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The exact problem of multiple Compton scattering in an infinite plane parallel medium is set up for a
monochromatic primary spectral distribution normally incident upon a semi-infinite medium for isotropic
scattering. It is treated by a different approach to that previously used by the author, the new approach
being based in part on Marshak’s method of spherical harmonics. Numerical results are presented for the P,
approximation to this problem. This result is compared with the corresponding solution obtained pre-
viously. The present method shows that the broadening is not as severe as the previous method had

indicated.

SECTION 1. BASIC EQUATIONS AND
METHOD OF SOLUTION

N a previous paper! the author found approximate
solutions to several problems of multiple Compton
scattering of low energy (E<O0.5 Mev) gamma-radia-
tion. The present paper contains a different approach
to the problem, based in part on Marshak’s? method of
spherical harmonics. None of the approximations of the
first paper are made. The problem is to find accurate
expressions for the broadening of a primary mono-
chromatic spectral distribution as a function of the
distance into the medium and the angle (measured from
the direction of the primary beam).

Referring to (I), the appropriate transport equation
which must be solved in the case of Compton scattering
with no photoelectric absorption and for an infinite
plane-parallel scattering medium (semi-infinite or of
finite thickness) is the following
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where 7=(8/3)Nwr-Z, Z=actual distance into me-
dium in cm, ry=classical electron radium in ‘cm,
N=number of electrons per cm?, u=cosd; u’=cos?’,
o= (mc/hk)\, co=primary “wavelength” (mc/k)\o, o' =0
—1+cos6, and

c0s0 = pp'+ (1— )t (1—pu'%)? cos¢'.

To begin with, we shall carry out, the problem of
isotropic scattering in which £(1+4 cos?0) is set to unity.
This is done because it is one of the purposes of this
paper to check the results of (I), where isotropic scat-
tering was also considered. An appendix shows the
modifications necessary in order to solve the noniso-
tropic problem (1.01). The only limitation on the
methods to be presented is the usual one; namely, the
exact Klein-Nishina differential cross section, which is

1R. C. O'Rourke, Phys. Rev. 85, 881 (1952) [referred to here-
after as (I)].
2 R. Marshak, Phys. Rev. 71, 443 (1947).

energy dependent, cannot be handled by the operational
methods below.
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This transport equation will now be solved for the case
of a plane parallel semi-infinite scattering medium with
a monochromatic beam of gammas incident normal to
the face 2=0. The unscattered component is singular in
wavelength and direction, and one can therefore intro-
duce the spectral density J(7, u, o) of all gammas scat-
tered at least once as follows:

I(r, p, o) =wFe~"8(1—p)d(o—00)+J (7, 4, o). (1.03)

The delta function §(1— u) is normalized to unity over
the whole solid angle. The transport equation for
J(7, u, 0) then becomes
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in which the singular factor (1— u)8(1— 1) occurred and
was considered identically zero, operationally speaking,
since it would drop out in what follows below. One now
makes a Fourier integral decomposition in wavelength
shift (¢c—ao=1y) where, again, oo is the dimensionless
primary wavelength (mc/k)\,.
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J(7, u, o) =2—f M(r, p, ®)et*¥de.  (1.05)
TV _o

One must note the important fact that physically the
scattered radiation consists only of wavelengths larger
than Ao(c—o9>0). This indicates that one should
perhaps use a one-sided Laplace transform in wave-
length shift which is ideally suited for variables which
range from zero to infinity. This is however not prac-
ticable since the inversion of such transforms leads to
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complex integrals which are very difficult to handle.
The inversion of Eq. (1.05) is, of course,

Mo,y )= [ 70,y )emiovdy,

which is formally an integral over negative values of

o—oy. By representing J(r, u, o) as a Fourier integral
one must find the function M(7, u, @) to be such a
function that there is no “violet shift” ie., J(7, u, o)
should turn out identically zero for ¢—o0o<0. One
however has no control over the function M (7, y, @),
as will be seen since it is obtained by successive approxi-
mations in the spherical harmonic method. In any P
approximation one must expect a small violet shift
[see (I)]. As will become evident, the violet shift is
quite small even in the P; approximation, and the
amount of violet shift seems to be a critical method of
evaluating the success of the spherical harmonic
method in handling problems of the type under con-
sideration here.

Proceeding then, one substitute Egs.
(1.04) and obtains
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(1.05) into

(1.06)

One now represents the angular dependence of

M(7, u, @) by the method of spherical harmonics as -

follows,

o 2041
M(r, a)=l§0—;—K:(1, a)Py(p),  (1.07)

where
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Since only low energy gamma-scattering is being con-
sidered one expects that one will not need a large value
of Iy to represent the solution. As in the case of problems
of diffusion with no wavelength shift this is fortunate
since, here as well, only the P; and P approximations
can be carried out with limited numerical facilities. This
statement is also made here because the transport
equation for high energy gamma-scattering is mathe-
matically equivalent to the problem being considered
here, if one makes the same approximations that Foldy?

does in his work. One could not, however, expect to

represent the high energy angular dependence (which
is predominantly forward) by only a small cut-off
value of /,.

To proceed, then one substitutes Eq. (1.07) into
Eq. (1.06) multiplies by P.(u) and integrates over
—1< < +1. Using the recurrence relation

Q1) pPy(p) =1P; 1 (w)+ (1) Prya(p),
s L. Foldy, Phys. Rev. 81, 395 (1951).
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one is led to the result
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where the prime means derivative with respect to 7,
and where
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All of the integrals can be carried out in closed form
and are actually quite simple. To see this, introduce the
well-known expansion,*

gl 080 = i 1"(2%+ 1)jn(a)Pn(Cose); (109)

n=0

and the addition theorem for spherical harmonics,
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the second term gives nothing since one integrates over
¢’ from 0 to 27. One has then
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Therefore only diagonal elements survive,
Ciml(a) =€} 20+1) i(2) dtm. (1.12)

Similarly, for the other integral in Egs. (1.08), one can
use the same method, '

+1
f cionPy () dp =23 j1(). (1.13)
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47. Stratton, FElectromagnetic Theory (McGraw-Hill Book
Company, Inc., New York, 1941), p. 409.
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Finally, the system of equations (1.08) reduces to
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+ 2l De () Ky, (1.14)
and then the formal solution would be:
o 2041 1 p= _
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SECTION 2. THE SEMI-INFINITE MEDIUM-P,
APPROXIMATION
One could apply a Laplace transformation to the
system (1.14) in the variable 7 and reduce it to a system
of algebraic equations for the transforms of the
K (7, «). However, for the P; and P, approximations
it is easier to solve the system directly. In the P,
approximation (i.e., Jo=1) one cuts the system off by
keeping only terms in Ko(r, «) and Ki(r, @). This
method of cut-off can only be judged by its success in
the numerical sense of doing both the P; and P, ap-
proximations (and higher if possible) and seeing how
the successive solutions to K;(r, ) compare with each
other.?
In the P; approximation, then, the system (1.14)
becomes simply
Ki/'+Ko= Qoo(Ko+3Fe7), (2.01)
K0/+3K1= @11(K1+%F6_7),
where

@00(0[) = e“"’jo(a), Qli(a) = 3ie“i"‘j1(a) .

Uncoupling these equations leads one to the following
equation:

Ky'—QK,=1F(®—3)e, (2.02)

where

()= (1— Goo) 3— Q1) =As+iAs,

A1) =3[ 1—cosajo(a) — sinaji (@) +sin2ago(a)jr () ],

As(e) =3[ sinafo(a) — cosejr(a)+ cos2ags(a)ji(e) 1.

The solution of Eq. (2.02) is simply

Ko(r, @) =3F[A(a)e "+ B(a)e?+e7/(1—Q2)]
-(@2-3), (2.03)

where

Q) =01()+10:(a),
01(a) =27 A1+ (A2+ A2, O(a)=Ag[20:() ]

The boundary conditions for the determination of
A(e), B(a) are the following:

1
f J(0, p, )udu=0, for all ¢;  (2.04)
0

+1
lim J (7, p, )du=0, for all ¢.
T—>00 1

5 M. Wang and E. Guth, Phys. Rev. 84, 1092 (1951).

(2.05)
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These are to be used for a semi-infinite plane parallel
medium. The first condition simply states that the net
flux of gammas scattered at least once “into” the
medium must vanish at 7=0. This is the exact boundary
condition because the incident beam and the unscat-
tered beam are equal at =0, and the flux of the latter
has been separated completely from the problem. The
second boundary condition (2.05) simply assumes that
the spectral distribution averaged over angles ap-
proaches zero properly as 7—o, for all finite ¢. Since
photoelectric absorption is being neglected, one of course
cannot assign physical significance to wavelengths
larger than those wavelengths at which photons would
be lost by absorption. This is always a difficulty in
treating a semi-infinite medium. As far as broadening
is concerned, however, the results of (I) have indicated
already that at a distance 7, into a semi-infinite medium
one has a broadened spectral distribution which does not
differ greatly from the corresponding solution for a
finite medium of the same thickness ;. A quantitative
answer to the above difficulty can of course only be
obtained by solving the present problem for a finite
scattering medium (see below). One would then replace
Eq. (2.05) by the exact condition

0
f J (71, 4, o) udu=0, for all ¢ (vacuum for 7> 7).
- (2.06)

Proceedings with the semi-infinite medium one sub-
stitutes Egs. (1.05) and (1.07) into the boundary
conditions (2.04) and (2.05) and obtains B(a)=0 and

1 r2@11 5—Q@u
3420— @ul3—02 1—@

The results in the P; approximation are then (after
some tedious but simple algebra)

AriA,

A(a)=

]. (2.07)

K(r, a)=%F[ e
7
Agt+iAy Agtils
e=or —] (2.08)
A7As A7A8

where the A’s are defined below;
Ar=Q01(5—3C1)—3C:Q,
Ap=—3C01— Q2(5 - 3C1);
A3=2(5—C1) (Q105+ A20Q3) — 2C5(Q203—~ A201),
A4=2(5—C1)(A201—Q203) — 2C2(Q1Q3+ A20>),
As=Q3(A1—3)— A%,
A= Q3M2+2(A1—3),
A7= Q12+ Q22,
Ag=Q32+ A%
Q:1(a)=3—C1+26,,
Q2(a)=20,—C,,
Qs(@)=1—Ay;
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and, finally,
au(a) = C1+ 1:C2,

Ci(a)=(3 sina/a)(sina/ a— cosa),
Cy(a) =cotaCi(a).

Finally, one needs K;(r, ) since in this P, approxima-
tion the spectral density J(r, u, ¢) is given by

1 ®
T =— [ (4Ka(r, @)+ @)
Y

(2.09)
From the original Egs. (2.01) one finds

Ki(r, @)=1/3— Qu){—Ki+3F@ue~"}, (2.10)
or .

Ki(r, ) =3F[e~ @007 (911, i911,)
+e~(Ma+49My) ],

where the 91’s are defined below.

M) =T(e){(3—C1)(O1w01— B2w;) — C3(O2w1+O1w3)},

M) =T () {(3—C1)(O201F O1w2) 4+ Co(O101— Oswy) },

Ma(e)) = T(@){ (3— Cr)ws— Cawa},

Mo(a) =T(a){(B3—Cr)ws+Cows},

where,

(2.11)

w1=A1051 A3, w3=As+C14s47,
we=2A00Ag+ Ay, ws=As+C2lshr,
T (a) = [A7Ag{ (3 - C1) 2+C22} ]'1.

Finally, for the solution one needs only the real parts of
Ko(r, @)ei=¥ and Ki(r, a)ei*?, which are: (y=o—ay)

Re{Keiov} ‘
= %F(C_SIT/A7A3)[0)1 COS(ezT—' Oly)
+ w2 sin(@27— ay) ]

+3F(e~"/As)[As cosay—Ag sinay], (2.12)

TasLE I. Values of the integrals §©(r, y) and g®(r, y) for r=1,
7=2 as defined in Eq. (2.15).

=1 3 ©
-qw —_—-qm

y g“”/ 2 2‘3 * 2 +2‘g '
—0.50 —0.01 0.23 0.22
0.00 +0.07 0.31 0.38
0.25 +0.14 0.26 0.40
0.5 +0.14 0.16 0.30
1.0 +0.13 —0.04 0.09
2.0 -+0.12 —0.16 —0.04
3.0 +0.11 +0.07 +0.18

. =2

—-0.50 0.00 0.08 0.08
0.00 0.04 0.14 0.18
0.25 0.08 0.15 0.23
0.50 - 0.09 0.12 0.21
1.0 0.08 - 0.04 0.12
3.0 0.08 0.05 0.13
5.0 0.07 0.01 0.08
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and
Re{K,eiov}
=3FeO[ 9Ty cos(O27— ay) M, sin(Ogr— ay) ]
+%Fe[ M3 cosay— My sinay]. (2.13)
The spectral distribution is finally given by the fol-
lowing Fourier integral, in the P; approximation,

@«

1
T,y 9)=— f Re{[3 Kot 2uKiJe™}da (2.14)
T Yo

or the following

J(T) My 3’)=%F[%3<°) (T7 y)+%”'rg(l) (Ty 3’)], (215)

T 788

1 0 6—017
9O(r, y)=— f da[ {w1 cos(B27— ay)
0
+ ws sin(O:r— ay)}

e‘—T
+—{As cosay—Ag sinay} ],
A

8 .
1 e
IO (1, y)=- f dale=®7{IM; cos(Oar— ay)
)

+ 9, sin(O2r— ) }
+ e~ {NM5 cosay— My sinay} .

These Fourier integrals §©(r,y) and g®¥(r,y) have
been evaluated for 7=1, r=2. The results are presented
in Table I. Then from Eq. (2.15) one can obtain
J(r, u, o) for any angle ¢ where (u=cosd). Figure 1
shows the spectral distribution for u=1, F=1, for
both 7=1 and 7=2 along with the corresponding
results obtained in (I). One sees that the two methods
agree quite well for 7=2 in giving the magnitude of the
maximum intensity but disagree as to the location of
the maximum and the shape of the distribution. The
present method yields a rather poor result in the P,
approximation for small 7-values (say 7<2) in the
practical sense that the Fourier integrals are more
difficult to handle, and the results indicate rather large
oscillations in the tails of the spectral distributions, i.e.,
at wavelength shifts beyond the maximum (see Fig. 1).
For =2 these oscillations damp out and approximate a
monotonic decreasing function as one expects. We will
forego a detailed discussion of the numerical aspects of
the problem at this time since they are not complete.

The net flux across a surface of unit area per unit o
interval is given by

+1
7F(t, o) =27rf - J(ry py ) pdu+mwFo(y)e
-1

=rFgV(r, y)+wFs(y)e . (2.16)
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Thus, only g®(r, v) survives in the calculation of net
flux. This is true, of course, in all higher orders of
approximation Jo=1, 2, - - - and is one of the attractive
features of the spherical harmonic method. At the same
time one may have to calculate all the Ki(r, o),
1=0, 1, - - -ly in order to determine Ky(7, &) from which
IO (7, y) follows.

The corresponding results for a finite medium of
thickness 7 can be readily solved by using the boundary
conditions (2.04) and (2.06) along with Egs. (2.01) and
(2.03). The results are not recorded here because of
their length and a lack of numerical facilities which
makes it impossible to evaluate the Fourier integral
solutions at the present time.

APPENDIX

For the problem of anisotropic scattering one must
solve Eq. (1.01) as it stands. Only a few modifications
are introduced and these will be indicated here. One
introduces Egs. (1.03) and (1.01) and obtains

aJ 3
+J=—Fe¢"6(c—0co— 14 )
T 167

p—
]

3

+1 27
+~——f du'f d¢'(14-cos20)J (7, ', 6’). (A.01)
167!' —1 0

One again makes a Fourier integral decomposition
(1.05) which gives

9
v—M (7, p, )+M
or

3
—_ _Fe—f(1+ #2) e—ia(l—u)
16
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+1 2w
— dp.'f d¢' (14 cos?0)
167!' -1 0

Xe—ia(l—oose)M(T’ #’, a). (AOZ)

Introducing the “spherical harmonic” expansion (1.07)
for M (r, u, @) leads one to

K"t (4 DKt QI DK,

3 +1
=Pt f dp(14 ) e=i=0) Py
-1

14}
+ Z=:0 Q@) Kn(r, @), (A.03)
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F16. 1. Spectral distribution of all gammas scattered more than
once are shown for distances 7=1 and r=2. The unscattered
spectral component would be a delta-function at y=0. The cor-
responding solutions obtained in an earlier paper are drawn for

comparison. The primary intensity is unity. The solutions are for
#=1 in both cases.

where
4

(2+1)(2m+1)

3 +1 +1 b1 4
= duf du'f d¢'(14-cos?0)
8w J_y —1 ) )
Xew cosOPl(u)Pm(M’)'

For the small values of /, m needed in the P; and P,
approximations these integrals can be readily evaluated
just as above. The only difference is that @;n(a) is not
diagonal and therefore the system of Egs. (A.03) will
differ slightly from (1.14). This case of anisotropic scat-
tering has not been studied (numerically) and should
not until the P; approximation to the above isotropic
scattering problems is better understood (i.e., in the
numerical sense of the convergence of the method which
can be estimated by the decrease of the “violet shift”
in passing from the P, to the P, approximation). In the
P approximation one can again uncouple the system of
equations. One obtains again a second-order differential
equation for -Ko(r, @) just as above and Ki(r, a),
K»(7, @) can be expressed in terms of Ko(r, a) and the
entire solution carried through in the same manner as
in the P; approximation. ,
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