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Polarization Dependence of the Integrated Bremsstrahlung Cross Section
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The diBerential cross section for bremsstrahlung derived in the previous paper is integrated over the
direction of the emerging electron. It is found that regions of appreciable polarization occur near both the
low energy and high energy ends of the photon spectrum. Calculations are performed for the polarization
dependence of the radiation for incident electrons of about 0.1, 0.5, 2.5 Mev with and without approximate
shielding corrections calculated for aluminum. The polarization dependence of the differential cross section
for pair production and of the cross section integrated over either the electron or positron direction is ob-
tained from the results for bremsstrahlung by the weH-known procedure of changes from positive to negative
energy state.

II. INTEGRATED BREMSSTRAHLUNG CROSS SECTION

The integration of the cross section given in Eq.
(I-15) over the direction of the emerging electron is
rather lengthy, and only a brief outline of the method
will be given. A few intermediate steps are described in
Appendix I.

The integrals to be evaluated are of the general form

q
'~D "dQ' en=0, 1, 2; e= —1, 0, 1, 2,

where z), =E—p cos8. If one writes

with

and

qs= (y,—y —k)2= (Ts+ ps) (1—y. a)

a=2T/(T'+ p') T=yo —k,

A=E(1—y b) (2)
~Assisted by the joint program of the U. S. Once of Naval

Research and the U. S. Atomic Energy Commission.' Gluckstern, Hull, and Breit (preceding paper), Phys. Rev.
90, 1026 (1953).

I. INTRODUCTION
" 'N the preceding paper' the differential cross section
~ ~ for bremsstrahlung is given in Eq. (16) as a function
of photon polarization for a specihed photon momentum
k and for the electron emerging in a direction within the
element of solid angle dQ. In the present paper this
cross section is integrated over the direction of the
emerging electron. One obtains, in this way, the angular
and energy distribution and the polarization of the
photons emitted in the bremsstrahlung process.

The considerations in Sec. III of the preceding paper
regarding the nature of the photon polarization are not
necessary for the integrated cross section, The sym-
metry with respect to reflections in the yok plane is
sufFicient to eliminate the possibility of an elliptically
polarized component of the radiation.

The notation used is the same as that of the preceding
paper and reference to equations and references in the
preceding paper will be made by inserting I- in front
of the appropriate equation or reference number.

with

the integrals
b=l /kE, (2 1)

= )t (dQ/27r)(1 —y a) "(1—y b)-" (3)

are nontrivial for m=1, 2 and m=1, 2. These integrals
are discussed further in Appendix I.

It su%ces to consider two conditions of polarization
referred to below as Cases I and II. Case I corresponds
to a sum of cross sections over polarizations. In Case II
the polarization vector is taken to lie in the yok plane
and may be expressed as

(2kpo sinHo) 'Lk(T'+ p')a+E(T' —p' —2kE)b7.

After considerable algebraic manipulation involving
the integrals I „, the photon cross section for each
polarization as a function of 80, the angle between the
photon and incoming electron directions, is found to be

do z = (Z'eo/8rr) (dk/k) (P/Po) dOo

)& (Sm' sin'eo (2Eos+ m') /(P oslo')
—2 (5Eo'+ 2EEo+3m')/(po'b, o')
—2 (po' —k')/(T'zz o')+4E/(p '6 )
+ (L/PPo) Zt4Eom' sin'Oo(3kms —P 'E)/(P 'd ')
+ (4E 2(E s+Es)
—2m'(7Eo' —3EEo+E')+2m4)/(po'Ao')

+2k(Eo'+EEo m')/(P—oslo) 5
+ (e~/PT) L4ms/6o' —6k/6o

—2k(po' —k')/(T'~o)5 —«/(P~o)) (4 1)

«zz ——( 'Z/eS)z(rdk/k) (p/po)dQo

&& {Sm' sin'eo (2Eo'+ m')/ (po go')
—(5Eo'+ 2EEo+5m')/(po'z), o')
—(P' —k')/(T'~o')+2(E+Eo)/(Po'~o)
+ (L/PPo) $4Eomo sin2&o(3kms —PooE)/(Poo&o4)

+ (2Eo'(Eo'+ E')
—m'(9Eo' —4EEo+Es)+ 2m')/(Po'ho')

+k(Eo'+EEo)/(po'Ao) 5
+ (er/PT)L4ms/g 2 7k/g k(p 2 ks)/
(T'ao) 45 4e/(—p~o)—+ (1/po' sin'eo)

)& L (2L/PPo) (2Eo' EEo ms (m—'k/Ao—))—
—4"(~o—E)'/(PT) —2e(~o —E)/P5} (4 2)
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The polarization vector in Case III is perpendicular to
both pp and k and do'iii= do'i —dorr. As a check, doi was
integrated over dQO and agreed with the integrated form
of the Bethe-Heitler bremsstrahlung formula. '

The limits of validity of Eqs. (4.1), (4.2) and (4.3)
are the usual ones made in treatments of the brems-
strahlung process (references [I-3] and [I-4]).Due to
the limitations of the first Born approximation the low
energy limit of validity is

(Zep/hv) «1; (kinetic energy/mc'))) (Z/137)'. (5)

As previously mentioned the situation may be improved
by using more accurate electron wave functions in Eq.
(I-3). This has been done by Sommerfeld [I-1] in the
nonrelativistic limit and by Maximon and Bethe [I-8]
and Bess [I-9]as an improvement on the Bethe-Heitler
relativistic formula.

The other limit of validity occurs for low energy
photons or for extremely high energy electrons and is
due to screening of the (Ze/r) potential by the atomic
electrons. The effect of screening may be taken into
account roughly by using'

V (r) = (Ze/r) exp (—r/a), (e)

where a= 108Z **(h/mc) is chosen such that in the high
energy limit the total cross section agrees with that
obtained using the numerical values of the form factor
of a Thomas-Fermi atom. ' The potential in Eq. (6)
simulates screening by reducing the Coulomb inter-
action for distant collisions. The effect is to replace q

'
in the Fourier transform of (Ze/r) by (q2+n2) ' with
n= (Z&m/108). This then changes the factor (dk/kq')
in Eq. (I-15) to [dk/k(q2+c22)2], leaving the remainder

'See W. Heitler, The Quantum Theory of Radiation (Oxford
University Press, London, 1949), second edition, p. 165, Eq. (16).' See, for example, H. A. Bethe, Proc. Cambridge Phil. Soc. 30,
538 (1934).

4L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1926);
E. Fermi, Z. Physik 48, 73 (1928).

dorrr = (Z 2e 2/ 82r) (dk/k) (P/Po) dQo

X ( —(5Ep2+2EEp+m')/(pppd p2)

—(po' —k') / (T2&o2) —2k/(poo~o)

+ (L/ppo) I (2Eo (Eo +E )
m'—(SEp 2E—Ep+E'))/ (pp'Ap')

+k (Ep'+ EEp —2m')/ (pppt1p) ]
+("IpT) [k/~ p k(p—o' k')—/(T'~ p)+4]

(1/p—o'
'

'8o)L(2L/ppo)
X (2Ep —EEo m ——(m k/Ap))

X4o (~o—E)'/(pT) —2o(hp —E)/p]}. (4.3)
Here

T= fyo —k f,

L= ln[(EEo m'/ p—po)/(EEo m' p—po) ],—

o=»[(E+P)/(E —P)], o'=»[(T+P)l(T —P)],

Ap= Ep —pp cosgp.

q'= (k'/po') (Eo—po cosgo)'+ [pp(g —gp) —k singp]'

+pp2 sin2gp (22—22p)', (7)

and similar expressions for the other quantities in Eq.
(I-15). If one makes the substitutions,

u=g gp —k singp/pp, w= (22—pop) singp,

8= k6p/pp Ap= Eo pp cosgo Zp =Ep —cosgo —pp

the integral over dQ in Eq. (I-15) assumes the form

(8)

du dw[upt1o2+ w2t42 —2ub+om2 singo/poEo

+m2 sin2g 82/E 2]/[u2+w2+ (~2+82)/p 2]2 (9)

for Case I and similar forms for Cases II and III. The
integral over u and w in Eq. (9) is logarithmically
divergent for large I and m even though no such dif-
ficulty existed before the approximations 0=80, p —pp

were made. In order to avoid getting an infinite answer,
cutoffs of order of magnitude unity are used for u and
m corresponding to similar cutoffs for 0 and y. This
procedure is not intended as.an exact evaluation of the
effect of shielding, but rather it is hoped that the main
effect will be given suKciently well by the leading term
thus obtained. In this approximation the leading term
arises from the terms in the numerator proportional to

' L. I. Schiff, Phys. Rev. 83, 252 {1951.).
No account is taken of multiple photon emission and the

related infrared catastrophe.

of Eq. (I-15) unchanged. The integration over dQ is
more complex when shielding is included in this way,
but may be carried out exactly. However, it seems
sufhcient to assume that n can be neglected with respect
to q except for very low energy photons. The case of
electrons of sufFiciently high energy (Ep))137mc') to
make shielding important for all photon energies has
been treated by May [I-7].Except for the corrections
due to shielding, the present results, Eqs. (4.1), (4.2),
(4.3), agree with those of May in the extreme rela-
tivistic low angle range. Equation (4.1) is also in
agreement with calculations of Schiff' who obtained
the angular distribution of high energy photons summed
over polarizations.

The expressions (4.1), (4.2), and (4.3) are therefore
approximately valid as long as the electron energy is
not too high (Ep«137Z &mc2) and the photon energy
is not too low (k mc'). The modified expression for
k«mc' may be obtained' by taking the limit k~0 in
Eq. (I-15), retaining the first nonvanishing term. The
main contribution to the integral over dQ occurs near
9=00 and y= yo, and all quantities are expanded in
powers of 8—gp, po

—
pop, and k/Pp. The asimuthal angles

po and qp used here should not be confused with the

4 component D-irac spinors y and q&p used in the previous
paper. One obtains the approximation
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replace fi =k Q pp by P+Ir =(k +~ ps +0 ) ppp
In Eqs. (1,1.1.), (11.2), and (11.3). A rough estimate of
the e8ect of the shielding may therefore be obtained by
using Eqs. (4.1), (4.2), (4.3), and replacing k' by
ks+crsP '6 ' in the logarithmically divergent terms,

O
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L= ln[(EEp —m'+ ppp)'/m'k'] (12.1)

2er = 2 ln[(T+ p)'/(T' —p') $
= in[(T+ p)4/(4k'Ao') j, (12.2)

giving

I.—+in[(EE0—m'+ ppo)'/(m'k'+ m'cr'ppshp ')j (13.1)

and
20 —+in[(T+ p)'/(4k'6 '+4cr'po') j. (13.2)

An exact analysis would most likely show that other
changes occur, but the most important ones, namely
those which make k(do/dk) finite as k~0, have been
taken into account by the changes indicated in Eqs.
(13.1) and (13.2).

Calculations have been performed to determine the
polarization eGect for Eo= 1.2 m, 2m, 6m, corresponding
to incident electrons of kinetic energy mc'/5, mc', 5mc'.
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FIG. 1. Bremsstrahlung cross section (lower half of figure) and
degree of polarization (upper half of figure) for incident electrons
with Ep= 1.2mc' (=0.1 Mev) ps photon energy for photon angles
Hp=0', 30', 60', 90'. The solid curves are without shielding, and
the dashed curves are with shielding for Z=13.

n' and m' and leads to the following result:

eo= 30

,e,=o

—.6

—4 o
I—
hJ—2e

(10 1)

(dJII) k~p (dJIII) k~0+ (dJIIII) k~oJ

(doII)'k 0= (Z'e /20)s(rPEo'/Po') (dk/k)dfIAo'Il0 '
X (1n(po'/Ii')+OII(1) }, (11.2)

(d )'„=(Z'e'/2 ) (pE,'/p, ') (dk/k) dO, A,—'
X {in(ppp/fJ')+Oiii (1)}. (11.3)

As expected, the leading terms in Eqs. (11.1), (11.2),
and (11.3) agree with those in Eqs. (10.1), (10.2), and
(10.3) for et=0. The main effect of the shielding is to

(«i)k o= (dJrii)k o+ («m)k

(do II)k 0= (Z'e /2 r0) (psEo'/po') (dk/k)dQ&oslo '
X(in[Pop/(fi'+n'))+Oii(1)$}, (10.2)

(doIII)k 0= ( Ze /02 )sr(pE0'/pos) (dk/k)d0060 0

X(in[p, '/(P+ ') j+O»i(1)}, (10.3)

where OII(1) and OIII(1) stand for terms of order of
magnitude unity.

If one instead takes the limit k—&0 in Eqs. (4.1),
(4.2), and (4.3), which do not include shielding, the
result is
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FIG. 2. Bremsstrahlung cross section (lower half of figure) and
degree of polarization (upper half of figure) for incident electrons
with E0=2mc2 (=0.5 Mev) vs photon energy for photon angles
Hp -—0', 10', 30', 60', 90'. The solid curves are without shielding,
and the dashed curves are with shielding for Z=13.
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The photon spectrum summed over polarization
(mm'/Z'es) (kdo I)/(dkdQp) is shown in Figs. 1-3 for each
value of Ep, and in each case for various values of Hp,

the angle between the photon and incoming electron
directions. In each figure the degree of polarization,

—.8

&= (do III—do'ii)/(dcri),

is also plotted against the photon energy k for the same
values of Hp. The dotted curves represent the approxi-
mate effects of shielding, calculated for Z=13 (alu-
minum).

The main features of the results are that the polariza-
tion e6'ect is appreciable both for low and high energy
photons, with I' having a different sign in the two cases.
At the low energy end of the photon spectrum
do zz &do zzz, and the e6ect is most pronounced for high
electron energies with Hp rm/Ep. This can be seen from

Eq. (10.2) where in the low energy photon limit do II~0
for the particular angle given by cosH, =pp/Ep or
sinHp ——m/Ep. This also happens to be the angular region

in which the bremsstrahlung cross section is important.
As has been pointed out by May and Wick LI-5j, the
fact that an appreciable polarization eGect occurs in

the range Hp m/Ep may be seen by using the Weiz-

sa, cker-Williams method LI-6j.
The other region of appreciable polarization occurs

at the high end of the photon spectrum, as can be seen
in Figs. 1—3, with do.zz&do. zzz, but this effect decreases
with increasing electron energy. The factor (P/Pp) in

Fqs. (4.1), (4.2), and (4.3) causes the cross section to
tend to zero as (kp —k)'* at the upper end of the spectrum
(E=~, p=O, k, =E,—m). In addition the first Born
approximation limitation given by Eq. (5) is no longer
satisfied as p—+0. However, these limitations are
serious only in the immediate vicinity of the high end
of the photon spectrum. Condition (5) for aluminum is

equivalent to Z=13, kp —k»0.005mc'=2. 5 kev. The
factor (p/pp) which tends to zero at the high energy
end of the photon spectrum has the values 0.21, 0.18
and 0.12 for SO=1.2m, 2m, and 6m, respectively, for a
photon energy 95 percent of the available energy.
Therefore an appreciable cross section may be obtained
for photon energies up to about 95 percent of the
maximum.

The reason for the presence of a polarization effect
at the high end of the spectrum may be seen from Eq.
(I-16), where for p—&0 the acceleration of the electron
on the classical picture is in the direction of motion of
the incident electron. In this nonrelativistic limit
do'zzz =0 for the direction of polarization perpendicular
to pp and k, and the degree of polarization approaches
—1. The eftect diminishes as the other terms in Eq.
(I-15) enter for higher energies.

The limiting forms for do i, do'ii, and do'III near p=0
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Fzo. 3. Bremsstrahlung cross section {lower half of 6gure) and
degree of polarization (upper half of figure) for incident electrons
with Ep ——6mp' (=2.5 Mev) ps photon energy for photon angles
g =0' 2' 5' 10' 30'. The solid curves are without shielding, and
the dashed curves are with shielding for Z= 13.

may be easily obtained from Eq. (I-15) and are

(d&I) y~p (dcrii) y~p+ (do III)y~p& (15.1)

(dcrII) „p= (Z'e'/4rr) (p/pp) (dk/k) dQp

)& (pp' sin'H /mk'6 ') (O'Ap+ 4m' —2rIpkhp), (15.2)

(do III)y p = (Z'ep/4pr) (p/pp) (dk/k)dQp
&& (PP sin'H p/mk'Dpc) (O'6 p), (15.3)

I' = (mkh p 2m')/(—O'Dp mkh p+—2m') (15.4.)

For small values of Hp, the degree of polarization, in the
limit P-+0, is —0.99, —0.87, and —0.43 for Ep=1.2m,
2m and 6m, respectively.

The results including the shielding calculated from
the corrections indicated in Eqs. (13.1) and (13.2), are
shown as the dotted curves in the figures. The eBect on
the cross sections is to flatten out k(d /dckr) near k=O,
and the eGect on the degree of polarization is to decrease
the values calculated without shielding at the low
energy end of the photon spectrum.

The formulas given in Eqs. (4.1), (4.2), and (4.3)
with the changes indicated in Eqs. (13.1) and (13.2)
give the bremsstrahlung cross section with approximate
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corrections for shielding by the atomic electrons. In
practice one would also like to know the eGect of mul-

tiple electron scattering on the bremsstrahlung angular
distribution in order to be able to predict the cross
section for targets of 6nite thickness. This has been done
approximately by Schiff' and May t 1-7]. The experi-
mental measurements of Lanzl and Hanson~ and
Rosengren' indicate that the effects of multiple electron
scattering should not be neglected for practical target
thicknesses.

q=y +p+—k, 6 =E —p cos8,

+=E+ p+ cos8+, —
(16.1)

III. CROSS SECTION FOR PAIR PRODUCTION

As has been pointed out by several authors LI-3],
D-4], pair production differs from bremsstrahlung only
in that the energy of the initial state of the electron is
negative. The cross section for pair production may be
obtained from that of bremsstrahlung by the changes:

Eo—+E, the total energy of the electron,

—E—+8+, the total energy of the positron,

yo—&p, the momentum of the electron,

—~p+, the momentum of the positron.

The final state of the system is now an electron-positron
pair instead of a photon and an electron, and the factor
describing the density of Anal states must be changed
accordingly. The diRerential cross section for the pro-
duction of an electron-positron pair of energy E, E+
and momenta y, p+ by a photon of momentum k may
then be obtained from Eq. (I-15) as

do = (Z'es/4~s) (p~p dE /k'q')dQ+dQ

X( (q2 4E 2) (p 12/g 2) y (qs 4E 2) (p lslg 2)—

2(q'+4E+E —)(P+~p ~/~+~-)-
+ k'L(q'/~d )—dk /6 —dl /6 —2]}, (16)

where

and (4.3), giving

dor ——(Z'e'/Ss. ) (p~p dE /k')dQ

X{—4m' sin'8 (2E '+m')/(p '6 ')

+(5E '—2E+E +3m')/(p '2 ')

+ (P
' k-')I—(T'~ ')+-2E+I(p '~ )-

+ (L/p p~) [2E m' sin'8 (3km'+ p 'E+)/

(P '~ ')+-(2E '(E-'+E-+')
—m'(7E '+3E Ep+Eg')+m')/(p '6 ')

+k(E '—E E+—m')/(p' 6 )]
—(e+r/P~T) L2m'/6 '—3k/6

k(p ' —k')I-(T—'~ )] 2e+-l(p—+~ )) (1-7 1)

dorz ——(Z'es/Sar) (P+P dE /k')dQ

X f
—Sm' sin'8 (2E +m)/(p 6 4)

+ (5E '—2E+E +5m')/(p '6 ')

+ (p 2 k2)/(Tsg 2) 2(E E )/(p 2g )

+(L/p p~)L4E m'sin'8 (3km'+p 'E+)/

(P '~ ')+ (2E '-(E '+E+-')-
m'(9E '+4E—E++E„')+2m')I(p 'a ')

+k(E ' E E+-)l—(p -'~ )]-
—(e+r/P+. T))4m'/6 '—7kl 6

k(p ' k')I—(T'~-)—4] 4e+I-(p—+~ —)-
+ (1/p ' sin'8 ) t (2 ILP p ) (2E '+E E,

—m' —(msk/6 ))
+«+'(~ +E+)'/(P+T-) 2e+(~ +E+—)Ip+]).-

(17.2)
da-II&= (Z'e'/8~) (p+p dE /k')dQ

+ j (5E '—2E E~+m')/(p '5 ')

+ (p-' —k')/(T'~-')+2k! (p-'~-)

+ (LIP P+)L(2E '(E '-+E+')--
m'(5E '+2E —E++E+'-))/(P '-~ ')-

and 8 and 8+ are the angles of P and P+ measured with +k(E s E E 2ms)/(P sg )]
This expression was obtained by Berlin and Madanky'

—(e+'/P+T)]t kl~ k(p ' k')I (T-'~—)+-4]—-
and was discussed by Wick" in the high energy limit by —(1/P '»n'8-)

t (2L/P+P--)
means of the Weizsacker-Wilhams virtual photon

&& (2E s+E E
method $1-6].As in the case of bremsstrahlung, Wick"
and May LI-7] showed that for high energies, an appre- +4+ (~+E+) I(p+ ) +( + +)/P+])
ciable polarization effect was obtained only at angles of (17.3)
the order 8 m/k.

Since the terms in the braces in Eqs. (4.1), (4.2),
and (4.3) do not depend on the sign of p, the pair pro- L ln((E E +ms+ p p )/(E~ +ms p p )] (174)
duction cross section may be integrated over dQ+ by
replacing Es by E and E by E+ in Eqs. (4.1), (4.2), —e+=»[(E++P+)I(E+ P+)3r

7 L. H. I,anzl. and A. 0. Hanson, Phys. Rev. SB, 959 (1951).
J. W. Rosengren, University of California Radiation Labora-

tory Report UCRI. 1999, Nov. 3, 1952, unpublished.' T. H. Berlin and L. Madanky, Phys. Rev. 78, 623 (1950).
's G. C. Wick, Phys. Rev. 81, 467 (1951).

el~= lnDT+P„)l(T p, )], 6 =E —p —cos8 .

The cross sections in Eqs. (17.1), (17.2), and. (17.3)
give the energy and angular distribution of the electron
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The integral,

APPENDIX I

for: (I) average over photon polarization, (II) electron
created in the plane of polarization, (III) electron
emitted perpendicular to the direction of polarization.
For pair production Car= (Crrrr+Corrr)/2.

Since Eq. (16) is symmetric in the electron-positron
pair, Eqs. (17.1), (17.2), and (17.3) hold equally well
terms of the angular distribution of the emitted posi-
trons instead of electrons. The approximate expression
may be obtained by interchanging + and —signs in

Eqs. (17.1), (17.2), and (17.3).
The considerations on the validity of Eqs. (16),

(17.1), (17.2), and (17.3) remain essentially unchanged.
The expressions are valid for (Ze'/Ao+&(1 and (Ze'/Av )
«1. ShieMing becomes important for photon energies
of the order of 137Z 'mc2 and can be taken into account
approximately by replacing (p+p CE /k'q') in Eq. (16)
by Lp+p CE /k'(q'+ n')'j, as previously discussed.
Since the photon energy is now always greater than
2 mc2, the previous considerations for low energy photons
are no longer needed. Equations (16), (17.1), (17.2),
and (17.3) are therefore approximately valid as long as
the photon energy is not too large (k&(137Z lmc'). The
extreme relativistic range is treated by May I

1-7)
together with the similar limit for bremsstrahlung as
previously mentioned.

The integrals I&, &, I&, 2, I2, &, I2, 2 may be easily carried
out with the aid of the identity

I

(cxP) '= " $0.x+P(1 x)—j 'Ch,
Jp

(20)

and those obtained by differentiating Eq. (20) with
respect to n and P. For example,

r~

Ig g
—— (CQ/2s)(1 —p a)

—'(1—p b)
—'

Cx (CQ/2z. )I 1—p g$
'

where g=ax+b(1 —x). If g is now used as the polar
axis, the integration over dQ may be performed, giving

1

I, ,=2 I' X-C*,

where I is a quadratic in x given by

X= 1—p'g'= 1—p'b' —2xp'(a b —b') —x'p'(a —b)'.

Using a=2T/(T'+p'), b=k/kE from Eqs. (1.1) and
(2.1) and 2k T=po' —T' kone ob—tains

I „= "(CQ/2~)(1 —p a) "(1—p b) ",
Il, 1 2

4p
X 'Cx=Ek(T'+p') (ppo) '(T' —p') —'L

(21.1)

in Eq. (3) must be evaluated for the cases Io, i, h, o,

I0, 2 I2, p I&, &, I&, 2, I2 &, I2 2, I2 &. The integral I2, & may
be expressed in terms of the others by choosing a as the
polar axis for the integration over dQ and performing
the azimuthal integration, giving

Il, 2—
~1

4(1—x)X 'ch (21.3)

where

L= 1nt (EEo m'+ ppo)/—(EEo m' ppo) j—, (2—1.2)

as dehned by Heitler. "In a similar way one also obtains

Io, ~
—— C(cos0„,)(1—p a) '(1—

I (p a)(a b)/a'])

= ((a b)/a'}I~, o+{1—I (a b)/a'j)Io, o. (18)

The integrals for no= 0 or e=0 may be readily evaluated

by choosing b or a as the polar axis for the integration
over dQ, giving

1

I2, g
—— ~ 4xX 'ch,

~p

~1
Io o=

~
16x(1 h)X Cx

Jp 4 p

(21.4)

4x (1—x)X 'Cx. (21.5)

1

I~ o
—— ~ C(cos9„,)(1—p a) '

= (pa)
—' 1nL(1+pa)/(1 —pg)],

I, ,= ~ C(cose„,)(1—p a) '=2(1—P'a') ',

= (pb) '»I:(1+pb)/(1 —pb) j,
Io o= 2(1 Pobo)

(19.1)

(19.2)

(19.3)

(19.4)

These integrals, involving quadratic forms in x, are
elementary but lead to long algebraic expressions for
Ig 2) I2 g) I22.
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"See reference 2, p. 165, Fq. (16').


