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A method is presented for calculating the energy levels of a crystal. The method is based on finding a
variational principle for the energy levels in terms of the Wannier functions instead of the usual Bloch
wave functions. The variational principle does not give the energy E(k) directly, but if E(k) for a particular
band is expanded in a Fourier series in k, then the variational principle gives the Fourier coefficients of
E(k) in this expansion. The maxima and minima properties of the variational principle are investigated.
The variational principle is properly modified for application to valence bands. The types of trial functions
that will arise is discussed, and the method is applied to a one-dimensional crystal. Our results are compared
with the results of the method of orthogonal plane waves for the same problem.

I. INTRODUCTION

HE most direct method available for the calcu-
lation of the energy levels of an electron moving
in a periodic potential is the cellular method; that is,
we solve Schrddinger’s equation within one of the
atomic polyhedra for that solution which satisfies the
proper boundary conditions on the surface of the poly-
hedron. This method is difficult to apply in practice
because of the awkward shape of the surfaces of the
atomic polyhedra. Slater! has given an approximate
way of satisfying these boundary conditions, and
several metals have been treated in this way.

The idea behind our approach is to find a variational
principle for the energy levels of a crystal which involves
only the Wannier functions instead of the usual Bloch
wave functions. The hope is that such a variational
principle will avoid the difficulties of having to fit the
boundary conditions on the surface of the atomic
polyhedra, and at the same time, the integrals arising
will extend over a few cells of the crystal rather than
over the entire crystal.

In the following paragraphs, such a variational
principle is presented. The variational principle does
not give the energy directly, but if E(k) for a particular
band is expanded in a Fourier series in k, then our
variational principle allows us to calculate the Fourier
coefficients of E(k) in this expansion.

We have applied the method to a one-dimensional
crystal chosen to resemble lithium, and we have com-
pared our results with those obtained by the method of
orthogonal plane waves?® when applied to the same
problem.

II. THE WANNIER FUNCTION AND ITS PROPERTIES

Since we are interested in obtaining a variational
principle for the energy levels of a crystal in terms of
the Wannier functions, our immediate problem is to
find a set of equations for the energy levels of the
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crystal which involve just the Wannier function; that
is, the usual wave function does not occur.

For the sake of simplicity, we shall prove all our
results for the one-dimensional crystal. For the most
part, our results can easily be transferred to the three-
dimensional crystal.

Before proceeding further, we would like to give here
the definition and some of the properties of the Wannier
function.

Let us consider a one-dimensional crystal whose
atoms are separated by the distance ¢ and are located
at the points x,=na. Let V(x) be the periodic potential
due to the atoms, and let ¥(x) be the eigenfunctions of
an electron moving in this potential and having the
energy levels E(k). Then

Sewi(w) = E(k)¥i(x), 2.1)

3¢ being the Hamiltonian for an electron moving in a
periodic potential V(x).

The energy levels of the electron will occur in bands,
and to each band we associate a set of Wannier func-
tions according to the definition,

Un(®)=N"1x e (x0). (2.2)

N is the total number of atoms in the crystal and the
sum over k is only over those values of k£ which corre-
sponds to the particular band we are considering. For
the lowest band % would go from —/a to +/a.

The Wannier functions defined by (2.2) can be
obtained from each other by a simple displacement,

U.(x)=Uslx—%,), (2.3)
and fhey form an orthonormal set,
f U@ =) U@ —2n)=bume (2.4)

The Wannier function of a free particle can be easily
calculated. Here ¢;,=exp(ikx)/L}, where L=Na is the
length of the crystal. Equation (2.2) gives

1 sin(wx/a)
[ o —

e (2.5)
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as the Wannier function of the lowest band of a free
particle.

The type of asymptotic behavior indicated by (2.5)
is characteristic of the Wannier function. As x becomes
large, it oscillates while its amplitude decreases like 1/x.

It should be noted that (2.2) may be turned around
and solved for ¥(x) in terms of Uo(x—x.,),

Yi(x) =N, eFanlg(x—x,). (2.6)

This expression may be interpreted in the following
way. If we consider ¥:(x) within a single band, then
within that band we can represent y¥(x) by a Fourier
series in k. Equation (2.6) is just this Fourier series for
¥i(x) and the Wannier functions U,(x—x,) are the
Fourier coefficients of the series. :

Having defined the Wannier function Uy(x), we may
ask now for the differential equation that it must obey.
This equation can be obtained from Schrédinger’s
equation (2.1). We substitute for ¢¥x(x) using Eq. (2.6)
and then sum over %, which varies over a band.

We get

U=, e_Ulx—x,). 2.7

Here e, is the Fourier coefficient in the Fourier series
of E(k):
E(k) ZZn fneikz", (28)
and

en= N1 c~enE (k).

We have dropped the subscript zero on U(x).

The variational principle we will soon derive will not
give E(k) directly but will be an expression for these
Fourier coefficients e,. We would like to point out that
€, can be expressed simply in terms of the Wannier
functions,

| en=fde*(x+xn)GCU(x).

(2.9)

(2.10)

This is obtained by multiplying both sides of (2.7)
by U(x+=x,) and using the orthogonality property of
U(x+2m)-

We would like now to re-express our problem of
finding the energy levels of the crystal just in terms of
the Wannier functions alone, that is, to eliminate the
wave function y(x) entirely.

It is clear, however, that Eq. (2.7) cannot be regarded
as an equivalent equation to the Schrédinger equation
(2.1) for determining the energy levels of the crystal.
Equation (2.7) contains a great number of unknown
constants, the ¢,, and they cannot all be determined
by a single equation.

The extra conditions on U(x), which are not con-
tained in Eq. (2.7) and which we must add so that the
€, shall be completely determined, are the orthogonality
conditions S dxU ,*U = bnm.

A set of equations which involve only the Wannier
functions and which are equivalent to the Schrédinger
equation for determining the energy levels of the crystal
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are the following:

rU=>, DU, (2.11a)
fde*U= 1, (2.11b)

and
fde*D"U=O, n=41, +2---. (2.11¢)

Here D is the displacement operator, D*"f(x)
= f(x=%na), and has been introduced to make clear
that there is but one function, U(x), involved in the
set of Eqgs. (2.11).

In order to see that the e, are now determined, we
can imagine the following procedure in solving the
above equations. We can regard Eq. (2.11a) as an
eigenvalue equation for € in which e.1, €y2, * -, €1+
occur as parameters. Then we can solve (2.11a) to find
co=¢o(exr1, €12, ***, €xn, *+*), and U=U(x; eg1, €1,
-++). And we can take U(x; ey, €xs, ---) and put it
into S daU*D*U=0 and thus get a set of equations for
€11, €42, ©

III. THE VARIATIONAL PRINCIPLE

We will now find a variational principle for the
Wannier function U(x) which will yield the Egs. (2.11).
Consider the integral

Iy= fde*JCU, 3.1)

where the function U is restricted by the conditions

fde*U=1

fde*D”U=O.

(3.2a)
and

(3.2b)

We will prove that the requirement that I, be an
extremum will yield the Eqs. (2.11), that I, takes on a
minimum value, and that this minimum value is €.
In other words, the above equations will give a varia-
tional principle for €.

First let us prove the extremum property of I,.
Introduce the Lagrangian multipliers A,, #=0, #=1---
for the restrictions (3.2) and compute 87,. We get

f da{8U*(3eU — 3, \,D"U)
+((3U)* =X, A\,D~"5U}=0, (3.3)

so that we have
U=, N\.D"U, (3.4)

which is the desired equation for U. It is clear that the
Lagrangian multipliers A, are just the Fourier coefh-



ELECTRONIC ENERGY BANDS IN METALS

cient €, in the Fourier expansion of E(k). Also the
extremum value of I is obtained when U is the Wannier
function satisfying (3.4), and thus the extremum value
of Iy is €, according to Eq. (2.10).

In the same way we can form the integrals

I"=fde*3CD*"U, (3.5)

and with the same side conditions on U given by (3.2),
these integrals have extremums when U is the Wannier
function satisfying Eqs. (2.11) and the extremum value
of I, is en. .

We have therefore obtained a variational principle
for the Fourier coefficients, €., of the energy E(k). We
have not so far demonstrated whether the I, have
minima or not. We will do this in the next section.

It might be noted here that our variational principle
seems clumsy because of the many conditions (3.2)
which must be satisfied by the trial function. Actually,
it is only necessary to satisfy these conditions for the
first few values of #, =0, 1, 2. .. For higher values
of », the conditions will be automatically fulfilled
because the overlap between U(x) and U(x—x,) will
get smaller as x, get larger.

IV. THE MINIMA PROPERTIES OF I,

We wish to establish now the minima properties of 7.
First let us treat /o. To show that 7, has a minimum,
it is only necessary to show that I, has a lower bound;
that is, that is always larger than some definite quantity
when the trial function U obeys the proper restrictions.
Consider the integral

I= f duy*sey, (4.1)

where ¢ must satisfy

f dup*p=1.

By the usual Rayleigh-Ritz principle, I has a minimum
value and this minimum value is simply the lowest
level E(0) of the Hamiltonian 3C.

Now consider the integral I,. It is similar to the
integral I, except that the class of functions which
.may be used in computing [, is more restrictive. We
have the added restrictions SdxU*D*U=0. Since
I>E(0), then I,>E(0) also. Thus, I, has a minimum
value, and this minimum value is larger than E(0);
that is, we have not only shown that ¢, is the minimum
value of I, but also that ¢ >E(0).

We have shown that ¢ is the minimum value of I,
if U obeys the restrictions (3.2), but this is not true of
Iy, Iyge+ Iy, --. These last integrals have neither
minimum nor maximum. (See Appendix I, for proof.)

4.2)
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However, we can establish the following integrals
which do not have minima:

I3 HT20) 2 et 3 (et e), 4.3)
T3 AT )+ 3+ 1)
Zet3(etea)+3(etes), (44)

and quite generally,

m—1 m—2 1
It I +1-)+ I t+I_g)-+ +—Tm+1I-m)
m m m
m—1 1
> et (e1te_1) - +—(emte—m). (4.5)
m m

We shall prove (4.3) and the rest follow in the same
way. We have only to prove that Iy+3(Z;+1_;) have
a lower bound. Now = fdxy*3Cy, where Sday*y=1
does have a lower bound ; in fact, S day*3C¢ > E(0).

Therefore, let

¥y=(0UN2)1+D)U,

where U obeys at least the first two of the conditions
(3.2). Then, we get for I,

(4.6)

I= f dxU*[14-3(D'+ D) U

(4.7)
= [o+%(l1+l—1)-

Thus, Iy+3(I+1_1) > E(0), and it has a lower bound
and also a minimum value, which must be e;+ 4 (€1 €_1).

V. THE VARIATIONAL PRINCIPLE FOR THE
VALENCE BANDS

The variational principle that we have derived will
give the energy levels of the lowest band. However, in
practice, we are interested in finding the valence bands.

For example, suppose we wish to find the energy
levels of the second band which lies above the first or
lowest band. What restrictions must be put on the trial
function U(x) so that I, as calculated by Eq. (3.1) will
converge to the ¢ of the second band and not to the
of the first band?

We might guess that the trial function U(x) should
be orthogonal to the Wannier function U®(x) of the
lowest band ; that is, we should require that

f dxU*U 0 =0, (5.1)

This turns out not to be sufficient. What is required
is that U should be orthogonal to @il the Wannier
functions of the lowest band, that is,

f dxU*DrU® =0, (5.2)
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Fi1G. 1. The shape of the potential assumed for our
one-dimensional calculation.

This result is suggested by the following. Let us
expand U in the wave functions ¥,(x) of our Hamil-
tonian 3¢,

U=3"r ayi(x). (5.3)

10=Zk IakIQE(k). (54)

If we wish (5.4) to yield the € of the second band,
Eq. (5.4) suggests that we require a;=0 for all values
of % which lie in the first band; that is, U(x) should be
orthogonal to all the wave functions of the first band.
This actually is the case and is proved in Appendix I.

Now the requirement that ¢x=0 in the first band is
equivalent to Eq. (5.2), because, as

Then

1
UO=—__ > ), (5.5)
A/N £ in first band
then Eq. (5.2) gives
1
are*n=0, (5.6)

—_— 2
A/N & in first band

Equation (5.6) says that the Fourier coefficients of
the function ai, where £ is restricted to the lowest band,
are all zero. Thus, it follows that a;,=0 for %k is the
lowest band.

VI. ON THE CHOICE OF TRIAL FUNCTIONS

Having the variational principle, we are now faced
by two problems. How good is the variational principle,
and what sort of functions shall we use as true functions?

Such questions cannot be answered very well without
~ considerable calculation for the case of an actual metal.
Nevertheless, we thought it might be worth while to
apply our variational principle to a one-dimensional
crystal which was so chosen as to resemble the metal
lithium. We believe that this simple calculation will tell
us how the calculation will proceed for an actual metal.

We chose our crystal potential to be made up of
square wells as shown in Fig. 1. We chose the parame-
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ters, the internuclear distance a, the potential depth V,,
and the well width d, so that the first band is very
narrow. An electron whose state is in the first band is
essentially bound to the atom with an “orbit radius”
of about d.

The ratio a/2d, which is the ratio of the internuclear
distance to the radius of the inner a lowest band was
taken fairly large; we let ¢/2d=3, 4, 5, 7, and 10. The
corresponding ratio for lithium is about 15. We will
see that the larger this ratio is, the better will be the
trial function we will use.

Now our trial function must be orthogonal to the
Wannier functions of the lowest band, as we are trying
to locate the second band. Thus, if we denote by ¢(x)
the Wannier function of the lowest band, we will write
our trial function as

U@)=u(x)—2n cno(®—2,);

and we will chose ¢, so as to make U(x) orthogonal to
o(x—2x,), as is required by (5.2).

Since the lowest band is very narrow, the Wannier
function ¢(x) of this band is given to a good approxi-
mation by just the atomic wave function, that is, by
just the bound state wave function for a well of depth
Vo and width d. (See Appendix II for discussion of this
point.) Further, we also assume that the functions
overlap very little and are mutually orthogonal. Thus,
the coefficients ¢, in (6.1) are given by

(6.1)

Ca= fdxgo*(x—x,,)u(x). 6.2)

The only quantity as yet undetermined in our trial
function (6.1) is the function u(x). Now as we are
finding the energy levels of a valence band, we expect
the wave function of the particle to be fairly close to
the free-particle wave function. Thus, we expect that
#(x) should resemble the free-particle Wannier function
given by (2.5), that is, .

u(x)z——l— sin(wx/a)

Ve wx/a (63)

Now, we will construct the simplest possible trial
function out of (6.1), (6.2), and (6.3) by considering
the case where the ratio of the interatomic distance to
the radius of the inner orbit of the electrons is large.
For our problem this ratio is ¢/2d. For actual metals
this ratio is quite large.

From (6.2) and (6.3) one can see that the coefficient
¢n decrease as » increases. In fact, as we can expect
o(x) to have the general form ¢(x)~exp(—2?/d?), the
¢n will decrease very fast. We will suppose that our
ratio a/2d is large enough so that ¢; and c_; are already
quite small and just the ¢, term in (6.1) is sufficient.
Our trial function is then

U(@)=u(x)—cop(%). (6.4)
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Now in our choice of #(x), we must keep in mind that
the trial function must satisfy the conditions (3.2),
S dxU*D"U=0. We see that if we choose u(x) as
given by the free-particle Wannier function, then (6.4)
will automatically satisfy the conditions (3.2), in the

sense that ¢, ce, -+ are considered small. For since
S dxu*D"u=0, then

f dxU*DU = — (co*c1tcoc ™), (6.5a)

and

fde *DnU= —(co*cntcoc—n*), (6.5b)

and the right band sides of (6.5) are nearly zero.
Thus, the trial function used in our calculation is

1 sin(wx/a)
U= { — —————Gop(®) |, (6.6a)
e wx/a
where A is the normalization constant,
A=1/1—cp). (6.6b)

There are no parameters left in (6.6) to vary. We
will simply use (6.6) to calculate e, the Fourier coeffi-
cients of the energy, according to e~ fdxU*3CD~"U;
and having e,, we can find the energy

E(R)=3_, e, exp(ikx,).

There are some properties of €, and E(k) we can
foresee immediately. We will write

€n=Ent+Acy, (6.7)

where the &, are the Fourier coefficients of a free
particle, that is,

R 2m="> , Enethen, 6.8)
Then the &, are given by
&= (#*/2ma?) - (w2/3), (6.9a)

and
en=2&((—1)"/n?)- (3/7),
for the lowest band.

Now the e, do not decrease very fast, since &, goes
like 1/#2; but it seems very likely that the Ae, do
decrease very fast, and our calculation seems to verify
this behavior. In fact, according to our trial function
(6.6), as a/2d gets larger, cc—0 and U approaches the
free Wannier function, and Ae,—0.

We have supposed that our a/2d is large enough so
that only Aey and Ae; are significantly different from
zero. We believe this to be consistent with the approxi-

mations already made relative to ci, c2** <Cn** .
Thus, E(k) is given by

E(k)= (%2k%/2m)+ Aeg+2A¢; coska.  (6.10)

Note that €, and e_, are real and equal in our problem.

(6.9b)
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The position of the lowest level of the band is
E(0)=Aeg+2Aey, (6.11)
and the width of the band is
AE=(R7*/2ma?) —4Ae,. (6.12)

Using our trial function (6.6), Aey and Ae; are found
to be
Aeo=(A*—1)eo+A[Vy—ci’Es ], (6.13a)
and

A€1=(A2— 1)51. ' (613b)

Here E, is the energy of the narrow inner band, and
we have dropped terms which seemed of the same order
as ¢1. Va is the average value of V over a cell.

VII. COMPARISON WITH THE METHOD OF
ORTHOGONAL PLANE WAVES

In the above we have presented what seems to be a
suitable, yet simple, trial function for the valence band.
We though it would perhaps be worthwhile to compare
our results with those of some other method. We chose
to compare our results with those of the method of
orthogonal plane waves, because this method seems
capable of some accuracy and because with our choice
of trial function there is a close connection between the
two methods. (See Appendix III.)

In the method of orthogonal plane waves,* the wave
function ¥ (x) is expanded in a set of plane waves made
orthogonal to wave functions of the inner bands.

For our problem, let the orthogonal plane wave &
be defined by

(%) =e*e/ L — crpp(x), (7.1a)
where
¢p=N"13, etkonp(x—x,), (7.1b)
and
1
Cr=— f dx g™ (x)etr=, (7.1¢)
at '
Then our trial function is
Yi=2_n AnOk+kn(x), (7.2)

where k,=2mn/a.

For purposes of comparison with our method, we
took just one term in (7.2), since with one term the
amount of labor involved in both methods will be
about the same.

Thus, the orthogonal plane wave trial function was
taken as

Yie=A{e**/Li—crgs}, (7.3)
where
Ar=1/(1—c?).
With this trial function, E(k) is given by
h*k?
E(k) = ‘-‘—+ VAV -—Cszb } (74)
1—cil 2m

4 See references 2 and 3 for the details of this method.
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TaBLE I. A comparison of the results obtained for the valence
band of a one-dimensional crystal. E(0) is the lowest level of the
band, and AE is the width of the band. Units of energy are #%/2md?.

a/2d Exact Our method OPW method
3 E(0) 1.00 1.06 1.24
AE 0.40 0.39 0.031
4 E(0) 1.00 1.08 1.15
AE 0.20 0.198 0.087
5 E(0) 1.00 1.003 1.10
AE 0.12 0.12 0.049
7 E(0) 1.00 1.05 1.07
AE 0.06 0.06 0.04
10 E(0) 1.00 1.04 1.04
AE 0.03 0.03 0.02

VIII. THE CALCULATION AND RESULTS

For the actual calculation we chose Vo= (w/2)%h%/
2md? and we rather arbitrarily put B=1-%%/2md? The
narrow lowest band was located at Ey= —1.59%%/2md>.

The atomic wave function ¢(x) associated with the
lowest band was approximated by a Gaussian,

(%) = (2a/7)* exp(—aa®),

and « was chosen by minimizing the energy of a particle
in a square well of depth V. and width d. We found
a=0.510/d>.

The results of the calculation are given in Table I.
The lowest level E(0) and the width AE of the valence
band were calculated exactly, by our method and by
the method of orthogonal plane waves. The calculation
was repeated for different values of ¢/2d (a/2d=3, 4,
5, 7, and 10). ‘

When a/2d gets very large, our results and those of
the method of orthogonal plane waves approach the
correct results. However, as a/2d gets smaller, it would
seem that our method gives considerably better results.

The calculation was done rather roughly; the last
decimal place given is somewhat uncertain. However,
the accuracy is sufficient for the main purpose of this
one-dimensional problem, viz., to gain some under-
standing as to how the method is applied and what
sort of trial functions should be chosen. It shows that
one can expect to attain accuracy without too much
labor in the three-dimensional problem, and it indicates
some superiority over the method of orthogonal plane
waves.

We are planning to apply our method to the calcu-
lation of the energy levels of lithium.

We would like to thank Professor Charles Mullin,
Professor Eugene Guth, and Mr. Thomas Wainwright
for their help and for their discussion of the problem.

(8.1)

APPENDIX I. THE MINIMAL PROPERTIES OF U

We will present here a different proof that 7, has a
minimum, because this proof can be easily extended to
the valence or higher bands.

We wish to show that the Wannier function of the
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lowest band,

Ux)=N"35 ¥ulw), (L1)
is the function that minimizes the integral
I,= f dxU*3eU,
subject to the restrictions
fde*U=1 (1.2a)
and
fde*D"U=O, n=1, £2---.  (L2b)
If we expand U in ¥i(x), U= axr(x), then
L=k |a]E(R), (1.3)

and X |ax|?=1. It is clear that to get the lowest
possible value of Iy, we should make the a; for high %
equal zero. We are restricted in this by the conditions
S dxU*D*U=0. Since there are N such conditions to
fulfill; ¥ of the a; must be different from zero. As we
wish the lowest value of a;, we will make the a; of the
N states of the lowest band different from zero, and all
the other a; equal to zero.
Condition (I.2b) now says

> | ax|2%i*==0, n=0.

k in lowest band

(1.4)

This means that |ax|? is a constant independent of
k, for k is the lowest band, since all its Fourier coeffi-
cients except the first are zero. Therefore, |ax|?=1/N,
in the first band, will minimize 7, and the minimum
value of I, is
E(k). (L.5)

©=——

'\/ N £ in lowest band

It is clear that the Wannier function (I.1) will make I,
give this minimum value.

The above proof can be easily adapted to show that
to make Iy converge to the € of the second band the
necessary restriction is ;=0 in the first band.

To show that I,, 2740, has no maximum nor mini-
mum, we simply calculate 7, using as trial functions
the Wannier functions of a free particle, particularly
those of the higher bands. The 7, so calculated can be
made as large as we please, both positively and nega-
tively.

APPENDIX II. THE WANNIER FUNCTION
OF A NARROW BAND

In Sec. VI we said that for the narrow inner bands,
the Wannier function is the isolated atomic wave
function ¢(x). This is a little surprising, as ¢(x) does
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not have the correct oscillating asymptotic behavior
for a Wannier function. .

A more accurate expression for the Wannier function
of a narrow band is the following:

U= ¢(x)
U=0 ¢(x_xn)

in the first cell, (I1.1a)

in the #th cell. (I1.1b)

To obtain (II.1), let us solve for the ¥x(x) of the
narrow band by the cellular method. Within the first
cell of the crystal, we will find ¢x(x) = ¢(x), independent
of k, because it is a narrow band. Also ¢(x) will be
very nearly the isolated atomic wave function. In any
other cell we can obtain ¢¥(x) from its value in the
first cell. Thus, in the nth cell, Y, (x) = exp(ikx) o (x— x5).

Now since ¥x(x), in this approximation, is given by

Yi(x) = o(x) (I1.2a)
Yi(x) = e*omp(x—2,) (I1.2b)

we can now use the definition of the Wannier function
to find and obtain Egs. (IL1).

in the first cell,
in the nth cell,

APPENDIX III. CONNECTION WITH THE
ORTHOGONAL PLANE WAVE METHOD

There is a close connection between our method and
the orthogonal plane wave method. To make this
connection clearer, let us take the trial function used in
the OPW (orthogonal plane waves) method, and let us
compute from it the Wannier function which corre-
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sponds to it and compare this result with our Wannier
function.
According to (7.1), the trial function is

= Ai(e*=/Li—crdr),

where A= (1—c?)"L
The Wannier function which corresponds to this trial
function is obtained by

U= N_%Zk 0k(x)

The sum over %k cannot be easily done. However,
there is one limit where it can be done, and this is when
a/2d— o, when the ratio of the interatomic distance to
the radius of the inner orbit becomes very large. In
this limit ¢, becomes very small, and we will put
A2=1 independent of k. Substituting into (III.1) the
proper expressions for ¢, and for ¢ according to (7.1),
and doing the sum over & in (II1.2), we get

(IIL.1)

(IIL.2)

1 sin(m
st x/ilz_z cnﬂa(x_’xn)-

at wx/a n

(I11.3)

Since, when ¢/2d is very large, only the ¢ term is
significant, we see that in this limit both methods
correspond to the same trial function and should lead
to the same results. This is borne out by our calculation.

Of course, that the two methods become the same for
very large a/2d is only true for our particular choice of
trial function.



