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The differential cross section for bremsstrahlung derived in the previous paper is integrated over the
direction of the emerging electron. It is found that regions of appreciable polarization occur near both the
low energy and high energy ends of the photon spectrum. Calculations are performed for the polarization
dependence of the radiation for incident electrons of about 0.1, 0.5, 2.5 Mev with and without approximate
shielding corrections calculated for aluminum. The polarization dependence of the differential cross section
for pair production and of the cross section integrated over either the electron or positron direction is ob-
tained from the results for bremsstrahlung by the well-known procedure of changes from positive to negative

energy state.

I. INTRODUCTION

N the preceding paper! the differential cross section
for bremsstrahlung is given in Eq. (16) as a function
of photon polarization for a specified photon momentum
k and for the electron emerging in a direction within the
element of solid angle d2. In the present paper this
cross section is integrated over the direction of the
emerging electron. One obtains, in this way, the angular
and energy distribution and the polarization of the
photons emitted in the bremsstrahlung process.

The considerations in Sec. III of the preceding paper
regarding the nature of the photon polarization are not
necessary for the integrated cross section. The sym-
metry with respect to reflections in the pok plane is
sufficient to eliminate the possibility of an elliptically
polarized component of the radiation.

The notation used is the same as that of the preceding
paper and reference to equations and references in the
preceding paper will be made by inserting I- in front
of the appropriate equation or reference number.

II. INTEGRATED BREMSSTRAHLUNG CROSS SECTION

The integration of the cross section given in Eq.
(I-15) over the direction of the emerging electron is
rather lengthy, and only a brief outline of the method
will be given. A few intermediate steps are described in
Appendix I.

The integrals to be evaluated are of the general form

fq"ZmA—"dQ; m=0,1,2; n=—1,0,1,2,

where A=E—p cosf. If one writes

¢= (po—p—k)’= (I*+p* (1—p-a), (1)

with
a=2T/(T*+p?), T=po—k, 1.1)

and
A=E(1—p-b), ' (2)

* Assisted by the joint program of the U. S. Office of Naval
Research and the U. S. Atomic Energy Commission.

1 Gluckstern, Hull, and Breit (preceding paper), Phys. Rev.
90, 1026 (1953).

with
: b=k/kE, (2.1)

the integrals =
L n= f (@2/20) (1—p-a)"(1—p-b)=  (3)

are nontrivial for m=1, 2 and n=1, 2. These integrals
are discussed further in Appendix I.

It suffices to consider two conditions of polarization
referred to below as Cases I and II. Case I corresponds
to a sum of cross sections over polarizations. In Case II
the polarization vector is taken to lie in the pok plane
and may be expressed as

(2kpo sinfo) [ k(T2 pYa+ E(T2— p*— 2RE)b]].
After considerable algebraic manipulation involving
the integrals I, ., the photon cross section for each

polarization as a function of 6y, the angle between the
photon and incoming electron directions, is found to be

dor= (Z%%/8w) (dk/k) (p/ po)dQs

X A{8m? sino (2E*+m?)/ (po*Ac?)
-2 (5E02+ ZEEo—f— 3m2)/ (P02A02)
—=2(p— k) / (T*A®)+4E/ (po*Ao)
+ (L/ ppo)[AEwm? sin®y (3km?— po*E)/ (p*A")
1 4B EPL-F?) |
— 22 (TE@—3EEy - E)4-2mY) ) (p2Add)
+2k(Eo*H EEy—m?)/ (po*Ao) ]
(7 pT) [ 4m?/ A — 61/ Ay

—2k(pP— k%) / (T*A0) J—4e/ (pA0)},

dor= (2%"/8) (dk/k) (p/ po)do

X {8m? sin®0o (2E*+m2) / (p*Ao?)

— SEP+2EEst5m) / (poAd?)

— (po*—k2)/ (T?°AP)+2(E+Eo)/ (po*Ao)

+ (L/ ppo)[4Esm? sin®6y (3km?— pE) / (ps*Ast)

+ CE#(EP+E?)

— m2(9E¢—AEEot+ E)+2m%) / (pAs?)

+k(E?+EE,)/ (pi*Ao) ]

+ (7/pT)[4m*/ A*—Tk/ Ao~k (pi*—R2)/

(T2A¢) — 41— 4¢/ (pA0)+ (1/ po? sin’f)

XLQL/ppo) (2Es*— EEg—m?— (m?k/Ao))
—4e"(A0—E)*/ (pT)—2¢(A0—E)/p 1},

(4.1)

4.2)
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INTEGRATED BREMSSTRAHLUNG CROSS SECTION

dorii= (Z%"/8x) (dk/k) (p/ po)dQ
X{— (SE®+2EEy+m?)/ (po*As?)
— (pP— k) / (T*A*) — 2k/ (po*Ao)
+ (L/ppo)[ QE(E+ E?)
—m2(SE*— 2EEy+ E?)/ (p*A?)
+ k(Ei+ EEy—2m?) / (pe?Ao) ]
+ (7/pT)[ %/ Do— k(po*—k?) / (T?A0)+4]
— (1/po? sino) L(2L/ ppo)
X (ZE()?‘—'EEO—' m2— (m2k/A0))
X4eT (Mo— E)?/ (pT)—2¢(A0—E)/p]}.

T=[po—k|,
L=In[(EEo—m*+ ppo)/ (EEe—m*— ppo) ],
e=In[ (E+p)/(E—=p)], "=Wn[(T+p)/(T—-p)],
Ao=Eg— po coshy.

4.3)
Here

The polarization vector in Case III is perpendicular to
both po and k and dorri=dor—dorr. As a check, do1 was
integrated over dQo and agreed with the integrated form
of the Bethe-Heitler bremsstrahlung formula.?

The limits of validity of Egs. (4.1), (4.2) and (4.3)
are the usual ones made in treatments of the brems-
strahlung process (references [I-3] and [I-4]). Due to
the limitations of the first Born approximation the low
energy limit of validity is

(Ze*/hv)<1; (kinetic energy/mc2)>>(Z/137)2. (5)

As previously mentioned the situation may be improved
by using more accurate electron wave functions in Eq.
(I-3). This has been done by Sommerfeld [I-1] in the
nonrelativistic limit and by Maximon and Bethe [1-8]
and Bess [1-9] as an improvement on the Bethe-Heitler
relativistic formula.

The other limit of validity occurs for low energy
photons or for extremely high energy electrons and is
due to screening of the (Ze/r) potential by the atomic
electrons. The effect of screening may be taken into
account roughly by using?

V(r)=(Ze/7) exp(—7/a), (6)

where a=108Z%(#%/mc) is chosen such that in the high
energy limit the total cross section agrees with that

obtained using the numerical values of the form factor .

of a Thomas-Fermi atom.* The potential in Eq. (6)
simulates screening by reducing the Coulomb inter-
action for distant collisions. The effect is to replace g2
in the Fourier transform of (Ze/r) by (¢*+a?) with
a= (Z¥m/108). This then changes the factor (dk/kg?)
in Eq. (I-15) to [dk/k(g*+ a?)?], leaving the remainder

2See W. Heitler, The Quantum Theory of Radiation (Oxford
University Press, London, 1949), second edition, p. 165, Eq. (16).

3 See, for example, H. A. Bethe, Proc. Cambridge Phil. Soc. 30,
538 (1934). ’

4L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1926);
E. Fermi, Z. Physik 48, 73 (1928).
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of Eq. (I-15) unchanged. The integration over dQ is
more complex when shielding is included in this way,
but may be carried out exactly. However, it seems
sufficient to assume that « can be neglected with respect
to ¢ except for very low energy photons. The case of
electrons of sufficiently high energy (Eo>137mc?) to
make shielding important for all photon energies has
been treated by May [I-7]. Except for the corrections
due to shielding, the present results, Egs. (4.1), (4.2),
(4.3), agree with those of May in the extreme rela-
tivistic low angle range. Equation (4.1) is also in
agreement with calculations of Schiff® who obtained
the angular distribution of high energy photons summed
over polarizations. :

The expressions (4.1), (4.2), and (4.3) are therefore
approximately valid as long as the electron energy is
not too high (E,&K137Z ¥mc?) and the photon energy
is not too low (k~mc?). The modified expression for
k<<mc* may be obtained® by taking the limit 2—0 in
Eq. (I-15), retaining the first nonvanishing term. The
main contribution to the integral over dQ occurs near
=60, and o= ¢y, and all quantities are expanded in
powers of 8—0o, o— @0, and k/po. The azimuthal angles
o and @o used here should not be confused with the
4-component Dirac spinors ¢ and ¢, used in the previous
paper. One obtains the approximation

"= (B*/ p*) (Eo— po c0s80)*+ [ po(6—00) — & sinfo J*
+ pe? sin®o(o— 00)?,  (7)

and similar expressions for the other quantities in Eq.
(I-15). If one makes the substitutions,
M=0—00—k Sineo/Po, w= (ga— go()) Sinoo,
- ®)
o= kAo/Po, Ay= Eo‘—Po COS@(), Ao=E,g COSO[)'—P(),

the integral over dQ in Eq. (I-15) assumes the form

f du f dw[ WA+ w Ag*— 2uAgm?® sinby/ poEo

+m? sin?000%/ Eo* ]/ [+ w2+ (o248 /p*F  (9)

for Case I and similar forms for Cases IT and ITI. The
integral over # and w in Eq. (9) is logarithmically
divergent for large # and w even though no such dif-
ficulty existed before the approximations =6, ¢= o
were made. In order to avoid getting an infinite answer,
cutoffs of order of magnitude unity are used for # and
w corresponding to similar cutoffs for # and ¢. This
procedure is not intended as.an exact evaluation of the
effect of shielding, but rather it is hoped that the main
effect will be given sufficiently well by the leading term
thus obtained. In this approximation the leading term
arises from the terms in the numerator proportional to

5 L. I. Schiff, Phys. Rev. 83, 252 (1951).
6 No account is taken of multiple photon emission and the
related infrared catastrophe.
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F1c. 1. Bremsstrahlung cross section (lower half of figure) and
degree of polarization (upper half of figure) for incident electrons
with Ey=1.2mc? (~0.1 Mev) vs photon energy for photon angles
8,=0°, 30°, 60°, 90°. The solid curves are without shielding, and
the dashed curves are with shielding for Z=13.

#* and »? and leads to the following result:

(doD) k0= (do1)is0t (do111)k0, (10.1)
(dor)oo= (Z2%/2m) (PE?/ po) (dk/k)dAQAPAG
X{In[po’/ @+ ) +0u(1)]}, (10.2)

((iG'III)k._,of'?«’ (Z266/27r) (PE02/P03) (dk/k)onAo'Z
X{In[p¢*/ @+ ]+0m (D)}, (10.3)

where Omr(1) and Omr(1) stand for terms of order of
magnitude unity.

If one instead takes the limit #—0 in Egs. (4.1),
(4.2), and (4.3), which do not include shielding, the
result is

(do1) k0= (do11) >0+ (do11r) k>0, (11.1)
(o) ko (2268 20) (PE/ 96 (dl/ ) d2A# AT
X{In(pd"/8)+0ua()}, (11.2)
(dorm) k0= (22%€%/27) (PE/ po’) (dk/ k) QA
X{In(pe*/6)+O0m(1)}. (11.3)

As expected, the leading terms in Egs. (11.1), (11.2),
and (11.3) agree with those in Egs. (10.1), (10.2), and
(10.3) for @=0. The main effect of the shielding is to

R. L. GLUCKSTERN AND M. H. HULL,

JR.

replace = k2A02 ()_2 by 62+a =(k2+a2P02A0_‘2)A02p0_2
in Egs. (11.1), (11.2), and (11.3). A rough estimate of
the effect of the shielding may therefore be obtained by
using Egs. (4.1), (4.2), (4.3), and replacing £* by
R4 a?pe®A¢? in the logarithmically divergent terms,

L=1In[ (EEo—m--ppo)¥/mik?]  (12.1)
and .
2¢"=2In[(T+p)*/ (T*—p?)]
o =In[(T+p)/ (4k2A5)], (12.2)
giving

L—In[ (EEy—m*+ ppo)?/ (m*k>+m2ape?A¢2)]  (13.1)

and

- 2"In[ (T4 p)Y/ (4R A+ 4a2pe?) ].

An exact analysis would most likely show that other
changes occur, but the most important ones, namely
those which make k(do/dk) finite as k—0, have been
taken into account by the changes indicated in Egs.
(13.1) and (13.2).

Calculations have been performed to determine the
polarization effect for Eo=1.2 m, 2m, 6m, corresponding
to incident electrons of kinetic energy mc?/5, mc?, Smc?.

(13.2)

DEGREE OF POLARIZATION

160 — —-8
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FiG. 2. Bremsstrahlung cross section (lower half of figure) and
degree of polarization (upper half of figure) for incident electrons
with Eo=2mc? (=~0.5 Mev) s photon energy for photon angles
60=0°, 10°, 30°, 60°, 90°. The solid curves are without shielding,
and the dashed curves are with shielding for Z=13.
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The photon spectrum summed over polarization
(wm?/ Z%®) (kday)/ (dkdQp) is shown in Figs. 1-3 for each
value of Ey, and in each case for various values of 6,
the angle between the photon and incoming electron
directions. In each figure the degree of polarization,

P= (dO'HI-—dO'II)/(dO'I), (14)
is also plotted against the photon energy k for the same
values of 6,. The dotted curves represent the approxi-
mate effects of shielding, calculated for Z=13 (alu-
minum).

The main features of the results are that the polariza-
tion effect is appreciable both for low and high energy
photons, with P having a different sign in the two cases.
At the low energy end of the photon spectrum
do11<dorr, and the effect is most pronounced for high
electron energies with 8y~m/E,. This can be seen from
Eq. (10.2) where in the low energy photon limit do11—0
for the particular angle -given by cosfo=po/E, or
sinfo=m/E,. This also happens to be the angular region
in which the bremsstrahlung cross section is important.
As has been pointed out by May and Wick [I-5], the
fact that an appreciable polarization effect occurs in
the range 8¢~m/E, may be seen by using the Weiz-
sicker-Williams method [1-6].

The other region of appreciable polarization occurs
at the high end of the photon spectrum, as can be seen
in Figs. 1-3, with do1r>dorr1, but this effect decreases
with increasing electron energy. The factor (p/p,) in
Egs. (4.1), (4.2), and (4.3) causes the cross section to
tend to zero as (ko—k)* at the upper end of the spectrum
(E=m, p=0, ko=E,—m). In addition the first Born
approximation limitation given by Eq. (5) is no longer
satisfied as p—0. However, these limitations are
serious only in the immediate vicinity of the high end
of the photon spectrum. Condition (5) for aluminum is
equivalent to Z=13, ky—£>0.005mc*~2.5 kev. The
factor (p/po) which tends to zero at the high energy
end of the photon spectrum has the values 0.21, 0.18
and 0.12 for Eo=1.2m, 2m, and 6m, respectively, for a
photon energy 95 percent of the available energy.
Therefore an appreciable cross section may be obtained
for photon energies up to about 95 percent of the
maximum.

The reason for the presence of a polarization effect
at the high end of the spectrum may be seen from Eq.
(I-16), where for p—0 the acceleration of the electron
on the classical picture is in the direction of motion of
the incident electron. In this nonrelativistic limit
do111=0 for the direction of polarization perpendicular
to po and k, and the degree of polarization approaches
—1. The effect diminishes as the other terms in Eq.
(I-15) enter for higher energies.

The limiting forms for doy, dor1, and dorrr near p=0
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Fi6. 3. Bremsstrahlung cross section (lower half of figure) and
degree of polarization (upper half of figure) for incident electrons
with Eo=6mc? (~2.5 Mev) vs photon energy for photon angles
8,=0°, 2°, 5°, 10°, 30°. The solid curves are without shielding, and
the dashed curves are with shielding for Z=13. -

may be easily obtained from Eq. (I-15) and are

(do1) p>0= (do11) psot (do1rr) poso, (15.1)
(do11) pso= (Z%€°/4m) (p/ po) (dk/k)d0

X (P02 sin200/mk"A04) (k2A0+ 4m3— 2mkA0), (152)
(do11r) pso = (Z%5/4m) (p/ po) (dk/ k) A0

X (P()Z sin200/mk2Ag4) (k2A0), (153)

P= (mkAo— 2m3)/ (k2A0— mkA0+ 2m3) . (15 4)

For small values of 6, the degree of polarization, in the
limit p—0, is —0.99, —0.87, and —0.43 for Ey=1.2m,
2m and 6m, respectively.

The results including the shielding calculated from
the corrections indicated in Egs. (13.1) and (13.2), are
shown as the dotted curves in the figures. The effect on
the cross sections is to flatten out 2(ds/dk) near k=0,
and the effect on the degree of polarization is to decrease
the values calculated without shielding at the low
energy end of the photon spectrum.

The formulas given in Eqs (4.1), 4. 2), and (4.3)
with the changes indicated in Egs. (13.1) and (13.2)
give the bremsstrahlung cross section with approximate
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corrections for shielding by the atomic electrons. In
practice one would also like to know the effect of mul-
tiple electron scattering on the bremsstrahlung angular
distribution in order to be able to predict the cross
section for targets of finite thickness. This has been done
approximately by Schiff’ and May [I-7]. The experi-
mental measurements of Lanzl and Hanson” and
Rosengren? indicate that the effects of multiple electron
scattering should not be neglected for practical target
thicknesses.

III. CROSS SECTION FOR PAIR PRODUCTION

As has been pointed out by several authors [I-3],
[1-47], pair production differs from bremsstrahlung only
in that the energy of the initial state of the electron is
negative. The cross section for pair production may be
obtained from that of bremsstrahlung by the changes:

Ey—E_, the total energy of the electron,
—E—E,, the total energy of the positron,
pPo—pP—, the momentum of the electron,

—p—py, the momentum of the positron.

The final state of the system is now an electron-positron
pair instead of a photon and an electron, and the factor
describing the density of final states must be changed
accordingly. The differential cross section for the pro-
duction of an electron-positron pair of energy E_, E,
and momenta p_, p; by a photon of momentum k may
then be obtained from Eq. (I-15) as -

do= (Z28/47%) (p4p_dE_/kPq*)dQ, dQ_
X{(@—4E2) (p47/ D)+ (P —4EL) (p-r/A2)
—2(¢PHAELE ) (prip—1/ Dy A-)
+EL(¢/ A A)— AL /A —A /A —2]},

q=p-+p,—k, A =E —p cosf,

(16)
where

(16.1)
Ay=E,—p, cosby,

and 6_ and 6, are the angles of p_ and p, measured with
respect to k.

This expression was obtained by Berlin and Madanky?
and was discussed by Wick™ in the high energy limit by
means of the Weizsiicker-Williams virtual photon
method [I-67]. As in the case of bremsstrahlung, Wick!®
and May [I-7] showed that for high energies, an appre-
ciable polarization effect was obtained only at angles of
the order O~m/k.

Since the terms in the braces in Egs. (4.1), (4.2),
and (4.3) do not depend on the sign of p, the pair pro-
duction cross section may be integrated over dQ; by
replacing Eo by E_ and E by —E, in Egs. (4.1), (4.2),

7L. H. Lanzl and A. O. Hanson, Phys. Rev. 83, 959 (1951).

8 J. W. Rosengren, University of California Radiation Labora-
tory Report UCRL 1999, Nov. 3, 1952, unpublished.

9T. H. Berlin and L. Madanky, Phys. Rev. 78, 623 (1950).

0 G. C. Wick, Phys. Rev. 81, 467 (1951).
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and (4.3), giving

dor= (2%5/8x) (p.p_dE_/k3)dQ
X{—4m? sin®0_(2E_2+m?)/ (p2A_%)
+ (SE2—2E,E +3m)/(p2A %)
+ (p2— )/ (TPAD)+2E,/ (p-*A-)
+ (L/p-p ) [2E_m? sin0_(3km*+ p_°Ly)/
(p2A )+ QEX(EZH-EY)
—m*(TE24-3E_E,+E%)+m*)/ (p-*A7)
+E(EZ—E_Ey—m?)/(p*-A)]
— (&T/p+T)[(2m*/ A 2— 3k /A
—k(p2—FD)/(T?A-) J—2e/ (p+0-)}.
do = (22%/87) (psp_dE_/F)dQ_

X {—8m? sin®0_(2E_*+m?)/ (p_2A_%)
+ (3E_—2E,F_+5m)/ (p_*A_?)
+ (02— R/ (1A 2 —2(E_—E4)/ (p-2A-)
+ (L/ p-p)[AE_m? sin’6_(3km*+ p_E,)/
(P2 N+ QE2(E2+EY)
—m2(9E_2H-4FE_E,+E. )+ 2mY)/ (p_2A_%)
+k(E2—E_E))/(p-2A)]
— (/4 T)[Am?/ A2 —Th/A_
—k(p2=F)/(T?A)—4]—4ei/ (p1A-)
+ (1/p-2sin0 )[ 2L/ psp-) QE+E_E,
—m2— (m?*k/A_))
+de,T(A+ENY (p4T)— 2, (A+Ey)/ P}

dorir= (2%8/87) (pyp_dE_/F)dQ_ (17.2)
+{GE2—2E_E\+m?)/(p2A7)
+ (p-2—F)/ (1A D)+ 2k/ (p-2A-)
+ (L/p-p)LREZ(EZ+EL)
—m*(SE+2E_E,+E?)/ (pA27)
+k(E2—E_E,—2m*)/(p-2A)]
— (e7/p+ T) Jk/ A~ k(p-2— k) / (T*A)+4]
— (1/p-2sin®0)[ 2L/ p1p-)
X QE 24 E_E,—m*— (m*k/A_))

+4£;-T(A—+E+)2/<P+T)_ 2et (A—+E+)/P+:]}-
(17.3)

(17.1)

Here
T= ’p——k] ’

L=In[ (E_E,+m*+ P—P+)/ (E_E\+m*—p_py)], (17.4)
er=In[ (By+p4)/(Er—p1) ],
6= In[(T4p)/(T=p) ],

The cross sections in Egs. (17.1), (17.2), and (17.3)
give the energy and angular distribution of the electron

A =FE —p_cosf_.
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for: (I) average over photon polarization, (II) electron
created in the plane of polarization, (III) electron
emitted perpendicular to the direction of polarization.
For pair production do1= (do11+do111)/2.

Since Eq. (16) is symmetric in the electron-positron
pair, Egs. (17.1), (17.2), and (17.3) hold equally well
terms of the angular distribution of the emitted posi-
trons instead of electrons. The approximate expression
may be obtained by interchanging 4+ and — signs in
Egs. (17.1), (17.2), and (17.3).

The considerations on the validity of Egs. (16),
(17.1), (17.2), and (17.3) remain essentially unchanged.
The expressions are valid for (Ze?/#v,<<1 and (Ze*/#v_)
«1. Shielding becomes important for photon energies
of the order of 137Z~¥mc? and can be taken into account
approximately by replacing (pp-dE_/F¢) in Eq. (16)
by [pip-dE_/k(?+a?)?*], as previously discussed.
Since the photon energy is now always greater than
-2 mc?, the previous considerations for low energy photons
are no longer needed. Equations (16), (17.1), (17.2),
and (17.3) are therefore approximately valid as long as
the photon energy is not too large (A<<137Z=¥mc?). The
extreme relativistic range is treated by May [I-7]
together with the similar limit for bremsstrahlung as
previously mentioned.

APPENDIX I
The integral,

Ln= f (d2/2m) (1—p-a)—"(1—p-b)~",

in Eq. (3) must be evaluated for the cases g1, 11,0,
Io, 2 I2, 0, Il, 1y 11, 2 Ig, 1y Iz, 2 Iz,_l. The integral Izrwl may
be expressed in terms of the others by choosing a as the
polar axis for the integration over dQ and performing
the azimuthal integration, giving

Io1= f d(cosfye) (1—p-a)*{1—[ (p-a) (a-b)/a]}
={(a-b)/a®} I, o+ {1—[(a-b)/a*]}Is,,.

The integrals for 7#=0 or »=0 may be readily evaluated
by choosing b or a as the polar axis for the integration
over dQ, giving

(18)

1
I, 0=f d(cosfp,) (1—p-a)—!
-1

] = (pa) [ (1+ pa)/ (1—pa)], (19.1)
Lo o= f d(costy) A—p-a)2=2(1— pad),  (19.2)
Tov= (pb)~" In[ (14 pb)/ (1— pB)], (19.3)
To o=2(1— p2b%)~1. (19.4)
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The integrals Iy 1, I1,2, I5 1, I, 2 may be easily carried
out with the aid of the identity

(o)1= f [artB(l—2)Tdx,  (20)

and those obtained by differentiating Eq. (20) with
respect to « and 8. For example,

I= f (dQ/2r)(1—p-a)(1—p-b)
- [ s [ @/mii-p-g1,

where g=ax+b(1—x). If g is now used as the polar
axis, the integration over dQ may be performed, giving

1
Il, 1= Zf X_ldx,
0

where X is a quadratic in « given by
X=1—p2=1—p%2—2xp%*(a-b—b?) —a?*p*(a—b)2.
Using a=2T/(T?+p?), b=k/kE from Egs. (1.1) and
(2.1) and 2k-T=po*— T?—k?, one obtains
1
Fun=2 [ X-tdu= BB ) (po) (=)L,
0

(21.1)
where

L=m[(EE,—m2+ ppo)/ (EEy—m*— ppo) ],

as defined by Heitler.! In a similar way one also obtains

(21.2)

1

I,.= f 4(1—x) X 2dx, (21.3)
0

1

In= f 4xX~*dx, (21.4)
0

1 1
I“:f 16x(1-—x)X“3dx——f 4r(1—x)X%dx. (21.5)
0 0

These integrals, involving quadratic forms in w, are
elementary but lead to long algebraic expressions for
Iy9, 151, Io,0. .
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11 See reference 2, p. 165, Eq. (167).



