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The covariant methods of Feynman and Dyson are applied to the problem of line shape. It is shown that
the line center depends almost completely on the form of the Sr,’ function, that is the Feynman-type
Green’s function for the electron interacting with an external field 4,¢ and with the quantized radiation
field. A finite equation for Sp,’ is derived, from which the line center and shape may be calculated to any
desired accuracy. The method is illustrated by two examples: the elastic scattering of photons by a one
electron atom in its ground state and the emission of photons by the same type of atom following thermal

excitation.

INTRODUCTION

HE shape of atomic spectral lines has been dis-
cussed by Weisskopf and Wigner.! Their results are
inconclusive in three respects. In the first place, the time
dependent formalism which they use leaves some doubt
as to the correct choice of boundary conditions in a
decay problem in which the excitation of the system (by
electron bombardment, for instance, as in a discharge
tube) is considered to be an independent, unspecified
process. In the second place, although the line width
found by these authors is finite and in agreement with
experiment, the line center is shifted by an infinite
energy, obviously corresponding to the infinite self-
energy of an electron interacting with its own radiation
field. Finally, within the Weisskopf-Wigner formalism,
it would be extremely difficult to calculate a next
approximation. This might conceivably be of some
practical interest in an experiment such as the Lamb
shift, where the accuracy of the measurement is a small
fraction of the line width, and where it is not at all
clear, beyond the lowest order, what the measured
“energy” of the excited state corresponds to in the
language of quantum-mechanical perturbation theory.
In order to discuss the problem in such a way that all
our results will be finite we will make use of the com-
putational techniques of Feynman? and Dyson.® The
experiment which we shall discuss is the elastic scat-
tering cross section for photons of frequency % of a
one-electron atom in its ground state ¥, ; that is we shall
calculate radiative corrections to the Kramers-Heisen-
berg dispersion formula. The emitted line shape can be
obtained from this calculation by replacing the incoming
photon by a time dependent external field whose fre-
quency distribution corresponds roughly to that of the
mode of excitation preceding the measured emission of
photons.

The two questions that are of primary interest con-
cern the symmetry of the line shape and the position
of its center. The line center %k, is here defined as the
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frequency corresponding to the maximum cross section
in the neighborhood of a resonance E,. In first approxi-
mation, of course, any line is symmetric about this
point. One may, however, introduce, as a measure of
asymmetry, the quantity

§="Lo(ko+T)—0(ko—T) /o (ko),

where T' is the half-width of the line.

A convenient unit of an experimentally measurable
order of magnitude is the Lamb unit, £~a%*(E—m)
~a’*m. In general, I'=¢ for all but metastable states.
We shall find that up to (but not including) terms of
order o228, the line center % is shifted only by Lamb-
shift-like effects, and that to this accuracy all the
terms contributing to the shift (before renormalization)
are in one to one correspondence with those predicted
by stationary state perturbation theory, even though
the “energy” of the “state” is only defined to within
I'=g.

I. THE KRAMERS-HEISENBERG DISPERSION
FORMULA

We shall begin by deriving the Kramers-Heisenberg
dispersion formula within the framework of the
S-matrix theory of Feynman and Dyson. This will
immediately make it clear how radiative corrections
must be calculated.

We shall work in the Furry* interaction representa-
tion; that is all electron operators ¥ have their time
dependence given by the external field A4,°, which we
assume to be time independent:

Lvu(9/ dmu—ied,*(x))+mTp=0. M

The stationary solutions of (1), ¥.(x)e~*#»t, con-
stitute a complete set of spinor functions of x at any
one time.
¥ The Feynman Green’s function for the external field
is given by

Sre(21, %) = Sre(Xy, X+ t1—12)
=e(l, ) (V| PLY(x)P(22) ]| V), (2)

where | V) is the exact vacuum state of the external
field, e(t1, £2) =1 according to whether #;>f, or £;<{s,

4W. Furry, Phys. Rev. 81, 115 (1950).
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Fic. 1. (a) and (b): Kramers-Heisenberg scattering.
(c) : Delbriick scattering.

and P is Dyson’s time ordering operator. We note, using
(2), that

SFe(xlf x2)=Z an(xl)il—/n(xﬁe_m"(“"t?) for >4,
n+
= —Z ¢n(X1)l/7n(X2)6“w”(““‘2) for Hh<ts
" ©)
1 ® dweiw(tl——tz) )
=—X f V(X (22),
2mi n J_ Ep(1—ie)+w
where e is to approach zero after the w integration has
been done. Finally, Sr. satisfies the integral equation:

Sre(1,2)=Sx(1,2)— f Sp(1,3)end, (3)Sre(3, 2)dws. (4)

The S-matrix element from a state with a photon of
four-momentum k, % to one of four-momentum k/, %,
the atom remaining in its ground state v, is

(#,0]S|k,0)= }:(_ )nf dity- - -d
X (&', 0| P[H1(%))- - -H1(x,)]|%,0), (5)

Hi(w)= ju(%) Au(x), (6)
with j.(x)=1ie¥(x)v,¥(x). The first nonvanishing ap-
proximation to (5) is represented by the three Feynman
graphs, Figs. 1(a), (b), and (c), where of course the
electron propagates from #x; to x, according to Sp., not
Sr. Figure 1(c) corresponds to the scattering of light
by the external field 4,° and will not be discussed here.
The matrix elements of 1(a) and 1(b) are

where

27e?

S (kk') f dxldxgdtldt2$0(x2)e“"'k' yue,

N Fe(xl, %2) Ystse™ X (X e POtk trg—itHotiy iy

Al —ik’ . x

X n)(n] a- &re™ x| 0)

)

eiw (ta—1t1)

X f Aty dtyei otk t1g—i(Eo+h) e dew
—00

278 (Entw)

or
2 )2 2 - ik x
Se= 8(k— k')Z o ex-———————;
X (n] a-ére®=|0).
Similarly,

SatSy=—i8(k— ) (2me) [k X a[0] - &/ e—* x| m)
X (1| @ &rxe™%|0)/(En— Eo—k)
+ (0] a- ere™=x|n)
X (n] a-2'e™ x| 0)/(En—Evt8)], (7)
leading to a scattering cross section
do=(e%/m)%dQ|H'|?,

where
g Ol b0
% E,—Ey—k
(O] - tre™ = n) (n] @ &\'e=™" | 0) 8)
E,.—E¢t+k

In nonrelativistic approximation e is replaced by p/m
in the sum over positive states. The negative energy
sum leads in well-known fashion to the nonrelativistic
A? term in the scattering cross section.

We may anticipate later results at this point to ask
for the effect of nonresonant terms on the line shape
near a resonance E,, where the energy denominator in
(8) must be replaced by

1 1
—_—
E,—E—k E,—E)—

k—il,
One finds that the effect of a nonresonant level E,, is
to shift the line center by

5k0§&624(En—E0) za*”z%ﬁ,

and to distort the line shape by 6 ~a®%? These orders
of magnitude are the same whether or not the level E,,
is removed from E, by a fine structure splitting, since
in that case the matrix element will be smaller by a%?

kl K,

x‘ x1

X
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Fi16. 2. Vacuum polarization corrections to scattering.
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exactly compensating the smaller energy difference in
the denominator.
The effect of the frequency variation of the matrix
element
H'=(0]| &, exp(tk-x)|n)

is even smaller, since parity allows only even or odd
terms to appear for a given transition. One finds a shift

Sko=~ a?2°(E,— Eo) = a%3'L,

together with an asymmetry 6= «’s*. Both of these cor-
rections are much too small to be of interest at present.

II. GENERAL DISCUSSION OF RADIATIVE
CORRECTIONS

When the photon frequency approaches any excita-
tion energy of the atom (8) breaks down; for k= E,— Ey
the scattering it predicts is infinite. We must therefore
recalculate graph 1(a) together with its radiative cor-
rections. These corrections can be of four types.

(1) Corrections due to vacuum polarization by the
incoming and outgoing photons, such as shown in
Figs. 2(a) and (b).

Aside from an unobservable renormalization of the
photon wave functions, these graphs produce correc-
tions considerably smaller than those discussed in I.

(2) Corrections to v,, such as shown in Figs. 3(a) and
3(b). These are also small, and the same remarks apply
as those of the preceding paragraph.

(3) Corrections to the incoming or out-going atom
as in graph 3(c). These are important, but require no
calculation. They replace yo(x)e~ it by (v|¢x(x)|g)
=Z,(x)e"iE¢, where Yy is a Heisenberg repre-
sentation operator, | V) is the exact vacuum state and
|g) the exact ground state of the atom, including all
radiative corrections; Z,* is the infinite (or zero)
renormalization of probability amplitude discussed by
Dyson. ¥, is finite when it is expressed as a function of
the renormalized mass and charge; once this is done it
differs from ¢, by small corrections which are no longer
of interest since they affect the resonant behavior even
less than those discussed in I. In the future we shall
therefore disregard these graphs and write oeFo! for

ERE
{\{

(a) (b) (©

F1c. 3. (a) and (b) : Radiative corrections to 7,.
(c) : Radiative corrections to ¥, ¥ and E,.

X

&
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. F16. 4. () : Radiative corrections to S #e’. (b) : Vacuum polariza-
tion contribution to =.. (c) : Lowest order dynamic contribution to
Ze.

(a,

the incoming, Yeeifo* for the outgoing atom, remember-
ing that E, is the exact ground-state energy (which is
of course a well-defined number).

(4) Finally we have corrections of the type shown in
Fig. 4(a).

We note that these can be calculated in exactly the
same manner as (k'|S4|k) in I, except that Sp, must
be replaced by Sr./, where

Sre (%1, x2) = €(1, 2) (0| PLYu(21) ¥u(x2) 1] 0),

and where |0) is the exact vacuum state and ¢y is in
the Heisenberg representation.

III. CALCULATION OF Sr.’

Dyson has shown that for 4,°=0, S’ satisfies an
integral equation

Sr'(1-2)=Sr(1-2)
+ f Sp(1—3)S(3—4)Sy (4—2)d(34). (9)

In fact it is in terms of the kernel of this equation,
2(3—4), that his renormalization procedure is defined.
When an external field is present, we may still write

Sr.'(1,2)=Sr(1, 2)
n f Sre(1,3)54(3,4)Sr.' (4,2)d(34), (10)

where >, is no longer a function of the difference
x3— %1, but of X3, X4 and l5—{s.

> will contain a whole new series of diagrams arising
from vacuum polarization by the external field, of
which the lowest order is shown in Fig. 4(b), and,
after renormalization, is givenby > , =14, (xs) 6 (23— xs),
where

A, 2(e?/157m?) 6%4,¢/ 9,2

as shown by Schwinger.’

Otherwise the diagrams appearing in D, will be
precisely those appearing in Y, and can be renormalized
appropriately.

8 J. Schwinger, Phys. Rev. 76, 790 (1949).
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For instance, in lowest order one has, corresponding
to the diagram of Fig. 4(c)

Ze= _’YuSFe(x's, x4)'YvDva<xs-x4),
Dr,,= <OIP[Au(x3)AV(x4)]IO>7 (11)

or, using (4),

2= 'Y#SF(x3" x4)'YuDF(x3_ Xg)
— [4Srt—senate
X Sp(%54%4) ¥y Dr(ws—xs)dws

+f’Y>\SF(3—5)6'Y,‘A,."(5)SF(S —6)

X 'YvAue(6>SFe(6, 4‘)')')\DF(3 - 4)dx5dxs,

in which the divergences have been isolated in the
first two terms, to which known methods apply. The
last term is finite, and contains no renormalization.
The same method can in principle be applied to any
term in Y., so that we may take >_.(xs, x4) to be finite
and known.

The equation we have to solve is thus

Sed/(1,2)=Sr(1, )+ f Seo(L, 35403, 4)Sr (42)d(34).
(10)
To solve (10) we set

1
SFe'(lr 2)= E—" > dwfnn(w)eiw(tl_tz)‘pn(xl)‘ll_’n<x2)

7wl n
: d iy, (x)7 11
T f (@)Y (k) n(xe), (1)

where fan(w) and fam(w) are to be determined so that
(10) is satisfied. So far (11) involves no approximations,
since the ¥.,’s form a complete set.

Substituting (11) into (10) we find, using (3), and
taking the inner product with ¥,(x1)8- * - B¢a(X2),

1
PR eiw(tl—tz)dwfnn(w)

273
1 giw(ti—t2) 1 dwleiwx(tl—iz)
_— dw-*__—.— -
27t w+E, 2w E,+w
dwzeiwz(u—tz) _
X————‘“—dt3dt4dX3dX4tl/n(X3)
27

*2_e(X3, X4y t3— L) {¥n(Xa) frun(w2)
+ 2 Yn(X0) frun(w2)},

m=En

(12)

or if we call

f Vn(X3) 2o (X3, X4, b3— ) Yon (X0) AX 30X 4= H (83— 14),
(13)

(12) becomes

fei“’(‘l“‘”dwfnn(w)

eiw(ti—t2) 1 dwete (li—t2)
=f d +—f———~H,m(—w)
E.tow 7 Etow

Z Hnm(_w)fm'l(w);

m#En

1 p dweivti—t2)
. nn(w>+_ f —
f 7 E.+w

where

0

Ho(w)= f dteitH (1),

~—00

or finally
L (=)o)
Evto i  Ento
1 H(—w) fun(@
WLy B lmle)

i m#En En-{-w

fm(w)=

By taking the inner product with ¢¥.8-::B¢m, we
obtain a second equation:

2wt

1\? dws
= f eiwl(l1—-t2)dw2eiw2(t4—lz)
27!'1’ En+ w1

. dtgdt4[Hnm(t3— t4)fmm(w2)
+ 2 an(tii—' t4)fpﬂl("-’2)];

pFEm

[H nm(— w)f mm(‘*’)
+ g an(—“’)f?m(w)]- (16)

e fm(w)eie (t1—t2)

(15)
—i

E.+w

Jom(w)=

In principle (16) and (14) determine Sz./, and can be
solved to any desired accuracy. In particular, if we
neglect quadratic terms in Hn.(n#%m), corresponding
to neglecting higher order Lamb shifts (but not higher
order radiative corrections), we obtain a very simple
solution of the expected type:

fnn= 1/[En+w+Wnn(—‘w)+ o ':]7 (17)
where Ho (= )iHan(—0)
Ul pm\— W)Uy — W
Wnn=iHnn(_w)_ Z 'r"‘,
m¥En Em+w
) (18)
— iHpa(— )+ -
fmn=

[Ent @+ Wom(— ) L Ent w4 W an(—w)]
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IV. RESONANCE SCATTERING

We may now rederive Eq. (7). S, becomes, if we
neglect fmn compared to f,. (a neglect corresponding to
a line shift 6ky=~a’2AE~ab'£ and asymmetry
8= afz%).

27e?

" ()

a

f dx1dx 2dt1dt2¢0(x2)e-ik’ -xz,Y#e"’
—

'SFe/(xly x2)%6yeik"1¢/0(x1)
Xei(E0+k')ile—-i(Eo+k)tg
0] a-&\'e ¥ x| n)(n] a- tre™ x| 0)

En_'EO—' k+ W'rm(EO+ k)

1 2me)?
ik G

> (19)

and the resonance scattering is given by

don=(e*/m)2dQ| (0] a- &\ e~ * = n)(n| a- tre™*|0) - m|?
1/[(En—Ey—k+0E(Eetk)*+T.2(Ee+k)], (20)
in the neighborhood of k= E,— E,, where 6E, and —:I',
are the real and imaginary parts of W,..(Eo+k).
The line shape and center are therefore effectively

determined by the energy denominator in (20). In the
fourth-order term,

iHpm(Eo+ k) iHopn(Eol- k)
En—Eo—Fk ’

m#=En

one may set k4 EE, and obtain a shift of order of
magnitude
5k0’—-‘?’4 z3a5(E,.—— Eo) ~zalL.

The fourth-order renormalization term obtained by
expanding

iHnn(EO—i— k) = iH”’Vl (E“)
+ (E0+ k_En) (8/aEn)iH7m(En)}

leaves the line shape symmetric but shifts its center by
5koz Z4a6(E,, - Eo) =~ 22a3£.

To within present experimental accuracy, therefore, the
entire observable effect arises from the term iH ,.(En).
This term is a power series in €2 (but not in v/c as were
the off-diagonal and renormalization terms). The first
approximation in e? corresponds to the conventional
Lamb-shift calculations. The shift due to the second ap-
proximation to ). is of order ¢*.€ and has been calculated
by Berson, Kroll, and Weneser. Finally, the imaginary
part of iH,.(E,) is different from zero, and in lowest
order is unaffected by the renormalization subtractions,
which are real: i.e., the self-mass and the Z. renor-
malization, which subtracts a real multiple of E,— Eo—k
from iH ..(Es+k), change iH,, by a real number, so
that —I', may be computed in lowest order without

renormalization. This is most easily done using the
conventional sum over states which can easily be
derived from (21). The Feynman prescription for going
around poles will give an imaginary contribution to the
sum from each state that has lower energy than E,,
this contribution being —3/2 times the transition prob-
ability per unit time from the state ¥, to the state in
question.

V. EMISSION LINE-SHAPE

We replace the incoming photon by an effective
thermal excitation potential V(x, £) = S I(w)e~*!dwV (x).
Then the probability of radiation of a photon of fre-
quency k with the atom in its ground state is | (£].5]0) |2
where

t1510=e( 7Y [ axdsadndnd
(%] ,)—6(';)f x1dXodt1 At (X2)

-0

Xe~k 22y e Sp./ (%1, £2) BV (x1)I (w)dw

Xxbo(xl)ei(E0+k)t]e—iEotze—iwtz (21)
1
~—— (0] @ &re= x| n)(n| V(x)]0)
(&) n( | a2 | %) (n] |
detldtgdwdyei(Eo+k)t1
e~ (Eotw) t2ei”(t1—t2)](w)
(22)
E"+V+Wnn(_V)
I(k) _ (0] a-txe=®x|n)(n| V|0)
_I®) _ Ola-de**[n)(n| V] -

(B Ea— By ek Won(Bot b)
and the probability of radiation of a photon of frequency
kis
2

[1(k)|? o

k

(0] a-&xe=%x|m)(n| V|0)
n En'—EO'—"k_’_ Wnn(E0+k)

When k— E,— Ey=0, 1/W ,,~1/[22a3(E.— Eo)]. Thus,
if one of the terms in the sum is large, the others are
very small, so that

HOIE
P(le)zlli)l >

n

P(k)~

2

O[H'|n)(n| V]0) 29)

(En_ EO— k+ 5En)2'+' I‘n2

where each term contributes only when % is very near
resonance. If I(k) is such as to excite many states, but
varies slowly over the line width, this is the expected
result.
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