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The second nuclear interaction observed is almost identical in
appearance to Fig. 1 except that the angle between the pair, Pr2
of Table I, is 6.3' or about 25 times larger than in the first case
Pri. Again the tracks Pr2, are of minimum ionization and, con-
sidering the multiple scattering, (Table I) the mass of both par-
ticles is less than that of muons.

The above features, While by no means conclusive, tend to indi-
cate that Pri and Pr2 are probably electron pairs, in which case
their total energies wouM be 201+39 and 205+25 Mev respec-
tively. Electron pairs of such high energy and originating from
nuclear collisions of cyclotron accelerated particles have not been
reported so far. However, the following two well-known nuclear
reactions of negative pions 6rst studied at low energies by Panof-
sky' could provide the initial step in the production of high energy
electron pairs:

FrG. 1. Theoretical pulse amphtude distribution for 511 kev y-rays.
Ordinate gives absolute number of counts for ~, 2213, 873, 358, 176, and
100 quanta incident on cylindrical NaI crystals of the different sizes indi-
cated in the 6gure. Dotted lines show the backscattering e8ect from long
light pipes.

fol zclo clystRl slzc ls included Rs R limit fol cRscs of bad geometry.
These curves might be useful for the measurement of weak
y-rays with energy &0.5 Mev in the presence of annihilation
radiation.

The theoretical line shapes have been smeared out with a
Gaussian distribution of very small width only, corresponding to
the highest electron yield (about 1000 pcr Mcv) reported by
Hofstadter, ' in order to show as much detail of the curves as can
bc expected with present day techniques. Our experimental data
are in good agreement with the calculated curves, except that our
electron yield is somewhat lower which causes an additional
broadening. A fuller account of this work will appear in Helvitica
Physica Actu.
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(i) m +P—+E+y,
(ii) -+P Ã+ 0.

Process (i), the inverse of the production of a negative pion (m. )
by a gamma-ray (y), has been estimated by Fermi' to occur in
about 1 percent of the negative pion-proton collisions. Both of the
pion collisions leading to P'rl and Pf2 were with carbon or heavier
nuclei of thc emulsion, which would mean that in these cases the
upper limit for the frequency of process (i) would be 1 percent.
The internal conversion of this gamma ray to a pair of electrons
should occur with a probability of about 1 percent according to
theory. 4 The experimentally obtained value of approximately one
pair for each 350 collisions seems certainly much higher than the
above expected value of the total probability of 1 out of 10,000.
In process (ii), the so-called charge exchange scattering, 5 the
neutral pion, m, will decay normally into two gamma-rays.
However, a decay into two electrons and a gamma-ray can also
be considered. e Decay into two gamma-rays would in general
lead to electron pairs at distances of the order of a radiation
unit (about 3 cm) from the center of the star and hence it is ruled
out. Decay of a neutral pion into a gamma-ray and two electrons
would result in a pair originating at a mean distance of the order
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N experiment is in progress to study nuclear interactions in
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Ilford G-S emulsions which were produced by 145- and 22"l-

Mev negative pions from the Chicago cyclotron. ' A number of
plates 400 microns thick were examined both by following indi-
vidual pion tracks and by using general scanning techniques, Out
of an observed number of 800 nuclear interactions, two of these
showed evidence for the emission of a pair of fast particles and will
be described at this time. In one of these collisions, . Fig. 1, track u
was due to an incident negative 138&7 Mev pion of the 145-Mev
pion beam of the Chicago cyclotron, ' and track b has the same gap
density as that of a 1/+4-Mev proton. A narrow angle pair of
tracks Cl and C~ (0.3+0.06 degrees between tracks) were emitted
at an angle of 100&2' with respect to the incident pion track.
Multiple scattering and grain density measurements of these
tracks (Prl) are summarized in TaMe I. In a region where the
tracks are well separated, the grain density of both Ci and C2
corresponds to minimum ionization within a precision of 15 per-
cent. It can then easily be shown in conjunction with the multiple
scattering measurements that Cl must have been due to a particle
less massive than about 1j2 that of a muon, while C2 can only be
shown to be less massive than a muon. *
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F1G. 1. Nuclear interaction produced by a 138-Mev negative pion, a, in
which a pair of fast particles CI and C2 appear to come directly from the
center of the star.
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TABLE I. Data regarding narrow angle pairs.

Event

Mean scattermg
angle in degrees

ngle between per 100 microns
tracks in Track Track
degrees Ck Cm

Energy of electrons in Mev
Cg Ca Total

Pr~ 0.30+0.06 0.78 0.14 32 ~8 173+25 205 +39
Pr2 6.3 +0.3 0.21 0.30 118&24 83 +17 201 +25
Prg 2.4 &0.5 1.25 2.78 20 +3 9+2 29 +3
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ECENTLY the nature of the Born expansions' for the case
of a nonrelativistic particle scattered by a static potential

has been clarified by Jost and Pais. ' We have supplemented this
work by establishing, for central potentials, estimates for the
radii of convergence for various energy ranges and any angular
momentum.

We consider the radial Schrodinger equation

+k2 P{~)=) V(r)y(~),
d' l(l+1)

of 4 microns from the star if the mean life is 10 '4 sec or longer. '
Examination of the two collisions described above indicates that
I'r j occurred less than 1 micron and I'r2 less than 1/2 micron from
the centers of their respective stars, which, however, would not be
incompatible with a mean life of the order of 10 '5 sec. The angle
between the electrons would be small since in the above cases the
total energy of the neutral pion is about equal to its momentum
times velocity of light. Process (ii} occurs in about 3/4 of the pion-
proton collisions, and this is again an upper limit for pion collisions
in the emulsion. Since Dalitz' has calculated that 1 out of 80
neutral pions should decay into two electrons and a gamma-ray,
it would be expected that at most about 1 pion collision out of 100
in the emulsion would be associated with a pair of fast electrons.

While electron pairs produced through process (i) would lead to
close angular correlation of the tracks, the expected frequency is
about 20 times less than measured. On the other hand, although
through process (ii) the expected frequency of pairs is of the right
order of magnitude, the mean life of the neutral pion would have
to be of the order of 10 "sec or less.

We wish to thank Professor H. L. Anderson and the cyclotron
group for their assistance in this experiment and Professors E.
Fermi and G. Wentzel for very stimulating discussions.
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St—1—=e~'"~—1 occurs in the three-dimensional scattering ampli-
tude; S~ is a scattering matrix element. The iteration of the in-
tegral equation equivalent to {1)and (2) leads to a power series
in ) for tang&, and similarly (1) and (2') yield a series for St.

Expansion of tang~. '—For a given V(r) let Xz be that value of

~ h~ up to which this expansion converges. One can then show
from the integral equation that for all potentials

k=0: Pz r V r dr&~2l+1;

All k: ) rf, r I V(r)
~
dr & t~,

l 0 1 2 3 large

1 2.344 3.339 4.198 1 157.(2l+1)5

(3)

8) pl=0:, 0, (6)

if V(r) does not change sign {otherwise the inequality may go the
other way!); and for all potentials

Bhyl&1:, &0, (7)

i.e., ) p decreases as the centrifugal barrier is being overcome.
For large l,

BXp

a(k'), s I V(r,) I'

At high energies and for any l

Xr f V(r)dr =srk+O(k),

(8)

(9)

provided the integral is neither zero nor infinite; for singular
potentials with lim„or

~
V(r) ~

=P,

Xz P =~k/logk+0(k/logk). (10)

Expansion of St=—e '"':—Calling the radius of convergence ) s,
we find

k=0: Xsf,"r( V(r) (dr=Xrf, "r( V(r) (Idr &21+1;

All k: Xsf, r[V(r)[dr&~sg,

(3')

l 0 1 2 3
si 1 2.047 2.783 3.416

large
(4I)=0.86(2l+1)&

Again the numbers are optimal. Equation (5) holds also for ) s,
but no inequality corresponding to (6) was found. For

These estimates are optimal in the sense that the right-hand sides
cannot be replaced by larger numbers. The equality signs are
approached as V(r)—+8(r—u}.

For any axed potential (3) and (4) become very conservative
for large l. The following asymptotic expression for large l is then
useful. Let r'( V(r)

~
have its maximum value at ro. Then

gVtl( )&(&+0+ & — )V(~+&)l' (R
ro V(ro) V(~ )

to within terms of order &D(l+1)j& which contain the energy
dependence. At low energies, (5) has an error of only 10—15 per-
cent for the usual potentials, even for l = 1.

As for the behavior of ) p at low energies, one can show that

where lim, A~ V(r) ~
& ~ and lim, ~'V(r)=0. The various Born

expansions of the solution of (1}diRer by the choice of boundary
conditions. 3 The following two are commonly used:

17r l7r
P(0) =0, P(r)~sin kr ——+tang~ cos kr —— for r~~; (2)

l7r St—1 . lm
$(0}=0,P(r)~sin kr ——+ . expi kp —— for r~~. (2')

2 2i 2

so that (7) and (8) hold also for Xs.
At high energies

) s/k~~, (9/)

provided I J's"V(r)dr~ & ~.
A number of properties of Born expansions have been derived,

some of which have been previously observed. 4


