
PH YSICAL REVI E%' VOLUME 87, NUM HER 4 AUGUST i 5, 1952

Line-Breadths of the Microwave Spectrum of Oxygen*
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Line-breadth parameters for oxygen have been determined with a Zeeman modulation spectrograph for
fifteen microwave transitions occurring in the 5-mm wavelength region. Measured values lie in the range
0.0319 to 0.0516 cm '/atmos, with a population weighted mean of 0.0475 cm '/atmos. Investigation of the
variation of the line-breadth parameter as a function of E', the rotational angular momentum quantum
number, reveals greater line-breadth for the most populated states. This leads to an interpretation of the
self-broadening co]lision process as a mechanism involving not only the quadrupole-quadrupole and polariza-
bility interactions predicted theoretically, but also a rotational resonance interaction.

Measurements are also reported for the line-breadths of oxygen transitions broadened by the perturbing
molecules ammonia, nitrous oxide, nitrogen, and argon. Collision diameters are then determined for these
molecules, and the results are shown to compare favorably with results from kinetic theory and from
ammonia-broadening experiments. Interpretations of these data also strengthen the rotational resonance
interpretation. A line-breadth para, meter is calculated for air.

in cm '/atmos. Van Vleck and Weisskopfa have shown
the possibility of a variation of the line-breadth param-
eter with the rotational state. Considerable research
has been devoted to the determination of the line-
breadth parameter for oxygen. Beringer, 4 the 6rst to
measure this quantity, determined the intensity of the
integrated absorption at high pressures, from which
the parameter may be obtained. He found that pure
oxygen has an absorption at the band center of 67
db/km for 1 atmos pressure. The line-breadth parameter
was concluded to have a value between 0.02 and 0.05
cm '/atmos. Beringer's measurements also indicated an
integrated absorption for air of 14 db/km at 1 atmos.
Lamont' determined the maximum attenuation of
microwave energy in dry atmosphere to be 15.7 db/km
at 5.13-mm wavelength. From these measurements it
was concluded that the value of the parameter cor-
rected from atmospheric absorption is less than 0.02
cm '/atmos. Strandberg, Meng, and Ingersoll' have
very carefully repeated Beringer's work4 on high pres-
sure absorption. From measurements on pure oxygen
at 80-cm Hg pressure, they have determined the
line-breadth parameter to be 0.02 cm '/atmos.

All of these measurements were made on the in-

tegrated high pressure absorption band of oxygen and
not upon resolved lines. From such data it is impossible
to determine any variation of the line-breadth param-
eter with rotational states. The first complete resolution
of the rotational oxygen absorption spectrum at low

pressures was reported by Burkhalter, Anderson, Smith,
and Gordy. ' ' Approximate measurements by them on
the line-breadth parameter for three individual transi-

I. INTRODUCTION

'HE absorption of microwave energy by oxygen
contained in the earth's atmosphere was pre-

dicted by Van Vleck' on the basis of the interaction of
the magnetic moment of oxygen with the magnetic
field of the electromagnetic radiation. According to Van
Vleck this absorption has two forms, resonant and non-
resonant, the resonant absorption being greatest at
5-mm wavelength and completely overshadowing the
nonresonant absorption. Using equations derived by
Schlapp, ' Van Vleck predicted the presence of twenty-
six absorption lines arising from levels of significant
population. All but one of these lines fall in the 5-mm

wavelength region, the one line occurring at 2.5-mm

wavelength. The twenty-five lines are spaced by only
a few hundred megacycles, a spacing so narrow that at
high pressures the lines are suKciently broadened by
collisions to be overlapped. At atmospheric pressure
the resonant absorption band of oxygen, centered at
5-mm wavelength, is 104 Mc wide.

The radiation, or natural, broadening of spectral lines
and Doppler broadening are of no consequence in
our experiments. In the present work only collision
broadening will be considered. The intensity of the
absorption band depends upon the manner in which
the widths of the one-structure lines vary with pressure.
It is customary to express this variation in terms of a
line-breadth parameter which is defined as the half-

width, measured at half-intensity, of an absorption line

at a pressure of 1 atmos, the quantity being expressed
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tions indicated a range of values from 0.02 to 0.05
cm-'/~™s

More complete measurements on fourteen resolved
absorption lines are reported in the present paper. '
A more precise method of. measurement is used than
that for the preliminary results. ' The results suggest a
dependence of the line-breadth parameter on rotational
state. Values obtained range from 0.0319 to 0.0516
cm '/atmos. A rough value has also been reported by
Anderson, Johnson, and Gordy for the single rotational
transition occurring at 2.5-mm wavelength. "A more
precise measurement of this line by Hill and Gordyf
yields Av=0 064. cm '/atmos at T=300'K and 0.09
cm '/atmos at T= 195'K.

Beringer and Castle, " in applying the strong-field
Zeeman theory developed by Henry" for the micro-
wave magnetic resonance spectrum of oxygen, found
values from 0.017 to 0.100 cm '/atmos. Their most
reliable data, however, yielded values between 0.036 to
0.056 cm '/atmos.

The most recently published data on the 5-mm lines
are those of Gokhale and Strandberg, "and Artman and
Gordon. " Our results are in agreement with those of
Artman and Gordon within the probable error in the
two measurements. However, certain of the line widths
measured by Gokhale and Strandberg lie outside the
error limits estimated for the two measurements. The
reason for this discrepancy is not yet known.
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FIG. 1. Block diagram of the Zeeman modulation spectrograph.
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II. DESCRIPTION OF APPARATUS

Since the oxygen molecule does not possess a perma-
nent electric dipole moment, sensitive techniques must
be used for the detection of the transitions of oxygen.
The Zeeman-modulation method used in the present
work has been previously described. Figure 1 is a block
diagram of the spectrometer used in the present in-

vestigation. Detection of oxygen transitions is achieved
in the following manner. A 1-cm klystron supplies

energy to a frequency-doubling crystal which generates

FIG. 2. An 0& line recording with and without frequency markers.

5-mm energy for transmission through the absorption
cell. The klystron is mechanically tuned with a small
driving motor very slowly through the absorption fre-
quency. The absorption line is split into its Zeeman
components at a 4-kc rate under the inQuence of a weak
sinusoidal magnetic field applied to the molecules by a
solenoid surrounding the absorption cell. The detector
crystal responds to a 4-kc pulsating signal which results
from a shifting of the absorption frequency in and out
of the klystron frequency by the alternating Zeeman
field. The detected signal is amplified and passed
through a lock-in amplifier (coherent detector), and
the output is displayed on an Esterline-Angus recorder.
The recorder drive is synchronized with the klystron-
tuning drive.

Because of the symmetry of the Zeeman splitting,
the detected signal would occur at twice the modulation
frequency. When a lock-in amplifier is used, it is de-
sirable to detect at the fundamental frequency of the
modulation. Hence, a current of form (1+cosset) is
applied through the solenoid. Further, because the
modulating magnetic fields are of the order of magnitude
of the earth's magnetic field, it is necessary to com-
pensate for the Zeeman broadening caused by the
earth's field. This is achieved by orientation of the
absorption cell and solenoid along the direction of the
earth's field. A compensating current is then introduced
into the solenoid. The amount of compensation has
been checked experimentally on an absorption line by
adjustment for minimum line-width.

So that the width of the recorded absorption lines
can be measured, distance along the recorder chart is
calibrated in units of frequency. This calibration is
repeated for each separate recording of an absorption
line. It was found possible to superimpose on the
recorder-trace a lattice of several strong frequency
markers spaced at 5.70-Mc intervals. Since the record-
ing of a line is an operation requiring several minutes,
the marker system must be frequency-stabilized so that
the marker lattice will remain in fixed position on the
line tracing. For this reason, a stable frequency is beat
with the klystron frequency, and the resulting beat—
detected by a communication receiver —triggers a relay
which indicates the marker on the recorder chart.
A cavity-stabilized, 3-cm oscillator supplies a constant
frequency signal which is fed to a frequency-tripling
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FrG. 3. Typical interpretation of recorded data (J= I8~49).

1N26 crystal mounted on a section of j.-cm wave guide.
Simultaneously, a crystal-controlled 5.7-Mc signal of
about 3 v rms is mixed with the 1-cm energy generated
in the tripler crystal to produce in the wave-guide
radiation of frequencies 30,000+5.70m Mc, where m is
an integer. An absorption line with and without the
frequency markers superimposed is shown in Fig. 2.

Examination of Fig. 2 will disclose that the shape of
a recorded absorption line is not that of the anticipated
line contour. This is because the method of detection
employed responds to the second derivative of the line
shape. A simple explanation of this type of response is
given in Appendix A. Line-widths are obtained by
measurement of the distance in terms of frequency
between the recorded minimums shown in Fig. 2. That
this is the line-width may be shown from the fact that
the minimums of the second derivative of the line-shape
formula correspond to the half-intensity points of the
line-shape formula' for very small modulations. In
practice, the line-width is determined from the distance
between the recorded minimums, measured in terms of
the number of marker intervals. The change in fre-
quency between markers is assumed linear. This is not
necessarily true, but any error arising from this assump-
tion is small in comparison with the greater random
deviation among actual readings. Note that the interval
between markers represents 11.40 Mc, since the klystron
frequency is being doubled. Because line half-widths at
half-intensity are desired, however, the distance be-
tween minimums must be divided by two.

successively decreasing modulation amplitudes. The
modulation currents used are always the smallest
necessary to record the lines with usable amplitudes
above noise. For each line there is an optimum modu-
lation for best reproduction, and this modulation is
generally employed. The most commonly used modu-
lating 6elds have amplitudes of 0.5I, I.02, 2.05, 3.08,
and 4.10 oersteds. The five determinations of line-
width for a particular modulation are averaged, and a
mean deviation from the mean is determined. The mean
values are then plotted as a function of the amplitude
of the applied 6eld. A typical plot of these data is given
in Fig. 3. Since it is necessary to determine the line-
width with no broadening Zeeman field, the data are
extrapolated to zero modulating 6eld. The intercept is
taken as the limiting line-width at the given pressure.
Because of the deviation in the mean of the observed
line-widths at specified pressure and modulation, the
zero modulation intercept has a small range of possible
values. These are taken as the extreme values of the
line-width.

These measurements were performed on a single line
at several pressures in order to test the variation of
line-width with pressure, and the data are reproduced
in Fig. 4. Linear behavior is confirmed over a one-
hundredfold variation in pressure. It is to be noted that
the line-width for zero pressure apparently does not
vanish. This residual line-width is found to be reason-
ably constant for all transitions and may be attributed
to inadequate compensation of the earth's field, to
inhomogeneity in the earth's 6eld in the immediate
vicinity of the absorption cell, and to the presence of a
finite klystron output frequency spectrum. The latter

40--

III. THE MEASURING PROCEDURE

In this investigation it was desired to make two
kinds of measurements: one of the self-broadening of
oxygen lines, and the other of the broadening of these
lines by foreign gases. In the self-broadening measure-
ments, three kinds of information are desired: the
value of the line half-width at some specified pressure,
the variation of the line-width with pressure, and the
variation of the line-width with E, the rotational
angular momentum quantum number.

For the measurement at constant pressure, five re-
cordings are made of the particular line for each of four

t0--
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Pyo. 4. Observed line-vridth as a function of pressure.
Pure oxygen. J=4~3.



564 ANDERSON, SM I TH, AND GORD Y

60-

50 —.

40- 2

~ 30--

43
K~ zo-

1O—

contribution was measured to be less than one-third of
the total eRect.

In general, data are taken for three pressures: 1, 4,
and 8 mm Hg. The slope of a straight line through a
plot of limiting line-width as a function of pressure is
taken as the line-width for 1 mm Hg pressure. This
method of interpreting the data averages the three
observed values and eliminates the residual width.
From the maximum and minimum slopes of lines drawn
through the elongated points, the deviations in line-
widths are determined.

The second point under investigation is the effect of
various concentrations of foreign gases on the width of
oxygen absorption lines. The experimental procedure is
first to measure the limiting line-width of pure oxygen
at a pressure of about 1.5 mm Hg. The pressure is then
increased by the addition of the foreign gas. Four
increments in pressure, each of about 2.5-mm Hg, are
used. This allows determination of the line-widths of
mixtures of gases at fixed oxygen partial pressure and
variable total pressure. Typical data are plotted in
Fig. 5.

IV. THE SELF-BROADENING OF OXYGEN

Anderson" has given an elegant quantum-mechanical
treatment for collision broadening in the microwave
region. His treatment is based on an impact theory, as
contrasted to a statistical approach. The basic assump-
tion is that colliding molecules follow straight line
paths. Collisions are classified as either strong or weak.
In the strong collision the perturbation of a molecule
is sufficiently great to induce a transition and thus to
interrupt the absorption. Accordingly, a given state
life-time results in an uncertainty in the energy of the
level. The values of life-time are statistically distributed,
and, similar to the classical Lorentz broadening theory,
result in a line-breadth for the absorption.

'5 P. W, Anderson, Phys. Rev. 76, 647 (1949).

I
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FIG. 5. The broadening of an oxygen line by various foreign gases.
J=8—+9. The partial pressure of 02 is 1.5 mm of Hg.

Weak collisions do not cause transitions and are
known as adiabatic collisions. The initial and the final
energy level for the transition are each temporarily
perturbed slightly, not necessarily equally. This results
in a net shift in the absorption frequency. The energy
level perturbations may be considered as arising from
Stark or Zeeman effects on the absorbing molecule
caused by a perturbing field associated with the col-
liding molecule.

Since oxygen does not have a permanent electric
dipole, the usual types of electrical interactions of im-
portance for collision effects, namely, dipole-dipole and
dipole-quadrupole interactions, cannot be considered as
responsible for the observed broadening. Distinct possi-
bilities do exist, however, for induced dipole inter-
actions as well as for quadrupole-quadrupole electrical
interactions. ' Such magnetic interactions as dipole-
dipole, dipole-quadrupole, and induced polar inter-
actions are of little importance. In the broadening
formula given by Anderson, " the line-breadth is pro-
portional to the square of the dipole moment. A com-
parison of ammonia with oxygen gives the ratio of the
squares of their respective electric and magnetic dipole
moments as 7800, so that ammonia lines might be
expected to be broader by this factor. Experimentally,
ammonia lines have been found only about 16 times
broader than oxygen lines. Thus, magnetic dipole-
dipole interactions contribute an insignificant amount to
the observed broadening.

Electrostatic interactions may account for the ob-
served width of oxygen absorption lines, however. Two
types of interaction have been postulated: quadrupole-
quadrupole and polarizability interactions. Smith and
Howard" have shown the possible existence of a small
quadrupole moment for oxygen. Mizushima' has cal-
culated on the basis of a modified impact theory, the
line-breadth caused by quadrupole-quadrupole inter-
actions. This has the form, for high X values,

6v/c = 1.33&& 10"Q(1/K&3/8'') '

where Q is the quadrupole moment, the + sign applies
to transitions 1=K+1 +E, and the ——sign to transi-
tions J=E—1~K. For high E values this becomes
approximately

Av/c= const' —
&.

Although experimental evidence shows the measured
line-width to vary, for high E, approximately according
to this formula, the value required for the quadrupole
moment of oxygen is several times too large as com-
pared with the upper limit, Q&0.09)&10 " cm', set
by Smith and Howard" from measurements on the
broadening of ammonia lines by oxygen. The effects of
polarizability interactions have been calculated by
Anderson, "and these lead to values for the line-width

' W. V. Smith and R. R. Howard, Phys. Rev. 79, 132 (1950)."M. Mizushima, Phys. Rev. 83, 94 (1951);84, 362 (1951)."P.W. Anderson, Ph.D. thesis, Harvard University (1949),



LINE —BREADTHS OF 0, MrCROWAVE SpEC rRUM

from 0.025 cm '/atmos for E=3 to 0.014 cm '/atmos
for E=21. The form of both types of interactions is
approximately the same, and their sum is still too small
to explain the observed line-breadths.

The experimental data on self-broadening obtained
in this investigation are listed in Table I. The experi-
mental observations have a mean deviation of about
10 percent. Our experimental values for the line-widths
are generally higher than those predicted from early
high pressure observations' ' but are reasonably close
to those values measured recently. s""The most in-

teresting feature is the variation of the line-breadth
with E. The largest values of the line-breadth occur in
the region of the maximum predicted by the Boltzmann
distribution for oxygen at room temperature. The
interpretation of this observation is based upon rota-
tional resonance. This type of interaction is common in
the infrared region, but it is not generally observed at
microwave frequencies because a relatively small frac-
tion of the total number qf molecules are thermally
distributed in the suSciently low-lying rotational states
which give rise to microwave transitions. Ammonia and

oxygen, because of the unusual origins of their spectra,
have many rotational leve1s lying in a frequency range
allowing microwave transitions. The microwave spec-
trum of ammonia originates in the inversion of the
ammonia molecule and is not due to rotation. The
microwave spectrum of oxygen arises from a spin
reorientation and again is not related to the rotational
state of the molecule. Anderson" has considered rota-
tional resonance eRects in his theoretical calculations
on the self-broadening of ammonia lines.

A qualitative, quantum-mechanical description of the
collision broadening process is useful. The total time-
dependent Hamiltonian for the molecule H(/) can be
expressed as

H(t) =Ho+Hi(t)+.

where Ho is the Hamiltonian for no collisions, and Hi(L)
is the colhsion perturbation Hamiltonian. If Ho is
diagonalized, then IIi(/) will have both diagonal and
oR-diagonal elements. If one neglects higher order
terms, the perturbing matrix Hi(/) can then be used to
explain the nature of the collision. The diagonal ele-

ments of H& each give the probability of perturbation
to the energy level with which each is associated. Thus,
the diagonal elements refer to the case of weak col-
lisions. Since H& refers to only one molecule under-

going collision, the values of H~ for all collisions must
be averaged over the collisions to determine the dis-
tribution of the absorption frequencies causing the line
broadening. The off-diagonal elements of Hi(t) give the
transition probabilities for strong collisions and so
account for the collision-induced transitions. Experi-
mental observations have led to the belief that weak
collisions are of little consequence in the microwave
region. '6 In terms of the perturbation Hamiltoniarl,

3
3
5
7
9

11
13
15
17
19
19
21
23
23

Series

+
+

Mc/mm

1,96
1.71
1.92
1.86
2.05
1.97
1.97
1.87
1.77
1.76
1.58
1.62
1.26
1.26
1.49

(cm 1/atmos)

0.0496
0.0434
0.0485
0.0472
0,0516
0.0499
0.0499
0.0476
0.0448
0.0445
0.0399
0,0411
0.0319
0.0319
0.0378

The various measurements show a maximum deviation from the given
values of about &20 percent; however, the mean deviation is about
&10 percent. In other words, these data are certainly reliable to within
+20 percent, although they should not be considered any more accurate
than &10 percent.

'9 P. %. Anderson, private communication.

this means that diagonal elements may be considered
nonexistent.

Because significant perturbation Hamiltonian ma-
trix elements are completely oR-diagonal, these elements
may be expressed in the form (Ef IrlHi(~)IE' J')
where E~, Jf, E;, and J; are the rotational and total
angular momentum quantum numbers, respectively, in
the final and initial states. Since Hi(t) is believed to be
due to at least two causes, polarization and quadrupole
interactions, considered jointly, and rotational reso-
nance interactions, it is desirable to let

H, (~) =H, '(~)+H, "(~), (2)

where Hi'(/) refers to polarization and quadrupole
interactions and. H&"(/), to rotational resonance inter-
action. The matrix elements for Hj may then be
cxprcsscd Rs

(E, I=EIH, '(~) IE, I=Ea1}
+(E+2, I,IH,"(t)IE, I;).

The justification for this particular form is that, 6rst,
for quadrupole and polarizability interactions, dE=O
fol' Hi (t) and second tllat 6E=&1, 2 3, 4, ' ' ' fol'
Hi" (/) for rotational resonance. However, DE=+1, 3,
~ ~ ~ are impossible transitions since alternate rotational
levels are missing, so that only DE=&2, 4, ~ ~ ~ are
possible. Since quadrupole and polarizability inter-
Rctlons both depend upon R cos 8 varlatlon, whcrc 0 ls
the angle between the intermolecular distance r and
the internuclear axis of the molecule undergoing per-
turbation, the rotational resonance matrix elements for
thcsc lntcrRctions will Rllow trRnsltlolls AE =~2.
Higher transitions are not ruled out, however, and the
case DE= ~4 may arise from two separate transitions.
For example, for the transition E +E+2 there —exists
the possibility of a simultaneous transition E+4—+

E+2," if the energy difference arising from the latter

TABLE I. Experimentally determined O. line-widths
I,
'T =300'K).
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where Bp ——1.44cm 'oxygen, T=298'K, K=1, 3, 5, ~ ~-

and J=E&1.The mean line-breadth parameter, ob-
tained by weighting according to population, is 0.0475
cm '/atmos.
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Fro. 6. 02 line-breadth parameters as a function of E.

transition is less than that of the former. In general,
however, transitions of higher order than hK= +2 will
not be of significance and are here neglected.

The first part of the H, matrix element in Eq. (2) is
related to the probability of a polarizability or quad-
rupole interaction-induced transition. Its contribution
to Av has already been calculated and is expressed
in Eq. (1). In an evaluation of the second term, caused
by rotational resonance interaction, the matrix may
be considered as having two terms, one for transitions
to higher rotational states, and the other for transi-
tions to lower states. When each term is evaluated
to yield a transition probability, it might be expected
that this probability will be proportional to the popula-
tion of the rotational state with which resonance occurs.
It appears reasonable that the rotational resonance
probability for transitions E—&K~2 should then be of
the order,

CLf(K—2)+f(K+2)],
where f(K) is the fractional number of molecules in the
rotational state K. This term has been added to Eq. (1)
to give an expression of the form,

Du/c=Ci+CpK '+Cp[f(K 2)+f(K—+2)j (3).
This equation then includes the three most likely inter-
actions aGecting oxygen: self-broadening quadrupole-
quadrupole, polarizability, and rotational resonance
interactions. Equation (3) has been empirically fitted
to the experimental data given in Table I. The solid
curve in Fig. 6 is based on Eq. (3), where Ci=0.033,
Cp ——0.010, and Cp ——0.050 cm '/atmos.

The functions f(K) have been determined from the
expression for the fractional population of a thermal
Holtzmann distribution of rotational states,

(2K+1) exp) BpK(K+1)hc—/hT7
f(K) =

g P qrr. (2J+1) exp[ BpK(K+1)hc/—hTj

The E-independent term C~ is here evaluated experi-
mentally and includes contributions from short-range
interactions of all types. It is comprised partly of the
polarizability interactions. However, Anderson s polar-
izability calculations account for only 0.014 in this
term. The large remainder is attributed to short-range
interactions of other types.

From Eq. (3) C& is seen to contain the effect of all of
the quadrupole and part of the polarizability inter-
actions. If it is assumed that C2 contains as much as
three-fourths quadrupole interaction, substitution of
3C&/4 into Mizushima s expression for quadrupole inter-
action, Eq. (1), gives Q—0.06&&10-iP cm', which is in

good agreement with the upper limit Q(0.09&(10 "
cm' determined by Smith and Howard. '6

Definite proof for the hypothesis of rotational reso-
nance as presented here can only be determined from
experimental observation of the shift of the peak values
of hv/c to lower K values as temperature is decreased
or to higher E values with an -increase in temperature.
This investigation is currently being made in this
laboratory.

V. THE BROADENING OF OXYGEN LINES
BY FOREIGN GASES

An investigation of line broadening by foreign gases
is of value in the determination of the nature of line
broadening processes. Interpretations of observations on
lines broadened by foreign gases are based upon the
kinetic theory. For pure oxygen the line-breadth is
given by2P

26vp=V2mpvpbp sec ',

where dvp is the half-intensity half-width of the line,
mp is the molecular density, 8~ is the mean molecular
speed, and bp is the microwave collision diameter of
oxygen. In the case of foreign broadening the appro-
priate expression is"

2d upr=V2ÃpPpbp +ref(Pp +Bi )'bpi' sec—', (4)

where Avpf is the half-intensity half-width of the
foreign broadening line, ef is the molecular density of
the foreign gas, 8~ is the mean molecular speed of the
foreign gas, and bpf is the collision diameter for mixed
collisions. The mean molecular speed is determiried
from the formula,

8=2(2R T/prM)'* cm sec—',

where R and M are the molar gas constant (R =8.32
)(10' cgs) and the molecular weight, respectively.
Equation (4) may be represented as a linear variation
of pressure by

Aupf =ppkup+prduy sec

where pp is the partial pressure of oxygen, pr is the
partial pressure of foreign gas, and Avp and Avf are the
half-intensity half-widths at unit pressure of the self-

~0 R. Howard and W. V. Smith, Phys. Rev. 79, 128 (1950).
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broadened line and of the foreign-broadened line, re-
spectively.

The results obtained from observations on the col-
lision broadening of oxygen lines by ammonia, nitrous
oxide, nitrogen, and argon are summarized in Table II.
The data are based on measurements of the broadening
of the J=8—+9 transition in oxygen. The error in these
data is approximately 10 percent, the same as that for
self-broadening. Collision diameters obtained in this
investigation are compared with those obtained from
the kinetic theory and with those by other investigators
for the same perturbing molecules acting on ammonia.

The perturbing gases represent, in the order of their
listing in Table II, large electric moment, small electric
dipole moment, quadrupole moment, and electrical in-
activity. Collision diameters obtained by this method
show excellent agreement with results from the kinetic
theory and with measurements based on the collision
broadening of ammonia lines. This agreement provides
evidence of the accuracy of the method of measurement
described herein.

Comparison of the self-broadened collision diameter
for oxygen with that determined from ammonia
broadening, "'~" shows a general increase in the self-
broadened collision diameter over that from the kinetic
theory and the ammonia broadening measurement.
This observation provides further justification for the
assumption of an interaction other than that arising
from quadrupoles or polarizability in the self-broadening
of oxygen. Nitrogen, which has a quadrupole moment
considerably larger than that estimated for oxygen,
should show a rather large collision diameter from mix-
tures with oxygen. For oxygen-nitrogen mixtures, how-
ever, the collision diameter is very close to the kinetic
theory measurement. The inference is then that non-
resonant quadrupole-quadrupole collisions are rela-
tively ineffective in broadening spectral lines. Further,
polarizability interactions do not seem to cause unusual
broadening since the collision diameter for argon, which
does not have a quadrupole moment, is also in agree-
ment with kinetic theory measurements. Thus, the
greater collision diameter for oxygen from self-broaden-

ing as compared with that from the kinetic theory,
seems to result from an interaction of greater magnitude
than that of the nonresonant terms for quadrupoles or
polarizability. A rotational resonance interaction again
seems a reasonable interpretation.

A final determination which should be made is that
of the line-breadth parameter for air. This information
is valuable, for example, in studies of the propagation
of microwave energy through the earth's atmosphere.
The calculation is based upon a relation similar to

"R.M. Hill and W. V. Smith, Phys. Rev. 82, 451 (1951).
~~ J. Weber, Phys. Rev. 83, 1058 (1951).
23 Potter, Bushkovitch, and Rouse, Phys. Rev. 83, 987 (1951)."B.Bleaney and R. P. Penrose, Proc. Phys. Soc. (I ondon) 60,

540 (1948).

TABLE II. Collision diameters of perturbing molecules.

Col-
liding
mole-
cule

Electric
Electric quadru-
dipole pole

moment moment
( )(10») ( )&10to)

Collision diameters (A)
Oy

broad- Kinetic
ening theory NH3 broadening (3,3 line)

On 0 (0.096
NH3 1.44~
N20 0.249b 0.59d
NQ 0 0.27'
A 0 0

4.35e 3.61f
4.30 4.02 f

4.37 4,35g
3.79 3.68~
3.57

4.85b 3.86 4.311 4.18'
13 8b 13.9~ 13.8b

7.32" 11.2&

6,4b 5.54I
4.6" 3.73'

' A. Van Itterbeek and K. de Clippelier, Physica 14, 349 (1948).
b P. Debye, Polar Molecules (Dover Publications, New York, 1929),

p. 40.
6 W. V. Smith and R. Howard, Phys. Rev. 79, 134 (1950).
d See reference 21.
e This is the maximum observed value at K =9. The smallest observed

value is 3.55A for K =23.
f E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book Company,

Inc. , New York, 1938), p. 149.
L. Loeb, Kinetic Theory of Gases (McGraw-Hill Book Company, Inc. ,

New York, 1934), p. 651.
b See reference 24.
1 R. R. Howard and W. V. Smith, Phys. Rev. 79, 131 (1950).
j See reference 23.
~ See reference 22.

APPENDIX A

For simplicity the J=O~i transition is considered. This line
will split into three Zeeman components under the inQuence of a
magnetic field. Assume that a square-pulse magnetic Geld is
applied to the molecules, so that for one-half period the line is
degenerate and for the other half, it is split. Let I(v) be the in-
tensity of the unmodulated line at some frequency v, and Bv, the
frequency splitting in the presence of the field. Subscripts 0, +,
and —signify, respectively, the nonexistent, higher, and lower
frequency shifts of the Zeeman components. The intensity of each
component is given by a Taylor expansion:

I+(v) = ,'[I(v)+(aI/au)( au)+—,'(a'I/av')( av)—'+-—
Io() =ll(),
I (~) =kP(~)+(aIla~)(a~)+ k(a'I/aa)(a~) +

26 C. D. Hodgman, editor, Handbook of Chemistry and Physics
(Chemical Rubber Publishing Company, Cleveland).

Hq. (5), namely,

APnip =AVOPO+ 5PNPN+ 6VAPA

The composition of air is taken to be" N2, 78.03 per-
cent; 02, 20.99 percent; A, 0.94 percent, representing
99.96 percent of the total constituency of the earth' s
atmosphere. If the calculation is made on the basis of
1 mm total pressure, and if the data obtained from the
J=8—+9 oxygen transition are used,

hv. ;,= 1.97X0.21+1.52X0.78+1.24X0.0094
=1.60 Mc/mm Hg

or
(Ap/c).„,=0.041 cm '/atmos.

It should be noted that the figure obtained here for the
line-breadth parameter of oxygen in air holds only for
the transition given. In the general case of any transi-
tion it may be said that the parameter for air is approxi-
mately 82 percent that for pure oxygen.

Direct measurements on the lines of pure air at low
pressures are now in progress in this laboratory.

We should like to thank Mr. Robert M. Hill for
checking some of the measurements.
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The detector crystal responds to the difference in the incident
power {or intensity) with and without the magnetic field. The
crystal signal is then proportional to

t:I ( )+Io( )+I-()j—I( )
= -PI(v) —(BI/Bv) Sv+ —(c}I/Bv )Sv2+ j+-I(v)

+ 3 P(v) +(~I/»)»+ & (~'I/»'}»'+ $—I(v)
= -'(O'I/8v') 5v2+higher even degree terms.

Because relatively low modulating fields are used, bv')&bv4. Hence,
terms involving fourth and higher degrees may be neglected.

Also, bv is a constant for any one line. Thus, the detector responds
to a signal that is proportional to O'I/Bv'.

The argument is good, even for the (1+cosset) type modulation
used, as contrasted with the ideal square pulse of the derivation.
Since the actual applied field remains within 15 percent of its
maximum and minimum values for half the period of modulation,
it reasonably approximates the ideal square-pulse field. The more
complex Zeeman splitting resulting from higher rotational states
will yield more terms in this derivation, but. the net effect will be
the same as that developed for the simplest case.
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The Spin-Wave Theory of Antiferromagnetics
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The spin-wave theory of antiferromagnets, recently studied by Anderson for the absolute zero of temper-
ature, is examined here for finite temperatures to derive the thermodynamic properties of antiferromagnets
at low temperatures. Somewhat differently from Anderson's semiclassical treatment, the present theory
has used the formulation devised by Holstein and Primakoff, upon which the thermodynamic quantities
are derived quantum-statistically, The parallel susceptibility is shown to be proportional to H, while the
perpendicular susceptibility is independent of the temperature in the first approximation but. decreases
with increase in temperature if calculated in the second approximation. A tentative discussion is given of
the nature of the divergences which arise in the simple formulation of spin-wave treatments in the absence
of any kind of anisotropy.

INTRODUCTION

ECENTLY Anderson' has presented an approxi-
mate quantum theory of antiferromagnets on the

basis of the semiclassical spin-wave theory first intro-
duced by Kramers and Heller. ' He examined very
carefully the zero-point energy terms and showed that
the spin-wave theory can be used to give pretty good
approximations to the ground states of antiferro-
magnets. His result lies between the limits predicted by
his variation method, and moreover, it is very close to
the rigorous value in the case of a one-dimensional

chain of spins equal to one-half, which was treated by
Hulthen4 and by Bethe. '

As a matter of fact, the spin-wave theory of anti-
ferromagnets is far more complicated and probably
poorer as an approximate method than that of ferro-
magnets. Unfortunately the spin-wave theories are still
far from satisfactory in both cases, because we know

very little about the limitations of the method, which

necessarily introduces great simplifications to bring the
problem into the tractable form of independent spin-
wave oscillators.

In spite of this situation, the writer wishes here to

*On leave from the Department of Physics, University of
Tokyo, Tokyo, Japan.

' P. W. Anderson, Phys. Rev. 86, 694 (1952).
2 G. Heller and H. A. Kramers, Proc. Roy. Acad. Sci. Amster-

dam 37, 378 (1934).' P. W. Anderson, Phys. Rev. 83, 1260 (1951).
4 L. Hulthen, Arkiv. Mat. Astron. Fysik 26A, 1 (1938}.
~ H. A. Bethe, Z, Physik 21, 205 (1931).

present a statistical-thermodynamical theory of anti-
ferromagnets based on the Hulthen-Anderson spin-wave
theory. The reason is, in the first place, that the spin-
wave theory is at present the only approach we can
use to at tack the problem at low temperatures, and
secondly that Anderson's success suggests that the
low-lying energy levels may be reasonably approximated
by this method. Approximations for higher tempera-
tures can be treated by several methods. Van Vleck's
theory of antiferromagnetism' is one of them and should
be regarded as the standard theory. Refinements of
this theory have been tried by Li" using the Bethe-
Peierls-Weiss method and also by the present author,
Obata, and Ohno. '

The treatment to be presented here is of course to be
regarded as a starting point from which we should
proceed to more rigorous theories. Also it should be
emphasized that such improvements will be achieved
more easily by handling the density matrices directly,
rather than the Hamiltonian, to yield the separate
energy levels. We hope the present theory will be
improved in the future by taking account of the higher
terms in the Hamiltonian, which are omitted in the
simple theory but are very important to establish any
satisfactory theory. In the last section of this paper we
shall consider, by fi.rst-order perturbation theory, some
of the eff'ects due to these higher terms together with

6 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941).' Yin-Yuan Li, Phys. Rev. 84, 721 (1951).' Kubo, Obata, and Ohno (unpublished).


