONE-COMPONENT
MEDIUM

In the description of the transport processes of con-
duction and diffusion the motion of every element of
the continuum is referred to the same secondary frame.
It is necessary to find a secondary frame relative to
which the continuum everywhere satisfies a special
condition, which may be formulated as

6,,*[ (Por—Por")vu gﬂl*] =1Us 8 aﬁ*g arOs oz, (63)

It is evident that the fact that Eq. (63) characterizes
the motion relative to one secondary frame does not
imply that a similar relation will hold for all other
secondary frames. This, however, does not vitiate the
covariance of Eq. (63) since this expression is the same
for all primary observers; any primary observer record-
ing the motion of the continuum relative to the special
secondary frame will find that Eq. (63) is satisfied, if
the motion is amenable to description by the theories of
diffusion or conduction.

According to Eq. (63), the rate at which total work
is performed upon each element of continuum by the
excess of stress in its surroundings over that in the
element is equal to the rate of dynamical work which
increases the kinetic energy. Equation (48) gives

35*[ (bor—bor)0ubri* ]=p(A+c¥)dF' /dr

+ (Savpdag*/cD)dT/dr.  (64)
On the other hand, Egs. (61’) and (54) give
k, (¢a‘r - ¢a‘rr) aa'*u‘r = ‘vﬂgaﬂ*saraa*qsarr
= —pvﬁsaﬂ*éa,—af*/l —S,,,,vgﬁag*sa,af*T, (65)

so that the rate of dissipation &’ (¢sr —¢or") 9, *2%, is main-
tained by a lowering of potential levels in the element.
If this last equation is combined with Eq. (52), the
rate of thermodynamic work performed by the sur-
roundings upon the element is found to be

K $5:05*1r=pdA /07*+S,,0T/07*; (66)

whereas combination with Eq. (58) gives the dissipation
equation, .

— S, p00as*Bar 0 T — B/ S,0,*T
—pvgéag*ga.,a,-*fl ZO (67)

Equation (67) will serve as starting point for a covariant
theory of transport processes.

It is interesting that the alternative form of the
transport condition appearing in Eq. (64) gives, in the
classical limit, exactly the same equation as that which
must be assumed in a nonrelativistic transport theory,
the equation expressing the assumption that “the
entire acceleration of any fluid element is produced
by viscous forces alone, acting on the element as though
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it were rigid.” 3 Equation (67) differs from the corre-
sponding nonrelativistic equation in that the latter is
limited to isotropic media since it employs the specific
Gibbs free energy to represent the chemical potential.
The theory developed here will describe transport
processes in an anisotropic, one-component chemical
continuum in the absence of external body forces. We
follow the method used in the nonrelativistic theory. -
Equation (67) can be written

- [S,,,,vgg,, *+ k’Sﬂ(sa,s*— v,,Sg,,*v,,5,,,*/52)]5,1,6,*T\

. —_ pvgga,s*sa,-a1*A Z 0. (67')
We assume the linear relationships,
p'l),gsag* = — aag*SBTar*A —_ ba,a* 5/313,-*T,
SpoUbas*+ k' Sp(8ag* —1, Sﬂp*?v 8ac®/c?) (68)

= bﬂﬁ*sﬂ‘ra‘r*A - Cuﬁ*éﬁ‘rar*T,

where, according to Onsager’s reciprocal relations,* the
tensors aag*, bag®, cas® are symmetric. These tensors are
pure space tensors in the secondary reference frame.
For example,

[ 7o g a1’ + fa*jﬂ*llmo + 7. kg*ars®
Bag*=| 4 Jo*ig* a21"+ Ju* Jo*a22"+ Jo*is* a2s”
"I‘Ea*iﬁ*a3lo+Iea*jﬁ*awo'i—laa*]f—;ﬁ*a%oJ

= Lam*Lﬁn*amﬂo,
where six coefficients, independent of the velocity com-
ponents vy, v/, v3’ of the continuum relative to the

secondary frame, appear. In an isotropic medium we
should have :

aaﬂ*=a¢§a,g*, bag*=b(§aﬁ*, Ga5*=6(§a§*.
Substituting Eq. (68) into Eq. (67’) gives
G 8ar05* A 85,0, %A +2b 05500 0,% A 55,0, *T
A Cag*8as0s¥T86,0,.*T > 0. (69)

Since this relation must be valid for any choice of
8ar0-*4 and §,,9,*T, the determinant

0110, 0120, 0130, buo, 6120, b1s°

0210, 0220, dzao, 5210, b22°, bzao

a3’y @3, asd, bs’, bs, bsg >0, (10)
510 by by 0 0 of =

11, 12, 13, Cir, Ci2, Ci13

11210, 5220, 5230, 6210, 6220, Co3°

b3t  bs®, b3, ca® s, e

and each of its principal minors must be non-negative.
The conditions of reversibility of transport processes,
under which the equality holds in Eq. (69), appear as

3er0:¥T=0 and 5.,0,%4=0, (71)
which may be compared to the more general conditions
of Eq. (57). According to Egs. (68) and (62), we must

3 B. Leaf, Phys. Rev. 70, 752 (1946), Eq. (42).
4 L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931).
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also have

Vsbas™ =0, dite/dr=0, S,=0, (72)

so that in this case the secondary frame to which the
transport is referred is the rest frame for the entire
continuum. The continuum is static throughout a
reversible transport process, which is, therefore, a
quasi-static process.
Let us write

bm no = o'mlcoak no, (73)

so that

bag™ = Lan*Lgn*0mi’asn’
= (Lam*Lot*omi®) (L ¥ Lgn*a;0") = 00 a,5*.
Then, according to Eq. (68),
R k’Sﬂ (gaa* - 'l)pgg,,*v.,g,,,,*/cz)
= (‘7 = SppgaV/ p)d,,,s*spfaf*A
- (Caﬁ* —Sppba */p) Sﬁr 9. *T
= (poag* — Sppdas™)8— (Cas* — T ¥ 0¥ a05*) 05,0, * T

Therefore,

k'Qp (saﬁ* — % Sﬂp*vvsav*/cz) =T (poog™— Sppsaﬂ*)”ﬂ

~Nag05:0.*T,  (74)

which, for 785.* =0, gives in the classical limit Fourier’s
law of heat conduction. Here A og* = Lan™Lgn*A s, where
Amn is the heat conductivity tensor for an anisotropic
medium.

(75)

Amn?=T (Cmno—o'mkoo'kjoajn0>~
Solving Eq. (73) for a.,° we find
Umk0= bmnOAlcno/ l aijl )

where A;," is the cofactor of a;,° in the determinant
| @:;| . Therefore,

,aijo l >\mn0/T= [aijo I Cmno_bijAkjobknO

(1110, 61120, : 0130, b1a®
_ 0210, 0220, (1230, bax?

as’, 0320, a3, b3 ’

bmloy meO, bm30, Cmno

which is a minor of the determinant of Eq. (70). Ac-
cordingly, Aii% Ae2®, Ass? are all non-negative. Clearly,
Amn’ IS @ symmetric tensor.

Equations (68) and (73) give

pvﬂsaﬁ* =— aa,a* (nga,*A +0’,,5*5,,,-0,—*T) .
Therefore,

8087800 A+ 0,576, 0, T= — 10 pVa; (76)

where
7’«5* = Lam*Lﬁn*rmnﬂy rmno =A mno/ [ az'jl .

an

Substitution of Eq. (76) into Eq. (67’) gives, with the
help of Eq. (74),

7as™ (V) (p18) + (Nas™/ T) (80 05*T) (85:9,*T) >0. (78)
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These equations describe the transport processes in
terms of the symmetric resistivity tensor #..’. The
quantity 7.s*(pvs) (pug) is the analog of the Joule elec-
trical dissipation rate in an anisotropic medium per
unit volume in the secondary frame. Both determinants,
[7ma%] and |Ana?|, and their principal minors are non-
negative. ]

The condition for a transport process given in Eq.
(63) requires that a secondary reference frame exist
such that when the motion of every element of the
continuum is referred to this same frame the condition
should hold. All the equations for transport processes
are formulated for motion relative to this frame.
If this frame should coincide with the momentary
rest frame of some element of the continuum, then
98045*=0; the transport process in that element would
consist merely of heat conduction. According to Egs.
(67) and (78), for such an element the dissipation is
given by

—S,,a.yT= ()\aﬂ/T) (SavavT) (SﬂfaTT> Z O?

and, according to Eq. (65), (¢or—or")dsu,=0. If the
special secondary frame should coincide with the rest
frame of every element of the continuum, then the
entire transport process would consist only of heat
conduction throughout the continuum and these equa-
tions would be valid everywhere. But consider some
element whose motion satisfies the transport condition
relative to a special secondary frame which does not
coincide with its rest frame. Its dissipation will be given
by Egs. (58), (67"), (69), or (78). Its dissipation is also
given relative to its rest frame as '

—8505T+ ($or—por") Dot >0, (58")

according to Eq. (58). It should be noted that, although
in the reversible case the dissipation relative to every
secondary frame vanishes, in an irreversible process the
magnitude of the dissipation given in Eq. (58) depends
on the choice of secondary frame. (The equation is
nevertheless relativistically covariant since for a given
secondary frame its form is the same for all primary
observers.)

The theory of viscosity differs in method from the
transport theories of diffusion and conduction. In the
theory of viscosity the motion of each element of con-
tinuum is referred to its own rest frame. The transport
condition of Eq. (63) need not be satisfied and no special
secondary frame is employed. The dissipation rate is
given by Eq. (58’). The linear relations assumed in this
theory were stated in Paper I, Eq. (66), as

(79)
(80)

bor— o= ﬂo-r;wzuv,
2= %SuaSVB (aauﬁ+ Optta),

where the coefficients of viscosity e relate the excess
stress tensor to the symmetric part Z,, of the tensor
which represents rate of strain relative to the rest
frame. Every index of the viscosity tensor is a space
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index; all time components vanish in the rest frame.
Substitution of Eq. (79) into Eq. (58') gives

- SvavT_}" ﬂarwzvrzuv Z O, (81)

where 39srmZ02u 18 the Rayleigh dissipation rate for an
anisotropic medium. In the case of a transport process
consisting only of heat conduction this viscous dissi-
pation must vanish, since as we have seen, the entire
dissipation in this case is —S,8,7° > 0. Accordingly, in
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this case Z,, must vanish, and ¢,,=¢,," everywhere.
Because of the symmetry of the stress and rate-of-
strain tensors in Egs. (79) and (81), only 21 independent
viscosity coefficients exist in the general anisotropic
case. In the isotropic case, in which the excess stress and
the rate-of-strain tensors can be diagonalized simul-
taneously, the number is reduced to 2, according to the
usual arguments; here ¢,,"=—pd,,, where p is the
hydrostatic pressure.
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The general method of deducing the Tamm-Dancoff equal-
times formalism, as generalized by Lévy, from the relativistic
two-body equation of Bethe-Salpeter and Schwinger is given.
Only processes which are finite ¢b initio are considered. The es-
sence of the procedure is the relation between a set of conven-

tional matrix elements of the Tamm-Dancoff formalism and the

Feynman diagram which summarizes them; this relationship
provides a convenient guide for enumerating all matrix elements
of a specified type and precludes the possibility of omission of any
members of the set. Rules are also given for writing down any
matrix element. The method is then applied to the derivation
of the fourth-, sixth-, and eighth-order adiabatic potentials on the
symmetrical pseudoscalar-pseudoscalar theory. Some discrep-
ancies with the results of Lévy are noted : In connection with the

I. INTRODUCTION

N a pair of extremely interesting papers recently
published Lévy! has derived a three-dimensional
equation for the relative motion of two particles with
an interaction kernel that, in principle, can be com-
puted to any order in the coupling constant; he has
used his formalism for the most thorough examination
of the nuclear forces predicted by weak coupling theory
so far attempted and from the results has give a plau-
sible account of the low energy properties of the
deuteron.

Lévy’s approach is a hybrid one. It consists, first of
all, in an extension of the Fock space method of Tamm?
and Dancoff® to include higher order processes involving
multiple meson exchange and pair creation, with the
proviso, however, that all infinite matrix elements
associated with “radiative” corrections be omitted. It
is then possible to eliminate all amplitudes except that
for the two bound nucleons and to obtain an equation
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fourth-order potential these are first, that a more careful treat-
ment of the energy denominators of the leading two-pair terms
brings to light contributions that cancel with all other two-pair
matrix eléments that are of relative order u/M compared to the
leading ones; second, that the one-pair terms do not vanish but
yield a repulsive interaction which substantially alters the quali-
tative picture of the fourth-order potential; third, that for the
no-pair terms the result should agree with the previously calcu-
lated fourth-order potential for the pseudoscalar-pseudovector
theory. The sixth- and eighth-order results are also in disagree-
ment with Lévy. Finally, an analysis of the problem of many-
particle forces is given and explicit results obtained for the leading
terms of the three- and four-particle forces as well as for certain
smaller contributions to the three-particle interaction.

for the latter, which is interpreted as the wave function
of the two-particle system in momentum space. To in-
corporate radiative corrections Lévy turns to the rela-
tivistic two-body equation*=® (henceforth called R.E.).
He shows that by an appropriate iteration suggested
by the solution for an instantaneous interaction the
finite terms of the R.E. can be placed in a one-to-one
correspondence with those of the T.D. (Tamm-Dan-
coff) formalism. It is then possible to carry out all
required renormalizations before the reduction to equal
times for the two particles is effected, and the finite
residues can be incorporated into the three-dimensional
interaction kernel.

The present work, begun after the author’s reading
of L1, was motivated by the belief that the demonstra-
tion given there of the equivalence between the T.D.
formalism and the appropriately reduced R.E., though
undoubtedly concerned with a true result, lacked co-
gency in certain details and completeness. It was felt,
moreover, that since the R.E. was required for the

4 7J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452, 455 (1951).

8 E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951), re-
ferred to as S.B.
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