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In general, however, these derivatives must be evalu-
ated under the physical conditions obtaining when a
sound wave is propagated through the body. For
example, at low enough temperatures a perfect infinite
lattice without impurity will have a thermal conduc-
tivity tending to infinity. Consequently, the changes
which occur during the propagation of a sound wave will

be isothermal, and (cip/ci V) r is the appropriate deriva-
tive. At higher temperatures, however (and this will

usually include room temperature), the processes will be
practically adiabatic so that (Bp/8V) s should be
employed.

At intermediate temperatures the conditions for the
erst derivative will be neither isothermal nor adiabatic

but lie between. Then within the limitations of the
theory Bp/BV, and hence the wave velocity and 0,
depend only on the volume. Under these circumstances,
the second diRerentiation with respect to volume
presents no ambiguity.

Comparing Eq. (22) with Eq. (12), it follows that
Slater's values' based on experimental p: V data must
be diminished by 0.33. This correction then slightly
improves the over-all agreement.

This work forms part of a general investigation of
the eRects of anharmonicity on the thermodynamic
properties of simple solids and the electrical resistance
of metals.

6 See reference 4, pp. 393, 451.
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Exact solutions for the scattering of a fast particle by two heavy scatterers are obtained and compared
with the usual treatment of the impulse approximation in which multiple scattering is neglected. It is
found that the multiple scattering qualitatively changes the solution except in the extreme Born approxi-
mation limit. The methods developed are applied to the isotopic spin dependent, but spin independent,
scattering of mesons in the deuteron. It is found that if high energy scattering is assumed to be in the
isotopic spin —, state, a considerable depression in the total cross section can be expected for phase shifts
larger than 45 degrees.

I. INTRODUCTION

HE impulse approximation' ' has been developed
to deal with the scattering of a fast particle by a

system of heavy scatterers where the motion of the
scattering centers can be neglected during the scattering
process. This approximation leads to simplified theo-
retical evaluations of many processes and has been
applied in particular to a variety of phenomena in
deuterium. 4 In these applications, it has been argued
that multiple scattering eRects can be neglected if the
free-particle scattering amplitudes are small compared
with the deuteron radius. It will be shown, however,
that this criterion is incorrect and that the neglect of
multiple scattering is valid only in the limit where the
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Born approximation is valid for the single scattering
center, leading otherwise to qualitatively incorrect
results. The exact solutions, in the framework of the
impulse approximation, will be discussed first for the
simple case of S-state scattering and secondly in the
case of E-state meson scattering. In the latter case,
spin independent but isotopic spin dependent scattering
will be considered.

We shall not discuss the validity of the impulse
approximation as such, since this has been discussed in
detail particularly by Chew and Wick, ' and by Chew
and Goldberger. ' We shall also not attempt to consider
the eRects of scatterings which do not conserve energy
since, although such processes undoubtedly give cor-
rections to the impulse approximation, they are distinct
from the eRect we wish to consider here.

The methods developed here will be applied to the
evaluation of spin dependent scattering and to photo-
mesonic phenomena in a forthcoming paper.

II. THE IMPULSE APPROXIMATION FOR
S-STATE SCATTERING

We shall consider this very simple case to illustrate
the consequences of an exact treatment of the impulse
approximation. For the case of S-state scattering from
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a two-body system with heavy point scatterers at rz
and r&, the wave function for the system is

&& I r—rg I geik I r—r~I~e'

h h is the eneral solution to the wave equation
outside the range of the scatterers. The g

'
g

amplitude A is related to the total wave amplitude at
r& by the equation

(2)
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To obtain the total cross section, we ma e usake use of the
theorem' relating the total cross section to the forward
scattering amplitude,

o,.„(——4m KIm f(0),
and obtain

or.&,)——2a &t 1+sinx sin(x+28)/x'+ sin8 sin(2x+ 8)/x'

+sin'() sin'x/x']$(1 —sin'8/x')'

+4 sin'() sin'(x+())/x'j ', (5)

where we have averaged over the angless of Rand
introduced x=kR and 00=4xA.'sin'8. Ke now note
that in the limit 6—4,

o,.„)= 2o o(1+sin'x/x'), (6)
~ ~

which is the rediction of the impulse approximation if
multiple scattering is neglected. This limit is correct,

1 if 6—4 and not if R—+~; i.e., even for
ulti lewidely separated scatterers, the neglect of mu ip e

scattering is va i on y1 d ly if the Born approximation is
applicable to the free particle case. This is particu ar y

f t k 6=90' which leads to a cross
freel for all values of R than the sum of the ree

article cross sections, in striking contrast o e
approximation resu lt Another interesting limit is for
R—+0 where, for arbitrary 8,

&tota, l

A lot of the total cross section as a function of x, for
various values of 6, is given in g.F 1 It pprnt
that the exact solution deviates rapi y

~ ~

idl from the Born
' B. A. Lippmann and J. Schwinger, Phys. R. Rev. 79 481 (1950).

where kr)~ ——exp(ib~) sining, and similarly for I3. The
resu inglt' equations are easily solved an give or t e

im licitamplitude of the outgoing wave, where for simp
'

y
we have set q~ = r)i) = r) and R

~
r~ —r)) ~,

0 I 2

Fzc. i. S-wave scattering by two heavy point scatters, as a
function o; isf R/K' R '

the separation of the scatterers, X t e
. The ratio of the cross section to the sum of tof the

i en. The phase shifts for the twofree-particle cross sections is given. e p a
particles have been assumed to be equal.

approximation resut' esult even for rather small values of the
hase shift. A qualitative feature of importance is t a

the interference is negative for all va ue p
shifts somewhat larger than 45'.

which is a general solution of the wave equation, outside
of t eregiono in en

'
f teraction for P-wave scattering a one.

The amplitude A is related to the incoming wave P() y

where
A= i&'Tgvp(), —

Tx=aU* U+ab~a U*xU (10)

' Anderson, Fermi, Nagle, and Yodh, Phys. Rev.. 86 793 1952).

III. MESON SCATTERING

e s a resr'Vv' h ll trict ourselves to the consideration of
isotopic spint '

pin de.endent P-state scattering. is is e
ctord' f eudoscalar theory with pseudovec or

coupling and also is in approximate agreement with t e

ments, ' while they do not fix the spin dependence

weak. The spin dependence can be included in a
straig t orwar way, u

'
n i d but the resulting equations are

considerably more dificult to solve than the simpler
h ll onsider. As a consequence of this neg ect,

four results will not exactly relate to the actual case o
meson scattering but will serve to illustrate t e e ects
of interest. '

~ ~

For a single scatterer at rg, the wave function is
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where s is the momentum of the incomin wavncomiag wave an

charge state.

'
o opic spin function specifying th

' '
le initia

Th
am litude a

e amplitudes A and B are related t the o e total wave
mp i u e at r~ and r~ by the equations

h h
= X'T~ /go+— Bp—'(e's~' 'e~/lr —r l)

Z

h h
=z'2'z —p' ps+ —A p'(e'sl r&t—/lr r&l)

z z

The asymptotic form then is

p(r) =ps+h(A ke '"'"+B ke *"'e)e'""'/r (17).

To obtain the total cross
t e theo

section, we again make use of
n t eo

'
ion o e imaginaryh t eorem relating the cross sect t th

par o the forward amplitude. Since onl the d'

art con
e on y e iagonal

p ontributes, we need not consider th h
exchan e rg process in the total cross sectio

i er e c arge
ion since it is an

0 2

IG. . -wave ~sotoplc spin —,
' scattering of mesons by two heav

point scatterers (neutron and proton}.

0

g
'

opic spin dependent operato .is the most general isoto i
e operators U;* an" ~'and U; create and annihilate the ~th

component of the meson wave
'

th
s

, ~~ is e usual isotopic
spin operator. The coeKcients u and b 1 dn are re ated to

e p ase shifts for the isotopic spin —' d ~ t ' bng all g sates

a=2rig+ri;, h= -ri)+ii;, (11)

w ere ri& exp(i——b&) sin8&. The asymptotic form of P is

0-4+f(~) '""/ (12)
where

f(8)L3X cos8] '

(P+, P+), (1V—,X—)
= (rlg+2ri;)/3, (P , P ), (X+,S+)——
= (2';+ri;)/3, (EO, lVO), (PO, PO)
= 2&(rig ri;)/3, (Ã0, P——), (PO, X+). (13)

The notation ~I'~ , P+) means ~+ mesons on protons,

%ith this as an introduction, we consider next the
case o. two-scatterers at r~ and r f h' h h
uilc ioil ls

or w ic the wave

TABLE I. Total cross sections for meson-
d th tio f P-

—state The wavelength is iven in u
l hTh e energy is in the laborator sy yst ads ased

y i which the nucleons are

system for the m
e in notte y eav is the ccorrect center-of-mass

particle cross sections t p o of the Born approxi-

result of the exact treatment f th
cross sections are given in 'llibarns

men o t e multi le

~Born ~exact

1.000
0.833
0.714
0.556

81 Mev
113 Mev
150 Mev
220 Mev

20'
30'
45'
90'

90
178
261
315

113
218
288
340

144
153
236
246

h
=Xs-Trr sksP&(rs)+A f—(R)+A R(R)—R

s
g

oG-dia onal roce
char e exc

- '
g p ss. We cannot, however ne 1 t th

g exchange processes in computing the values of
and B, as will be apparent in the following.
To solve the equations for A and B fin, we rst write

them in the more convenient form,

h
=Xs-T~ ikgks(r~)+ B—f(R)+B R(R)—R

g

/=Ps+(h/z)LA p'(e'"~' '&~/lr —rgl)
+B.p'(e'"~' 'e~/l r—rz l)). (14) where

form
o describes the initial state of the s ste sys ems and i1as the

1 d (e'*q df
f(R) =

I l f(R) =x
xdxEx)' dx

(13)
~ For a more detailed development of the theor o

spin, see W. Heitler, Proc. Roy. Irish Acad. 51
%'atson, Phys. Rev. 85, 892 (1952). and K.
R 86 106 (.1952).
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Let us
m+ mes

us now restrict our attention to the so e scattering of a
e e initia systemmeson y a deuteron. In this case the

' '

is an isotopic singlet nucleon state and a x+ meson:
Under the action of the operato T d T,ors &an &, thesystem
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will undergo transitions to an isotopic triplet state. ' %e
can therefore take these two states as the basis vectors
for a matrix representation of the operators Tg, 1"g.
Calling the initial state (1) and the second state (2),
we then have

TABLE n. Total cross sections at 60 Mev. The phase shifts
have been taken to be By=10', by= —7', giving total cross
sections for 7f+ mesons on protons and neutrons of 32.2 mb and
21.4 mb, respectively. The units are the same as for Table I.

~exact

) a 2&b y Jr a —2&b~
(2o)

42&b a+b) E —2&b a+b )
60 Mev 53.6 36.7 30.9

The two coupled equations of Eq. (18) can 6rst be
solved, after multiplying by R, for the matrix elements
of A R and B R. These can then be substituted into
the vector equations to give a solution for A and B.
In computing the total cross section, as remarked
above, we need consider only the elements of A and 8
corresponding to direct scattering, i.e., A» and 8».
Straightforward evaluation leads to the result that

slnx
o ««& ——8x)(2 Im a+ g t f—(a' 2—b'+ g2—)

p» S

1+-—
Lgg

—e(a' —2b') —g4e], (21)
3p,

Let us 6rst consider this result in the limit E.—+~.
Vfe 6nd for the sum of the free particle total cross
sect, ion s

o.
g
=8+X'Imu
= 8+K'(2 sin'61+sin'bi), (23)

which agrees with the sum as given by Eq. (13).
Next we consider the Born approximation limit.

Here we 6nd, as a, b—4,
o««~= 8''ImLa —(a' —2b') (f sin@/x+ eg/3) J

(2 sin'b;+8 sinba sinai —sin'b;)= tTy

(2 sin'8t+ sin'b;)

(f sins eg~
XImI +—

~

. (24)3)
This result is easily shown to be identical with the
usual result in which multiple scattering has been
neglected. The angular integral encountered in the
usual evaluation is

Q5

fdO'It; t'dQgg
K4 (ko k)'e'&t'0-» "

4m~ 4m

which is equal to

(25)

—Im(f(x) sine/x+ eg(x)/3), (26)
I

4 with f and g deined in Eq. (19).Again it is clear that
this limit is valid only in Born approximation and- is
not approached as a limit for. large R when the plane
shifts are not small.

These results, of course, break down for small R
since the meson-nucleon interaction is of finite extent. ,
modifying the wave function of Eq. (14) for small
distances. This is in addition the region where the
impulse approximatioo is particularly bad, since it
corresponds to high velocities for the nucleons. The
process of meson absorption is also associated with
small nucleon separation. These sects all will tend to
lead to a finite contribution to the total cross section
from the region of small E. Although this region is pf
small importance for a reasonable choice of the deuteron
wave function, the uncertainties in its treatment lead
to the largest uncertainties in our results.

where h= f+g The function. s f, g, h are now to be con-
sidered to be dimensionless functions of x=t/K alone.
The quantities p», p2, g», g~, g3, g4 include the eQects of
the multiple scattering; they are, in general, extremely
complicated function of a, b, f, and h. If the phase shifts
go to zero, then the p's become equal to one and the
g s go to zero. For the special case of scattering in
the isotopic spin —,

' state (with a= —2b), they reduce
to pr

——1—O'P, p, =1 b'h', g,—=g, =0, g, =2b'(f+h),
g4

——(1+b'fh)2b' In this result. , we have averaged over
the angles of R and introduced the symbol

p 8 tip'l I (22)

Pro. 3. P-wave scattering by two heavy point scatterers
(neutron and proton) with By=10', Bt= 'I'. —

' The isotopic spin wave function for this state is

2&(a)r'tr' —cup't g'),

where tl is the triplet spin function and col is the meson wave
function.

IV. EVALUATION OF THE TOTAL CROSS SECTION
FOR DEUTERIUM

%e consider in detail two cases for which the phase
shifts are known or can be deduced with some certainty
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from the experimental data. At high energies, it is
known~ that the total cross sections are approximately
in the ratio o(P+, P+):o.(P—,P ):o—(1VO, P )—
=9:1:2. This fixes the scattering predominantly in the
isotopic spin —, state. Accordingly we set 8;=0 in Eq.
(21). The resulting total cross section is given in Fig. 2

as a function of x=2(X for various values of the phase
shift, showing the rapid departure of the cross section
from the Born approximation result in which multiple
scattering is neglected. It is noteworthy that the net
interference e8ect is negative for phase shifts larger
than 45', in striking contrast with the Born approxi-
mation result which gives positive interference for all
values of the phase shift.

To evaluate the cross section in deuterium, it is now

only necessary to average the cross sections, given in

Fig. 2 as a function of R, over the deuteron wave
function. For this we assume the Hulthen wave function

(e—"—e ~') np(n+p)

r 27r(n —P)'
(2/)

We need also associate a specific wavelength with the
vazious values of the phase shift. We shall assume
values which are in approximate agreement with the
total cross section measurements of Fermi et al. ' The
values of the wavelength, laboratory system energy,
phase shift, free particle cross sections, the Born
approximation prediction, and the prediction with the
multiple scattering properly taken into account, are
given in Table I. It is apparent that as the phase shift
passes 45', one can expect a depression of the total
cross section in deuterium relative to the free cross
section. This is in qualitative agreement with the
preliminary experimental results of Fermi. '

Another measurement by Isaacs, Sachs, and Stein-
berger4 at 60 Mev gives a ratio of the (+, proton) total
cross section (28 mb) to the (m, proton) total cross
section (18 mb) of about 1.6, and a deuterium cross
section for ~+ mesons about equal to the proton cross
section alone. If we take at this energy phase shifts of

' Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 413 (1952).

10' and —7' for the isotopic spin ~ and ~ states,
respectively, the resulting total deuterium cross section
as a function of x=2/X is given in Fig. 3 together with
the Born approximation result. The exact and approxi-
mate results agree fairly well except at small x where
the multiple scattering is important. Averaging these
over the deuteron wave function gives us the results
tabulated in Table II. The multiple scattering does not
charge the result qualitatively; however, it increases
the interference from 19 millibarns to 25 millibarns to
give a deuterium cross section which is less than the
(+, proton) cross section alone.

V. CONCLUSIONS

The multiple scattering corrections to the impulse
approximation have been evaluated in the case of two
heavy scatterers for a simple example of 5-wave scat-
tering and for the isotopic-spin dependent P-wave
scattering of mesons. The results show that the multiple
scattering can be neglected only if the Born approxi-
mation is applicable to the free particle cross sections.
Evaluation of meson scattering for the deuteron under
the assumption of isotopic spin ~ scattering leads to the
conclusion that considerable depression of the total
cross section relative to the free particle cross sections
can be expected for phase shifts larger than 45'.
Application to the case of scattering at 60 Mev where
the cross sections are small, with the isotopic spin —,

'
and sr phase shifts 10' and —7', respectively, show
that the multiple scattering considerably enhances the
destructive interference to give a deuterium cross
section 58 percent of the sum of the free particle crass
sections and less than the (proton, +) cross section
alone. The results are approximate principally in that
off-the-energy-shell scattering has been neglected, and
the impulse approximation assumed.
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