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Decay of a Neutral Scalar Heavy Meson
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The decay of a neutral scalar heavy meson into two pseudoscalar x-mesons is renormalized by the intro-
duction of a contact interaction xC,q„, q „,(x), where the finite part of x is an empirical constant chosen to
fit the observed lifetime for this decay. This interaction contributes to the decay into two p-rays in order
G,g„.e, and all contributions to this order have been calculated. The total fifth-order contribution is nega-
tive relative to the third-order matrix element. Consequently, for a particular relationship between the
heavy and light meson coupling constants, the 2&-decay lifetime will be e /g' slower than the 2~-decay life-
time. Hence, heavy scalar mesons strongly enough coupled to nucleons to be produced copiously at high
energies could be suKciently stable to be observed experimentally; in particular the V20 particle may be of
this type.

malism. ' Most of the heavy boson decay schemes turn
out to be divergent, making the interpretation of these
results uncertain. The Japanese obtained finite answers
by the use of Pauli regulators but found that in many
cases the regulated results could not be made un-
ambiguous. This is in accord with Matthews' result'
that in fact no unambiguous prescription exists for
theories that cannot be renormalized to all orders.
However, the work of Salam' has shown that scalar
and pseudoscalar meson theories without derivative
couplings can be renormalized by the introduction of
direct interaction terms into the Lagrangian. This
means that in these cases finite and unambiguous results
should be obtainable, and because of the possible im-
portance of heavy mesons in the nuclear force problem,
it seemed worthwhile to reinvestigate these cases in
detail.

The lowest order process by which a scalar meson
can decay into two m.-mesons is logarithmically divergent
but can be renormalized by the introduction of an
(infinite) contact interaction between the heavy and
light meson fields of the form xC,y„,*p„,(x) (C,
=heavy meson field; y~, =~-meson field). Since this
interaction can contain a finite part, we obtain the
uninformative result that any desired lifetime will be
given by a correct choice of this constant. However,
this interaction has further observable consequences
that must be in agreement with experiment. A neces-
sary but not sufhcient condition is that the heavy neu-
tral particle must also be sufficiently stable against
decay into two p-rays. This process is convergen't to
lowest order (Ge') and the only divergence (outside of
the usual charge and mass divergences) that occurs in
next order (Gg'e') is precisely that divergence which is
removed by the infinite part of the contact interaction
term introduced to renormalize the 2m.-decay. It might

INTRODUCTION

HIS paper is an investigation into the stability of
neutral, scalar, heavy mesons against decay into

two pseudoscalar x-mesons or two p-rays, undertaken
in order to discover if it is possible to explain any of
the recently discovered unstable particles in such terms.
Experimentally, the Manchester group finds two groups
of neutral V-particles which they interpret according
to the decay schemes Vio~p+s and V2'—&s++s. ,

'
although not all workers in this field agree with their
analysis. ' Accepting their analysis for the moment the
Vi' must have half-integral spin and will not be dis-
cussed here. Further, since decay into two scalar par-
ticles is strictly forbidden by parity for a pseudoscalar
particle (and decay into three pseudoscalar particles for
a scalar particle), ' pseudoscalar heavy mesons such as
the rarely observed r+~7r++7r++~ 4 will only be

briefly considered at this time. Although numerical
results will be quoted only for the V2' mass and life-

time, the results can readily be extended to other un-

stable particles with the same decay scheme such as the
i' meson' which are not yet easily studied by present
techniques.

The diKculty in explaining any heavy particle ener-

getically capable of decaying into x-mesons, which is

coupled strongly enough to nucleons to be produced in

large numbers, is that according to present field theories

it would be expected to undergo such possible decays
through virtual nucleon states in an unobservably short
time. This problem has been previously investigated by
Van Wyk using perturbation theory and by several

Japanese authors using the Tomonaga-Schwinger for-

' Armenteros, Barker, Butler, and Cachon, Phil. Mag. 42
1113 (1951).' Proceedings of the Rochester Conference on Meson Physics
(1951).

3 In the center-of-mass system, decay into three or fewer spi
zero particles depends at most on two vectors. Since no invarian
pseudoscalar can be constructed from less than three vectors, th
matrix element must be a scalar, and there can be no parity change

'Fowler, Menon, Powell, and Rochat, Phil. Mag. 42, 104
(1951), see also for references.' Danysz, Lock, and Yekutieli, Nature 169, 364 (1952).

C. B. Van Wyk, Proc. Phys. Soc. (London) A62, 697 (1949);
n S. Ozaki, Prog. Theoret. Phys. 5, 373 (1950);Fukuda, Hayakawa,
t and Miyamoto, Prog. Theoret. Phys. 5, 352 (1950); Sasaki,
e Oneda, and Ozaki, Prog. Theoret. Phys. 5, 25 (1950}.

~ P. T. Matthews, Phys. Rev. 81, 936 (1951).
0 8A. Salam, Phys. Rev. 82, 217 (1951); see also J. C. Ward,

Phys. Rev. 79, 406 (1950) and F. Rohrlich, Phys. Rev. 80, 666
(1950).
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DECAY OF A NEUTRAL SCALAR HEAVY MESON

be argued that since it is necessary to introduce a
direct interaction term in the case of the 2m-decay, it is
unreasonable not to introduce a second direct inter-
action term in this case, even though it is not needed
for the purposes of renormalization. However, the
analogous interaction term in this case, y CA,A„(x), is
not gauge invariant, while the gauge invariant inter-
action y"O'F„„F„„(x),because it involves derivatives,
would be likely to introduce nonrenormalizable in-
finities in higher orders. This situation exists in spinor
electrodynamics, where it is also possible to introduce
direct interaction terms; here the empirical result is
that the correct value for the Lamb shift, anomalous
magnetic moment, etc. , are obtained without such
terms. Further, they would again be likely to cause
divergences not removable by present techniques.
Granted then that the interaction with the electro-
magnetic 6eld should not contain direct interaction
terms, the constant that occurs in the 2m decay is also
the only unknown in the two process (to order Gg'e'),
and it is no longer trivial to ask whether it is possible
to pick this interaction in such a way as to make both
decay lifetimes of the right order of magnitude.

The result of the calculation is that for the value of
the interaction constant which renders the decay life-
time into two m-mesons long enough to fit the experi-
mental facts, the particle can also be made su%ciently
stable against decay into two y-rays by postulating (in
principle) a precisely determinable relationship be-
tween the coupling constants of the heavy and light
mesons to nucleons. This demonstration has in fact
been carried out to order Gg'e' in the usual S matrix
expansion in the coupling constants. However, provided
only that this expansion converges, it Can be argued
that there will be a relationship between the coupling
constants for which this stability exists even if all
orders in the expansion are included. Thus, contrary
to expectation, the instability of neutral, scalar, heavy
mesons due to transitions through virtual nucleon
states can be reduced suKciently to make their life-
time as long as that of the observed V2' particles.

DECAY INTO TWO PSEUDOSCALAR MESONS

The Feynman diagrams for the decay of a scalar,
neutral meson into two pseudoscalar charged m-mesons
are given in Fig. i. After taking the spur the matrix
element for this process is

I d'qd'kid'k2(2s)'8(q+ kg —km)

i(G„+G„)g' I.
XC'(q)y*(ks)q (k2) d4t

(2~)4

4iM(kgk2 —t' —M')
X —, (1)

[(i—k )'+M'][V+ M'j[(i+k )'+My

where k~ and k2 are the four-momenta of the 6nal m-
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FIG. 1. Decay of a neutral scalar meson into two
charged pseudoscalar mesons.

mesons, k~ —k2 the four-momentum of the heavy meson,
and hence (k~—k2)'= E'= kg—+k22 —2k~k~, 2k~k2=E'
—2y' (E'= heavy meson mass, p =m.-meson mass
=276m„M=nucleon mass; for general notation see
Appendix I).The t term gives a logarithmic divergence,
so that it is necessary to assume that the Lagrangian
also contains a contact interaction of the form:

where

(2)

the renormalized matrix element after integration
over t becomes

(2m)'M M2 p' E'x(1—x)
U. Chlog 1—

E2 E2"0 M2

where

xdx ~"
dy—,(g)

E2) J J D

(G„+G )g'E' p
A =

I d'qd'kid'k2C (q) q&*(kg)
(2x)'M

Xy(km)(2~)48(q+k, —k2), (6)
and

D = 1—x'y(1 —y) E'/M' —x(1—x)y'/M'.

If the hnite interaction constant g were zero, this would

' R. Karplus and ¹ M. Kroll, Phys. Rev. 77, 536 (1950).

8X= 4iM(2m) ') d4—t/(t'+M')'

Adding the lowest order diagram due to this term and
using the identity'

I
de 1 1

J (2~)4 [P+M2j2 [P+M2+

Cq
logi 1+ i, (4)

(2~)4 4 M']
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dropping nongauge-invariant terms, obtain for the
lowest order matrix element

where

1—4x'y(1 —X)—iB
~

xdx ~~ dy
1 x'y—(1 y) K—'/3P

(capp

B= G„e' K'/(2 s)'M t d'qd'kid'k2(2m)48(q+ki+k2)

~ % f%ll
Ct,

&&0

8.

XC'(q) A „(k&)A.(kg) (8„.+2ki„k.„/K'). (10)

This term gives a decay probability of about

r '=G~'-e4K/(4r)'(K/6+M)'
=2.8X10"(G~'/4nr)sec ' for K=800m.
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FIG. 2. Decay of a neutral scalar meson into two p-rays
to order Gg'e' and G'e'.

give a decay probability of

(G~+G.) g'K ( 4~'& '*

(e I"/K')K '—
v)

(4~)3 & K2i 8~M

to the lowest order in an expansion in powers of E'/M'.
It is interesting to note that this vanishes for E=p, Q 6
=678m„which number is only changed by about one
electron mass if higher terms in the K'/M' expansion
are included. So that this particular renormalization
prescription, if it could be justified on other grounds,
would predict a unique stable mass for the heavy scalar
meson. For the observed V2' mass of about 800m, the
lifetime would be approximately L(4m)'/(G„+G„)'g'j
)(3.2X10 " second, so that in order to obtain the
observed lifetime of about 10 " second, the finite
part of the interaction constant must be chosen to be

K M' p' ( x(1—x)K')

K (2m.)'M E'& 0 E M' )

+I ~&
——

I
xdx dX—a1.6X10 '. (8)

K') "0 ~0 D

This choice of x sects the 2y-decay, as will be dis-
cussed in the next section.

DECAY INTO TWO y-RAYS

This process has already been investigated by Stein-
berger and by Fukada and Miyamoto, " who, after

~o J. Steinberger, Phys. Rev. 76, 1180 (1949); H. Fukada and
Y. Miyamoto, Prog. Theoret. Phys. 4, 347, 392 (1949}.

which would be much too great for the scalar meson to
exist long enough to be observed as a V2' particle.
(Schwinger also obtains this result by a different
method. ") However, the interaction constant x, which
it was found necessary to introduce in order to give the
observed lifetime for the decay into two m-mesons,
contributes to this process in order Gg'e' and because
g'/(4m. ) is not small can significantly alter this con-
clusion. The Feynman diagrams to this order are given
in Fig. 2. Number 1 is the lowest order diagram already
discussed. Number 2 contains a logarithmic divergence
that is canceled by the 8x term from number 3. Both of
these matrix elements are complex due to the occurrence
of two real x-mesons as an intermediate state in addi-
tion to the virtual states that do not conserve energy
(Dyson's "displaced poles" )." But x has been picked
to cancel the contribution from this part of the diagram
when the two m-mesons are real. Consequently, it is to
be expected that for this choice of p the imaginary part
contributed to the matrix element by diagrams 2 and
3 will cancel identically. Unfortunately, it has not
proved feasible to evaluate exactly the fivefold integrals
that are left after combining denominators by Feyn-
man's famous formula and carrying out the four-
dimensional integrations over intermediate momenta.
However, the first term in an expansion of these in-
tegrals in powers of E'/M' has been obtained, and to
this order the expected cancellation of the imaginary
parts does occur. The exact integrals for all the dia-
grams in Fig. 2 are given in Appendix II, and the ap-
proximations introduced to obtain the values given
below are discussed there. It should be noted that
although K'/M2 is about 0.2, the expansions actually
involve x(1—x)K'/M' with 0«" 1, so that the error
made by dropping these terms is probably less than 5
percent, which is more than adequate for the purposes
of this paper. Neglecting terms of order K'/M', the
total contribution from diagrams 2 and 3 is [—iB(1
+G /G„)g'/(4n. )'j(—2/9). Diagram 4 is irreducible and

"J.Schwinger, Phys. Rev. 82, 664 (1951).
~ F. J. Dyson, Phys. Rev. 82, 428, 438 (1951),and lectures at

Birmingham.
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finite and gives a contribution [ iB—G„g'/G„(4Ir)']
X(7/36). Diagrams 5 are obtained by self-energy in-
sertions in 1. They therefore contain linear divergences
which are canceled in the usual way by mass renor-
malization; the finite contribution is [—I'B(g'+g~')/
(4Ir)'j(—0.0209). Diagrams 6, 7, and 8 are vertex in-

sertions containing logarithmic divergences which are
removed by using Dyson's prescription of replacing
y„by I'„and 1 by 1 in the original integral for dia-
gram 1. They give rise, respectively, to the finite
contributions

L
—&Bgy'/(4Ir)'j (—0 360) t I'Bg'/—(kr)' j(0 242) .

and [ I'B(g~—'+G„G~ 'g')/(4Ir)']( 0 452—). .

Diagrams 9, 10, and I1 are the corresponding self-

energy and vertex insertions due to neutral, scalar
mesons in virtual states; they are functions of the heavy
meson mass, even using the above-mentioned expan-
sion, and have been evaluated for E=800 m, giving a
'totRI fillltc colltI'lblltloll of [ IBGp /(4T)j( 3.2'90).

Charged heavy mesons have not been included as
their introduction would require an additional contact
interaction (x'+hx')COC*C(x), where x' is a new em-

pirical constant, that would require the calculation of a
third distinct process for evaluation. The diagrams con-
tributed by charged heavy mesons to the 2y-decay of
the neutral heavy meson are given in Fig. 3, The
neglect of these diagrams does not, however, alter the
argument below, as they will contribute simply an
additional term proportional to —iBG'/(4Ir)' which

merely increases the complexity of the relationship
between coupling constants of heavy and light rnesons
for whIch cancellation occurs.

Collecting all the above contributions, the real part
of the matrix element for decay into two y-rays is

IB —,
' — 0—.833—+0.672——0.193

(4m)' g' G,

G 2

—3.290 (11)
(4r)'

and clearly can be zero for certain values of the coupling
constants. In particular, for g'=g„'=g„' and G„=t"„,
this relationship is g'/4s+2. 5G„'/4Ir=3. 08, which is

clearly compatible with the usually assumed values for
these constants. There is in addition a small imaginary
term, corresponding to the interaction that allows a
lifetime of about 10 " second for the 2x-decay, but
this clearly gives a lifetime for 2p-decay approximately
g'/e' —2X10' longer. Therefore, for that value of y
which gives a reasonable lifetime for the 2x-decay, the
probability of decay into two p-rays is sufFiciently small
to insure that only the former process will be observed.

The extension of this calculation to higher order
terms in the 5 matrix cannot be expected to alter this
conclusion, As x is evaluated as a power series in the

gvcLEON :;:;::.Sts) QESON

Fro. 3. Contributions of charged scalar mesons to the decay of a
neutral scalar meson into thoro y-rays in order G'e'.

» C. B. Van Wyk, Proc. Phys. Soc. {London) A63, 350 {1950);
S. Popover, Phys. Rev. 76, 865 (1949}.

*Xone added in Proof:—For E=850m, R. S. Grover 6nds
z-'= (G +G )'g'(2x) 'X4 6&10' sec ' for decay into two
charged mesons and a y-ray and G 'g' (2~) )&1.8X10"sec ' for
decay into two ~0 mesons and a p-ray. The former process can be
forbidden by taking G„=—G„but the latter makes the neutral
scalar particle too unstable to be observed unless a cancellation
similar to that discussed in this paper occurs vtrhen Gg'e terms are
included.

"A. Pais, Phys. Rev. 86, 663 (1952); see also reference 2.

coupling constants, the coeffIcients of the higher order
terms can be chosen to keep the 2~-decay lifetime of the
same order of magnitude. But since the identical dia-
grams mill occur as the only real intermediate states in
the 2y-decay (neglecting higher terms in e), this choice
will also insure that there will be negligible higher order
contributions to the imaginary part of the 2y-decay
matrix element. Therefore, provided only the series
converges sufFiciently not to change the sign of the
higher order terms relative to the third-order matrix
element, there will still exist some (in principle) pre-
cisely determinable relationship between the heavy
and light meson coupling constants for which the heavy
neutral scalar meson will be more stable against decay
into two y-rays than into two pseudoscalar x-mesons.

FURTHER CONSIDERATloNS

It has already been pointed out that the inclusion of
charged heavy scalar mesons will not alter this conclu-
sion, although a new empiricyl constant enters the
theory. Further, if empirical evidence shouM be ob-
tained that the charged V particle decays into a charged
and a neutral m-meson, the above calculation can be
readily extended to this case, most of the integra, ls
being the same as have already been evaluated.

The problem of whether the neutral scalar heavy
meson is also sufFiciently stable against other modes of
decay is more serious. Decay into two y-rays and a
m-meson was found by Van Wyk and S. Power" to
be of the order of 10 "/G'g' seconds, which is compatible
with the above relationship between the coupling con-
stants, but might require rather too small a C to be
reconciled with the copious production of V2' par-
ticles. A pglor'I, tll'c dccRy lllto two Ir-'mc'sons Rnd R

y-ray would be expected to have a still shorter lifetime,
and this process is now be inginvestigated. * Pais'4 has
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shown that this lifetime for the decay of a pseudoscalar
heavy meson is of the order of 10 "/G'g', but the con-
tact interaction introduced to renormalize the 2~-decay
contributes in the scalar case and could conceivably
alter this situation in the right direction.

The extension of this approach to pseudoscalar heavy
mesons does not look hopeful, unless one follows Pais
in postulating a strong interaction allowing the heavy
particles to be produced in pairs and a weak interaction
governing their subsequent decay. In the first place
the neutral particle would presumably decay into two
p-rays in a time shorter than the lifetime of the neutral
~-meson or into a p-ray and two x-mesons, as already
indicated, but this may be actually the case, since
there is at present no evidence for the existence of such
neutral particles with long lifetimes. However, the
relatively stable charged ~-meson that decays into
three m-mesons has been seen. This decay in itself
offers no problem, as it is renormalizable and hence
can have the observed lifetime; the 6nite part of the
renormalization interaction contributes to the (m.+2y)
decay in much the same way as the scalar renormaliza-
tion contributes to the 2y-decay, so this situation could
well reproduce the features already discussed. But this
interaction does not contribute to the (2~+&) decay
in suKciently low order to make calculation feasible,
and since Pais' result for the lowest order matrix ele-
ment gives such a short lifetime, it may well prove im-
possible to achieve suKcient stability against this
decay. A detailed investigation of this case would be
required in order to determine if any new features enter
which could alter this conclusion.

CONCLUSION

The decay of a neutral scalar particle strongly coupled
to nucleons into two pseudoscalar x-mesons can be
renormalized by the introduction of a direct inter-
action between the heavy and light meson fields, the
finite part of which can be chosen to given any desired
lifetime for this process. If the interaction is chosen to
fit the observed lifetime of the V2' particle, the neutral
scalar particle can also be made sufficiently stable
against decay into two p-rays to insure that only the
decay into two m.-mesons will occur appreciably. This
stability can, however, only be achieved if one is willing
to accept (in principle) a precisely determinable rela-
tionship between the coupling constants of heavy and
light mesons to nucleons. The present estimates of the
values for these coupling constants are compatible
with this relationship. Therefore, the possibility that
there can exist scalar mesons strongly enough coupled
to nucleons to affect the nuclear force problem cannot
be ignored. The approach used in this paper is likely
to prove inadequate to explain the ~-meson.

The author wishes to thank the State Department
Board of Foreign Scholarships for a grant under the
Fulbright Act and the Department of Mathematical

Physics at the University of Birmingham, England, for
its hospitality during the course of the first part of
this research. The author is grateful for illuminating
discussions with F. J. Dyson and R. H. Dalitz, and
to A. Pais for the opportunity of seeing his paper prior
to publication. Above all, the advice and encourage-
ment of R. E. Peierls have made possible the successful
completion of this work.

APPENDIX I. NOTATION

tx= t„x„=t I—toxo I y
—zpa i r4 p i ye y&y&7& r4i

Lagrangian density= —~~[(84/8 x)'+%242]

k[(italo/» )'+9'Fo'] 2[(itp*/» t'eA w*)—

X (Bq/Bx„+ieA „q )+ti'q *it]+iifip[y„(8/itx„

+ieA„)+M]P +if„[y„it/itx„+M]P„iG„Q P—C

iGn4'A'n~

gpss'p

Y64'pv 0 gee'p764'ago

where Pp& &

——proton (neutron) wave function, mass M;
4 =scalar neutral Ineson wave function, mass E; y
=charged pseudoscalar meson wave function, mass p.,
go=neutral pseudoscalar meson wave function, mass
p, ,

' and A„=electromagnetic potential function.

Propagation of a fermion

d'4) ~it(x y)

0 (x)0 (y) = i-
(2vr)4 t—iM

Propagation of a boson

Transformation to momentum space

APPENDIX II. CALCULATION OF MATRIX ELEMENTS

The gauge invariant contribution from diagram 2 is

(1+G~/Gp)g' 2i(1+Jp'/K')M'
52= —iB I2+

X2E2
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where

1 1 1 I )1
Ip ——2 I" xdxJ" dyjt du " dv w(1 —w)dw

0 0 0 0 0

a+ b —gab E' 1 a b—+2—ab
X — — abx(1 —x)

D M2 D2

a=wvy+(1 —w)u; b=wv(1 y)+—(1—w)(1 —u);

D= wv+ (1—wv)x(1 —x)u'/MP

wvxy(—1 y) E'/—M' ubx(1—x)K'/—M';

log I
E'(x' —xp')/u'I 1+2xp

7=2 dx —2mz log
"0 x 1—2x0

p
Xo

(13)

Diagram 4 is irreducible, and after dropping non-
gauge-invariant terms, leads to the integral

2i—B(G./G )g' ~' r '
54= du

I dv, w(1 —w)dw
(47r)' & p

~ p

1—16ubw+ 14aw 12a—wv
x2dx, dy

JO Jo w(1 —w)Dg

E' 1 b+ 2—aw+ (Sb—4)uwv 2xy(v —1)b
ab— +

M2 D 2

2xyv(b —1)

where a= xy(v u)—; b=x(1 vy) a—nd

D;=xy —wv(1 —v) E'/M'+ (1—xy) w(1 —w) u'/M'

bw(1 —w)(ub&—,+xy(v 1)8p,+—xyv8»7E'/M',

Sp+Sp =iB(1+G„/G„)g'
t

(4v)'M 4M—lp+ X—
l 2E

It' x(1—x)E' ) ( u' )
X d«ogl 1—

I I
1+~—I (17)

& p L M' ) E E')

But to order E'/M'

To order E'/M', D may be written as

E p
Dp=wv+x(1 x) 1 u(1 u)(1 w) (14)

IJ,
2 3P

where the second term must be retained because of the
pole that gives the imaginary contribution to the matrix
element; in this expansion higher powers of K'/M' will

then have integrals of the same form as coefficients. By
using care to drop all higher order terms during the
integration and some algebraic manipulation I2 can be
reduced to the form

lp ——2/9/ (~ —uP/EP) (1+guP/EP)

The contribution from diagram 3 is

iB(1+G„/G~)g' (4r)'M ( u' )
(x+») I

1+~—
I (16)

(4r)' 2E' ( IP)

Using the value of 8z already assumed and the identity
(4) gives for the total contribution due to both diagrams

where

2M'x'(1 —x) 1
(19)

t—iMA02

A '= x'M'+ (1—x)u'= M'Xp'

in diagram 1 [plus corresponding insertions for 1/(L —k~
—jM) and 1/(f+kp iM)7—giving

pB(g'+g. ') t'
S,= '

x(1—x)dx dy udu dv
(4v-)' 0 "o "o

6 [1—4 '(1—)7 2
X —+x

XpP [1—u'v(1 —v)E'/M'7 D~

1 3u+2u—'+2uv(1 u) 1——u —2uv(1 —u)

1—. 4u'v(1 —v) 1—4u(1 —u) (1—v)
+(1—x)

D2

1—4u(1 —u)v
+2yx(1 —x) (1—u)

D

$-12 3

Diagrams 5 are obtained by replacing 1/(f —iM) by

(g'+gv') f" t' x(1—x)[—iMfx+ (1—x)t'+ M'7
dx II dy

(4~)' "p & p Ap'+ yx(1 —x)[t'+M'7

is by Eq. (8), simply 2E'(—',—u'/E')/(4r)'M, so that
not only the divergent terms, but also the imaginary
parts of these two diagrams cancel identically.

t'1 1 1
X i dw (1—4u'v(1 —v))l + +

(D2 D2 D2)

(1—v vi—4u(1 —u)wl +( Dps DpP3
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(where Qp'= (1—x)'M'+x44P) leads (including a similar
substitution for y„) to the contributions

iBg„'
(—0.360) (23)

(44r)p

—2iBg' r
' 2o.x )

, dxl aF,—(1—x)F,+
(4) J, 3)

—iBg'
(0.242), (24)

(44r)'

iB(g'+gv')
(—0.0209), (20)

(44r)'
where

Fp x(fg+——fp 2f4)+—(1 x)(7f—p/3 5f4+—6fp 10f4/—3)
—4n'x(gp —2g4+ gp) —Sax/3,

x(1—x) p' w+nn=; f„= I dww" log
Xo'

where

x' ~4 1 2 q 1+n 11 7
Fy= l, n+~ a a

l log
)pPL3 2 3 ) a 12 9

2 2 x' 1+a 1
+—n'+ —n' + log —-n(1+a—n' —a')

3 3 2X02 0, 2w+n
g„= I d~~" logJ, 1+a 'Ir 7 .1 1

Xlog nl —+ —n+—n'—(—
n ( 124 2)'This and, the following integrals were evaluated nu-

1Tlerically.
Similarly, the replacement of y„by
2 ~l pl

dy
(44r)'~ p & p

[(1—x)t—(1—xy) k4 —iM jy„[(x—1)t xyk, +—iM]
x

&p'+ x(1—x)[(t—yk4)'1 MPj
x'M' p' x(1—x)[(t—yk4)'+M'j

Pp,
—Pp l

dS (21)
Ap' &p Ap'+sx(1 x)[(t yk)'4—+Mj—

(1 2 1 1 1 ) 1+n
I

—+—n+ —n'+ —a'+ —n'
l
logI33 2 3 6) n

7
+ log& 0! 0! A

3 18 4 6

5 19 p37 35 q f11 9 q 4
F,=-+—x+

l

——x la+i —-x ln —-xa
&24 72 )

D,=yx(1 —x)+ (1—u) Xp' —yx(1—x)u[uv(1 —v) g„
+(1-.)(1- )h.,+(1- ) ~ jE'/M' =1, 2, 3

*(1-*)+ (1- )l '-y {1-) L { (44r)' ~ p 4 3Xp')+(1—v) (uv+ w —uw) 8p;+ v(u —uv+ w —uw) bp,]
E'/M'i=4 5 6.

To order E'/M' this leads to the integral

iB(g'+g') "
Sp ——— ~' dxFp(x)

(44r)'

or
—2g' p' I' —(1—x)t„(xt—xyk, —iM)

xdx
(44r)'~ p J p Qp'+X(1 —X)[(t—yk4)'+M']

(1—x)'M'
+ Yy 'Yr

I

x(1 x)[(t y—k,)'+M—'j
X-- (22)

QpP+ sx(1—x)[(t—yk4)'+ M'j

1 1 tS 5 y p 3p—-+~+
l
-+—x

l + l
2—-x

l

'

t11 35 q 4 1+a
+l ——x ln —-~' log

(12 12) 3 n

The replacement of 1 (i.e., the absorption of a scalar
meson) by

(g '+G G —'g') t ' I' (1—x)M' I' x(1—x)[(t—yk4+ (1—y)kp)'+M'j —E'xy(1 —y)
xdx dy —2 ~~ ds

(4 ) J, &, ~, ~, ~, —E*y(1—y)+.*(1—x)[(t—yk, +(1—y)k, ) +M'j

(x—1){tkg—k,t+ k4kp)+iM[2(x —1)t+ (1—2xy) k4 —(1—2x+2xy) kpf+ (1 x)t'+ (x—1)M—'+ (1—x)44'

ApP —E'xy(1 —y)+ x(1—x)[(t—yk4+ (1—y) kp)'+ MP)

gives ultimately

—2iB(g„'+G„G„'g') p' (x'F4 1 n44' ) iB(g„'+G„G„'g')—
I dxl —— —xF, l= (—0.452),

(4 ) &p 4 y,' 6M' ) (&)'
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where

1 ]1 1 1+n~
~4=

I

—~+n'+n'(1+n)log
6&6 2 n)'

7 2 1 i 1+u
n——

I
1+—n+ —u'+ —u' Ilog

6 3 6 ) n

All of the above results were checked by an independent
substitution of auxiliary F|:ynman variables, leading
not only to the same numerical results, but also (after
considerable algebra) to the same algebraic form for
Iio to Iis. Hence, the fact that the total fifth-order con-
tribution from virtual x-mesons is negative relative to
the third-order term is quite certain. The entirely
analogous results obtained for the heavy meson inser-
tions were not checked as carefully, since they only
affect the numerical constants in the relationship be-

+-log(1+m) —nI —p—n+ —~' I. tween the coupling constants and not the fact that
3 cancellation can occur.
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The Ratio of Soft and Hard Particles in Air Showers*

KURT SITTE
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While hhe density spectrum of air showers is well established for energies above 10"ev, doubt has recently
been cast upon the customary procedure of identifying the energy spectrum of the shower-initiating particles
calculated from this density distribution with the primary cosmic-ray spectrum. These two distributions
would differ if the mechanism of energy transfer to the electron component itself varied with energy. As a
result, one would then expect to find a variation with energy also in the amount and composition of the
penetrating component of extensive showers. Previous investigations of penetrating particles in air showers
do not extend below 10"ev because of the bias imposed, in the case of low density showers, by the addition
of a shielded tray. An experiment was therefore carried out at Mt. Evans, Colorado, altitude 4300 m, and
at Echo Lake, Colorado, altitude 3260 m, in order to compare the penetrating components of showers in
the 10"-ev region and in the 10"-ev region at a similar stage of their cascade development. The relative
abundance of penetrating particles was (2.06+0.11)X10 ' at Mt. Evans, and (1.20+0.11)&(10 ' at Echo
Lake, and the fraction of E-particles among the penetrating component was (62&7) percent for the lower,
and (38&6) percent for the higher shower energies. The ratio of p-mesons to electrons was the same for
both energy ranges. The results are therefore consistent with the assumption that the development of the
large mixed cascades in air is based on the same processes for all energies above 10"ev, demanding only a
slight increase in the multiplicity of meson production with increasing primary energy.

I. INTRODUCTION

'HE study of extensive air showers is certainly the
most obvious, and hitherto probably the most

successful, method of research in the high energy region
of cosmic radiation. Unfortunately, though, the results
of such a study yield only very indirect evidence on the
nature of the primary interactions, since in these
experiments a great many steps intervene between the
initial acts and the final recording of the fully-grown
shower. Thus, for instance, one can hardly expect from
an observation on the intensity of the X-component in
these showers, to obtain a unique answer as to the
multiplicity of the primary nuclear collision. Or, to
choose a simpler example, the old idea of deriving the
energy spectrum of the primary cosmic radiation from
the density spectrum of air showers (e.g. , Heisenberg, '
Hilberry') is correct only if over the entire range of

* Supported in part by the AEC.
W. Heisenberg, Cosmic Radiation (Dover Publications, New

York, 1946), Chap. L
2 N. Hilberry, Phys. Rev. 60, 1 (1941).

energies considered, the fraction of the primary energy
which goes into the electronic component remains
constant.

This latter assumption is certainly subject to serious
doubt. Recent advances have shown the processes
involved to be very complex, and to include the pro-
duction of a considerable variety of different funda-
mental particles. It would seem quite likely that the
composition of the shower secondaries produced in the
initial collision varies with the energy of the primary.
As the contribution to the electron cascade diBers for
the various components originated in the first inter-
action, a variation with energy of their relative abun-
dance would, or could, also lead to an energy dependence
of the abundance of electrons. The power law for the
shower energies derived from the density spectrum of
the air shower electrons would then no longer be

applicable to the primary cosmic radiation.
The density spectrum of air showers has been

thoroughly investigated. In particular, in the experi-


