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Electron Excitation of Nuclei*
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The cross section for an electric 2'-pole transition produced by the electromagnetic field of fast electrons
is derived in the Born approximation. Electric dipole-quadrupole interference is also obtained. Deuteron
electrodisintegration is further developed, the theory now extending to 150-Mev energy transfers. Char-
acteristic features of electron excitation experiments are mentioned, in particular the possibilities of obtain-
ing information about nuclei and of observing the scattered electrons.

I. INTRODUCTION

'UCLEI bombarded with electrons can be excited
by virtue of the interaction of the electron's

electromagnetic field with the nucleons. Dipole cross
sections have been calculated by Bethe and Peierls, '
and Peters and Richman, ' while Wick, ' and Sneddon
and Touscheck4 also give electric quadrupole. Mullin
and Guth' obtained the Coulomb correction to the Born
approximation for nonrelativistic positive particles.
Smith' was able to treat all electric poles at once by
considering large electron momentum changes. Amaldi
et al. ' likewise were able to treat all pole transitions by
assuming wave functions for light nuclei.

However, since transitions higher than electric quad-
rupole could be observed, especially at high energies,
these are calculated here. Furthermore, even at moder-
ate energies, dipole-quadrupole interference can be
noticed. It is also felt that a discussion regarding the
use of electrons in obtaining information about nuclei
is worthwhile.

Q/hile electrons are treated relativistically, nucleons
are taken to be nonrelativistic, terms of order v'/c'

being neglected. Nuclear recoil is of order v'/c', as is

the 2'+'th pole cross section if the 2'th is the first non-

vanishing one. For the same reason the correction for
the finite size of a nucleon can be neglected. ' Thus the
theory is valid for electron energies which are quite
high and can suffer losses of the order of a couple
hundred Mev, at which point one must begin to take
into account finite size effects.

* Part of a thesis submitted in partial fulfillment of the require-
ments for the degree of Doctor of Philosophy. This work has been
supported in part by the ONR. Some results have been reported
at the New York Meeting, January, 1952,of the American Physical
Society.
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This is of course permitted only for small momentum trans

fers. However, the contribution of large momentum transfers t
the total cross section is generally quite small.

Electric transition. s can be derived without reference
to any nuclear force theory. Sachs and Austern' show
that nuclear interaction effects need not be considered
in calculations of electric transitions. Unfortunately,
however, this is not the case for magnetic transitions.

The Born approximation used is generally valid for
relativistic electrons. The nonrelativistic correction
factor given by Mullin and Guth' can be used approxi-
mately here, remembering that their e is now negative.
However, for high Z the lack of an accurate Coulomb
correction can be serious.

It might be mentioned that p,-mesons can also elec-
tromagnetically excite nuclei. Thus the present theory
can be applied with merely a change in mass.

II. EXCITATION CROSS SECTIONS

The matrix element for a transition from a nuclear
state a and electron state i to a final state bf is
(bf l

H'
l ai), where

(fl &'I i) =2-5 (A. r.+r-—A-)q./2c

+q-y I e (&xA—)j (l)
is the interaction of the Mgllerio potentials, A„and
p„, at the ~zth nucleon with velocity r'„, charge q„, and
magnetic moment p, „.

A =4m.ea(K' cd'/c') —' exp(iK r„),
47eeao(K' —cu'/c') ' e—xp(iK r„). (2)

Here AK and Izcu are momentum and energy losses of
the electron, while a and ao are the relativistic spin
matrix elements of the Dirac e and 1, respectively.

By expanding the exponential in a Taylor series, the
matrix element can be separated into terms of de-
creasing orders of magnitude. The electric and magnetic
parts of the velocity interaction are separated by using
the following relations:

io)(b
l
(K r„)'-'a r„l a)

=-', (bl {(P& iK r'„(K r„)' '}a r„
+(K r„)i-ia f„ya f„(K r„)i-i

+a r„(Pi iK r'„(K r„)'—'la), (3)

(KX a) (r„Xr' ) = (K r„)a f „—(a r„)K.t„, (4)
' R. G. Sachs and N. Austern, Phys. Rev. 81, 705 (1951).

o ' C. Mufller, Z. Physik 70, 786 (1931); Ann. Phys. 14, 531
(1932.
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(P, ,LK r„7'—'L(K r„)a f„7
+(P, ,LK r„7'-'L(a r„)K r„7

=(l—1)L(K r„)' 'a r'„+a t„(K r„)' '7 (5)

where 6'~ ~ indicates the sum of l—1 permutations of
l—1 factors. Hence

(bl a r„exp(iK r„)+Lexp(iK r„)7a r'„la)

=2 P(bl (i'//!)pp(K r„)' 'a r„la)

+2 P(bl (i' '//!)IPg &LK r„7' '[(KXa)
l=2

However, only the electric cross section is unambiguous
in view of the work of Sachs and Austern, ' and in gen-
eral one cannot be confident in Eq. (9).

Performing the spin sums by trace theorems, one
obtains

e'kI p.gb
& l(bl 0&"

I
~)

dQ 2(l!mc'Q)'k, (2j+1)
K'I'(2E,Eg —mc'Q)+mpp'QL(bl Q "&

I
a) K' '7*

L(bl Q&'&Ia) K' '7+-2kcuE, I(bI(}&"Ia)

(K'—'kg)
I

'—2kcpEg
I (b

I
Q "&

I
a) (K'—'k ) I

') (10)
(r.xr.)7I ~). (6)

By means of the theorems of the Appendix, Eq. (10)
is averaged over the random orientations of these
transition moments:

The differential cross section is given by"

dr 2m E, + + 1
—:ZZ . EZI(bjl~'I-)I'

dQ 5 c'fib; ' f 2j+1 ~
da ( 8rr/!'e4kg(2K)" 'PP

(2E,Eg —mc'Q) K'
df/ (2/+1)!'k, (mc'Q)'kfr. f

X , (7)
8m'c'k' 2l+ 1 8m.L)

+ mppPQ+ ——Q (/P —m')
l p(2/ —1) m=1—lwhere (kk, , E;/c) and (kk&, E~/c) are initial and final

electron 4-momenta, 2j+1 is the initial nuclear de-

generacy, and the spin sums are over positive energies
only. Thus from (1), (2), (6), and (7) the electric 2'-pole
and magnetic 2' '-pole differential cross sections are
respectively

XI:kFE'I'JJ~-i, -(~~ //r) I'

k Efl t!i-i,-(cr*, I9*) I
'7 (»)

der) e4E;Efkf + + i'
2 2 2 2 -(b

I
&"'

I
~)

dQ 2(mc'Q)'k, (2j+1) ~ f ~ b l!

where a;, P, and cr~, llew are the polar angles describinp

k; and k~ with K as the polar axis, and where (23)
defines I'»,.

In view of the similarity between the above and the

N photoeGect it was possible to obtain the photoelectric
K' 'I apK+ —a I, (8) cross section ab'v' by using the above methods. The

result is"

da) i& ' e po E;Efkf + +
ZZZZ

2(mc'Q)'k, (2j+1) '

o,&»=2"+'prs(/+1)!(/ —1)!(2l+1)!'
Xcr~(~/c)P' —PPP (12)

2(/ —1)i' 2

X — (bl Ml' '~l a) LK' (KXa)7

where"

Q=k'K /2m kppr/2mc- 'Q&'&—=Q (g /e)(r )'

a being the fine structure constant. Division of (11) by

(9) (12) gives dN~/dQ, the number of virtual quanta per
unit energy per unit solid angle for the electric 2'-pole
transition, a purely electrodynamical quantity. In-
tegration over dQ gives

1
, , f'/—2 (Pi rr. '-'I —r.xr'.+-l.e. I,

pp(/ 1) — l 2c 2 j
pp ——ek/2Mc.

o (= (dN(/df/)dQo (&"=N((rb&»,

cr kg EP+Eg'
N i= —2—+ in',

prk(o k, (cA.k,)'

(13)

"Unless otherwise stated, formulas refer to excitation to a dis-
crete level where b is normalized to unity. However, these are
readily adapted to disintegrations by normalizing b to unit energy
and replacing o by do/de or by normalizing b to unit energy and
unit solid angle Q„and replacing 0 by d2o/dEgdo„.

'~ The notation used here is such that vectors in corresponding
positions from the left edges of the two generalized dyadics
separated by a dot have their scalar product formed. For example,
(qrs) (uvw)=q u(r v)s w; (u r~) s=u r(r s); (r".u" ') (s"
~ v" ~)=(r ~ u)& ~r ~ s(s ~ v)" &. Also (Pp(r's) (u'v)=(r u)'s v+s
~ v(r u)'+r. u(s v)r u.

8k' (m'c'+E, E) )!
I

prkpp 3k; ( (k~)' )
EP+Eg' —2m'c4

in/,
(ckk;)'

(15)

"Note that for excitations to discrete levels 0(» has dimensions
area times energy here.
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FIG. 1. Energy distribution of scattered electrons (or the out-
going nucleons) from the electric dipole disintegration of the deu-
teron by electrons with E;—me~=20 Mev.

III. DEUTERON DISINTEGRATION

To obtain explicit cross-section values it is necessary
either to evaluate I'

f,, which entails a knowledge of
nuclear wave functions, or to infer its value from
photoexcitation experiments. In the case of the deu-
teron, Pj has been calculated. "The range parameter in
the theory was taken to be such that the theoretical
electric dipole cross section agrees with photo experi-
ments"" at 3, 6, and 18 Mev.

Equations (13) and (14) give the energy spectrum of
the scattered electrons or ejected nucleons for electric
dipole disintegrations. Figure 1 shows this and is also
quite typical of what to expect at other E s. The peak
occurs just below (TI(»'s maximum. It might be men-

tioned that Fig. 1 resembles quite closely the photo-
nucleon yield had from the bremsstrahlung spectrum
of 20-Mev electrons.

Equations (10), (17), and (18) should represent the
deuteron's electrodisintegration up to energy transfers
of the order of 150 Mev. "Discrepancies between exist-

ing theory'4 and 80- to 150-Mev photodisintegration
experiments" would also be observable in electro-
disintegration.

IV. DISCUSSION

.Vj, like the bremsstrahlung spectrum, can be taken
as C(E,)/Ao& for approximate calculations, where C(E,)
is taken to be independent of Lr. Thus the method of
Levinger and Bethe" can be utilized to obtain the cross
section for excitation of all electric dipole levels (which

of course requires a large E;)

where
$= (E;Er+c'fi'k, kg m'c')/me%i(a—

C(E,) r
oi= C(E,) d(kro) = or'&'d(kro), (19)

koi (|'roi) H

The magnetic expression (17) is given, as it is quite
likely that it can be used in a number of cases, although
perhaps with limited validity.

For disintegrating nuclei a preferred nuclear moment
orientation exists and the averaging of the Appendix
may be omitted. By normalizing b to unit energy and
unit solid angle Q„, one obtains (10) with doi/dQ re-
placed by d'o&/dQdE~dQ . Interference between two
adjacent multipole transitions is of order (fico/Mc')l
times the lower order transition. In particular the elec-
tric dipole-quadrupole interference is

e4kg

dQdE~dQ„2(mcsQ)'k, (2j +1) a s

XRe{IK'(2E,Er—m Qc)+ ' k' ro(Kk; &+irirfir;)

—K(E,R;+ E,i,)f K—a~K'(E,l,yE,i,)j
L(&Iso"'I~)'(&I &"'I~)]

+~'QI (bI KsQ»Io)*7 (bI Q I )). (18)

where both the harmonic mean absorption energy,
(Iro&) ri, and J'oi &&'d(koi) are discussed by these authors.
For the deuteron with a Yukawa half-exchange po-
tential one finds or=3.86C(E,) mb, which is a fair
approximation even at 20 Mev; using C(E;, (fsio)ir)
=0.0117 gives o.

~
=0.0452 mb as compared with

0.0553 mb in Fig. i.
Two chief methods of observing electron excitation

of nuclei are detecting the decay product (1) of the
excited state itself and (2) of a state to which the ex-

"L. I. Schiff, Phys. Rev. 78, 733 (1950); J. F. Marshall and
E. Guth, Phys. Rev. 78, 738 (1950).

I~ Russell, Sachs, Wattenberg, and Fields, Phys. Rev. 73, 545
(1948); Wilson, Collie, and Halban, Nature 163, 245 (1949);
Snell, Barker, and Sternberg, Phys. Rev. 75, 1290 (1949);Barnes,
Stanford, and Wilkinson, Nature 165, 69 (1950).

' The integrated forms of (10) and (18), i.e., d'o&/dEfdQ„and
d'o1~/dEydQ, also exist. See Thie, Mullin, and Guth (to be pub-
lished)."T. S. Benedict and W. M. Woodward, Phys. Rev. 85, 924
(1952); W. S. Gilbert and I. W. Rose, Phys. Rev. SS, 766 (1952)."J.S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950).
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cited state decays. A third possible method might be
the observation of the inelastically scattered electrons.

In order to observe the latter it is necessary first to
filter out unwanted electron energies. Then for nuclei
excited to a discrete level there results an inelastic
peak superimposed on a background of electrons which
have radiated a quantum. To observe this peak for
typical low Z nuclei at moderate energies, the filter
must have a band width of the order of 0.001 percent
of the energy being observed. However, for disintegrat-
ing nuclei the electrons can readily be detected by co-
incidence counting them with the decay product. Addi-
tional information can be had in some cases by this
procedure.

Regarding methods (1) and (2), two upper limits on
the allowable target thickness are had from the decay
product's range and from photoexcitations due to
p-rays produced in the target. "The ratio of photon to
electron excitations in a target having et nuclei per
unit area is

nt do+&/dEr.

S2 coso

where 0 is an average multiple scattering angle and
da & "/dEr is the bremsstrahlung cross section per unit
energy. In view of the similarity of the latter with E~
for electric dipole transitions the above ratio is of order
0.0002(Z'/2) t'/cos8 with t' being in mg/cm.

Multiplying these expressions by 2 and evaluating
them instead for the p-ray production target gives one
the relative photon and electron thin target yields for
the nucleus under investigation, i.e., yields with and
without the p-ray target intercepting the beam (as-
suming all p-rays are forward). This ratio of photo-
excitations to electroexcitations will determine (do&'&/

dEr)/S which on comparison with theoretical ratios
can give information about the type of transition.
However, for high Z in view of the Coulomb correction
needed in both numerator and denominator, perhaps
some known transition must be used as a normalizer.

"Skaggs, Laughlin, Hanson, and Orlin, Phys. Rev, 73, 420
(1948); J. S. Blair, Phys. Rev. 75, 907 (1949). To the authors'
knowledge perhaps the only experiment with a su%ciently thin
target for pure electrodisintegration was the disintegration of Be'
by M. Wiedenbeck, Phys. Rev. 69, 236 (1945).

"The method is similar to that of C. J. Mullin and E. Guth,
reference 5, and D. L. Falkoff, thesis, University of Michigan
(1948).

APPENDIX

To average l(blu r(v r)' 'Ia)l', where u and v
are arbitrary vectors over the randomness in nuclear
moment orientations and over the axial symmetry of
v with respect to u, one makes the decomposition"

ur cos8(v r)' '=4+Iv' 'r'P a~ &, „P P„,„*(a,P)
n=o ~n

((n+m+1) (e —m,+1)q
&

x
I I x. -(t, ~)

(2n+1) (2n+3)

1! (e+m)(e —m) ) i
+I I X.-.-(&, ~), (20)

((2n+1)(2e—1))
where u~ ~, „is nonvanishing only for even l—1—e,

2' '(/ —1)!5(/ 1+—n)/2j!

L(~—1—n)/2]'(!+n).
and where u is the polar axis of the 8, P describing r,
and n, P describing v.

Only the n=/ —j. term gives a contribution to the
electric 2'-pole transition as defined here. Consequently,

(2!—1) &

(blu r(v r)& 'lu)I'
167f2e2(2$)2&—2(t —1)!4

( (1+m)(l—m) y '
I v- -*(,~)

m & t 4 (2=/ ——1)(21+1))
x(blr y, ,.l

~)

!' (3+m)(l —m) q &

x 2 I I
'JJi-, -*(~ @

m=&—
& ((2/ —1)(23+1)j

1
2 I(bl"'JJ, -I~) I'

2)+1 e t—
(l+m) (l—m)xg I

'JJ~-~, -(~, 0) I'. (21)
m=&—~ (21+1)(2/ —1)

Generalizing,

Z.Zbl(bl &"'l~) (v' '«) I'/(2i+1)
647r'I'(25)"—'l!' E-1

I'P Q (P—m')
P(21+1)!'(2/—1)

x I'JJ, ,,-(~, P) I', (22)
where

~~'= 2 I
(b

I Z(v-/~)r-'3&, -1 ~) I'/(2i+1) (23)

is the definition of the electric 2-pole transition mo-
ment. Similarly one can show that

2 Z~L(bl &"'l~)* v' '3 L(bl &'" l~) v' 'j/(2i+1)
16~(2r)"—'

PP. (24)
l(2l)!'(2l+ 1)


