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Some questions concerning the application of the multiple scattering theory to the analysis of cloud-
chamber pictures are discussed from the theoretical point of view: (a) The Moli¢re theory of multiple
scattering is modified by the consideration of the finite nuclear dimensions. It is assumed that the prob-
ability of single scattering goes abruptly to zero for angles greater than go= ¢ma/rn, where a is the radius
of the statistical Thomas-Fermi atom, 7, the radius of the nucleus, and ¢ is the screening angle as derived
by Moligre. The distribution function for plural and multiple scattering is then derived for finite values of ¢o.
It is shown that the cutoff affects especially the tail behavior of the distribution function as it was to be
expected. While Moliere’s function decreases as ¢ for projected angles of scattering large compared to the
rms angle, the modified function decreases approximately as (1/¢) times a Gaussian function of (¢— o)
for angles large compared to the rms angle and the cut-off angle. (b) The distribution function for the mean
value of the square angle of scattering in # plates of a multiple-plate cloud chamber is derived and com-
pared with the normal x2-distribution. (c) The effect of observational errors on the distribution function for
multiple scattering is estimated quantitatively and discussed in some detail for the case where the mean-
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Application of the Multiple Scattering Theory to Cloud-Chamber Measurements. I*

square angle of real scattering is large compared to the variance of the noise level scattering.

I. INTRODUCTION

HE observation of Coulomb scattering along the
tracks of charged particles in photographic
emulsions has played an important role in the identi-
fication of cosmic-ray particles and in the determination
of their momentum distribution.

Scattering measurements, if properly interpreted, can
also be of great value in the analysis of cloud-chamber
pictures. Groetzinger, Berger, and Ribe! have discussed,
from this point of view, the scattering in the gas of a
cloud chamber. In the present paper we propose to
investigate some theoretical questions concerning the
scattering of charged particles in their passage through
the metal plates of a multiple-plate cloud chamber. In
subsequent papers we shall describe the application of
the scattering method to specific problems.

Coulomb scattering of charged particles in finite
thicknesses of matter has been the subject of many
theoretical studies. Early investigators? have treated
the problem in the limiting case of multiple scattering,
i.e., they have assumed that the particle undergoes a
very large number of very small deflections in traversed
layer. They have consequently obtained a Gaussian
(normal) distribution for the observed angle of scat-
tering. More recently, Snyder and Scott® and Moliére*
have treated the problem in a more rigorous and general
manner. They have obtained solutions describing the
transition from the limiting case of multiple scattering
tothe limiting case of single scattering through the
intermediate case of plural scattering, where the ob-
served deflection results from a small number of indi-
vidual scattering events. The distribution functions
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found by Snyder and Scott and by Moliére approach
the Gaussian function at small angles, but exhibit a
much longer “tail” at large angles. In our discussion we
shall make use of Moliére’s results which are analytical
in form. However, the theory of Moliére (as well as that
of Snyder and Scott) neglects the upper limit to the
angle of single scattering determined by the finite size
of atomic nuclei. Therefore, this theory overestimates
the probability of deflection through large angles. In
Part II of this paper we shall modify Moliére’s theory
by taking into consideration the finite nuclear size. The
other questions discussed in the present paper include,
in Part III, the distribution function for the mean
square values of the angles of scattering observed in #
plates; in Part IV, the effect of the “noise level” scat-
tering on the observed distribution function.

In the analysis of cloud-chamber pictures, the ob-
served quantity is the projected angle of scattering.
Therefore, we shall restrict ourselves to the discussion
on the distribution of this variable. The theory may be
easily modified for the case of spatial angle of scattering.

II. THE EFFECT OF THE FINITE SIZE OF NUCLEI
(a) The Probability of Single Scattering

Moliére has derived the following expression for the
probability that a particle suffers a deflection through
a projected angle between ¢’ and ¢'4-d¢’ in conse-
quence of a single collision occurring in a thickness ¢ of
the scattering material:

fi(@)de' =3Qde’/ (¢"*+ on®)t. ¢y
The symbols in Eq. (1) have the following meaning:
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where p=momentum of scattered particle; c8= velocity
of scattered particle; Ze=nuclear charge of scattering
material; A=atomic weight of scattering material;
¢=thickness of scattering material in g cm™2; V= Avo-
gadro number; m,= electron mass. The factor Q is the
well-known term occurring in the Rutherford formula.
The parameter ¢,, is the so-called “screening” angle ac-
counting for the shielding effect of atomic electrons.
Molitre obtained Eq. (3) by assuming the Thomas-
Fermi model of the atom with a nucleus of vanishing
radius. We shall take into account in an approximate
manner the effect of the finite nuclear dimensions by
assuming that the scattering probability is given by
Eq. (1) for ¢'< ¢y and is identically zero for ¢'> ¢o:

3040’/ (" +en?)t, | €[ <eo
0, [¢'|>¢0. (4)
As a definition for the limiting angle ¢, we shall use

the equation
@0/ on=0a/1n, ©®)

where a=1.67X10%,Z~* represents the radius of the
atom computed from the Fermi-Thomas theory, and
7, is of the order of the nuclear radius R,=3r.4%
(re=e*/m.c?). In the classical limit, (Z/1378)2>1, ¢y,
as defined by Eq. (5), tends to the value 2Z(r./r.)
(m.c/pB), which represents the angle of deflection
corresponding to a collision with impact parameter
7a. At the limit for (Z/1378)2<1, ¢, becomes practically
equal to the value X/7, in agreement with the results
of Born’s approximation.

It is convenient to use the Fourier representation for
the expression (4):

f1(¢'; po)de'=

- 1 pt=
fi(e'; ¢o)=;f dte¢'g(¢; ¢o), (6)
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with the Fourier transform
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wherein we made use of the fact that ¢o>> .

The evaluation of the first integral in Eq. (7) is
discussed in detail by Moliére. As one may easily verify,
expansion in powers of ¢,, yields with sufficient accuracy
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where In(v%/¢)=0.154- -+ (lny=Euler’s constant).
Hence, the Fourier transform may be written as
follows:

I Y2ond T cos(Ep’)de’
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(b) The Distribution Function for Plural
and Multiple Scattering

In order to derive the distribution function we follow
a method analogous to that used by Moliére.

Let the probability that a particle will suffer a
deflection through an angle ¢’ and ¢’'+d¢’, as a result
of one single scattering, be given by Eq. (6); then the
probability that the same particle will be deflected
through an angle between ¢® and ¢®-4-de®, as a
result of % scattering collisions, is given by

Fi(o®; @)de®

dp®e—0 ptwo
= TR . %
2! f_w dt exp(ite®™)[g(E; 0I5, (9)

where go=g(0; ¢o). Therefore, the total probability
that the particle will suffer a deflection through an
angle between ¢ and ¢+de, as a result of the accumu-
lation of 0, 1, 2, - - -, k, scattering collisions is given by
the sum of Eq. (9). One thus obtains

d e 90

21

- +w
Fe; eo)de= f dectees @), (10)

One may verify that the factor e~ normalizes Eq.
(10) so that

o
f def(e; e0)=1.

—00

Substituting for g(£; ¢o) the expression (8) and taking
into account that go=Q(1/@n2—1/2¢¢), one arrives
at the following expression for the distribution function:

B 1 “+o0 E2 2 ‘m2
Fos 0= ﬁ e exp{g[zm(”:; sz)

P f fiéiiﬂdw]} (11)
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It now remains to evaluate the integral in Eq. (11). For
this purpose it is convenient to introduce with Moliére
a new dimensionless parameter G, defined by the
transcendental equation

,YZ §0m2
G=—%iln (—-— —_—
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In addition, let us transform simultaneously the
variables ¢ and { into the new variables

x=0¢/(2GQ)* and 5= (2GQ).

Our new scattering variable x represents, therefore,
a projected angle measured in units of the characteristic
parameter (2GQ)!. We shall denote this important
quantity by V2e, referring it thereby to the standard
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deviation of the normal distribution. The reason for it
will become evident later. After a few simple algebraic
operations one then finds the following distribution
function for the scattering variable x:
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where %= ¢o/V20.

While Eq. (11) is characterized by the three param-
eters Q, ¢m, and ¢, note that Eq. (13) is characterized
by the three different parameters ¢, G, and x,.

By solving numerically the transcendental Eq. (12),
one finds that G may be represented with sufficient
accuracy by the explicit expression®

Zii34=1t
}(W
1.13;62—|--3.76(Z/137)2

&5.66‘}" 1.24 logm[

for £>0.1 g cm™2. Note that G depends not only on the
thickness and the atomic number of the scattering
material, but also on the velocity of the scattered par-
ticle. However, for heavy materials, the dependence on
B is slight, e.g., one finds for £ inch of lead

Go>6.89 for =0, and G~26.56 for g=1.

Since, in general, G is appreciably larger than unity,
we can expand the exponential in Eq. (13) in powers of
(1/2G) and neglect terms containing powers higher than
the first. After having performed some integrations on
the right-hand side of Eq. (13), we find the following
approximate expression for f(x; xo):

f(w; %) =exp(—a?)/s/7
+(1/4G)f D (w5 0 ) —k(x; %) ],

where we have used the following abbreviations:
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The first term in Eq. (15) is the properly normalized
Gaussian. It is predominant for x<1, i.e., for angles
smaller than V2o, since the correction functions
J®(x; ) and k(x; x0) do not exceed unity, as we shall
see later on.

8 The straight-line relation between G and log# has been pointed

out independently and discussed more exhaustively by W. T.
Scott, Phys. Rev. 85, 245 (1952).
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One easily verifies that f(x; xo) is normalized in such
a way that

o0
f x5 xo)dx=1.

—00

The function f®(x; «), defined by Eq. (16), is the first
correction function in Moliére’s theory. Its properties
are discussed by Moliére. In particular, it has the fol-
lowing expansions in power series:

For small arguments

2 w
JO(x; 0)=—exp(—a?) T a:a?, (17)
’\/’ll" v=0
where
a=3¥(3)=0.01825; ¥(z)=T"(z-+1)/T(z+1);
a=—1—-¥(%)=—1.0365;
T 1
G=————— p=234 ---, (18)
2 vy(p—1DIr(+3)
For large arguments
fO(x; 0)=1/a3+3/65+45 /46" - - - (19)

The correction function «(x; %), defined by Eq. (16'),
describes the effect of finite size of the nucleus. Note
that, as xo approaches infinity, x(x; 2o) vanishes, and
Eq. (15) becomes identical with the distribution func-
tion given by Moliére. However, %, is large compared
to one only for fairly thin layers of light materials. For,
according to Egs. (5), (3), and (2), o is given by

7 260[‘4%(1 serar6(—Y ). o
Xo= N . . h— .
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Equation (20) shows that xy is of the order of one for
larger values of Z and ¢, e.g., for % inch of lead, one
finds that

xe~1.17(1.194 821,

In the case of lead, the correction function, x(x; %),
will modify the Moliére distribution appreciably even
for angles comparable to o, as we shall see in the fol-
lowing section.

(c) The Cut-Off Correction Function

We now turn to the calculation of the cut-off cor-
rection function, k(x;xe). By expanding cosh(2xx’) in
Eq. (16') in a power series we obtain the following
representation of k(x; x):

(1)
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£ (x;x0) v5 x
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Fic. 1. fO(x; xo) versus « for four values of x¢?: x®= 0 ; 4; 3; 2.3.

where
1r1—exp(—xo?
bolan) = ——[——————— Ei(—xm];
2 x02
) (21)
b1(x) = —Ei(—x¢%);
b(x0)=a,[1—1I(xe%v—2)]; »=2,3,4,--:

—Ei(—u)= f 14t
is the exponential integral; and
I(v; p)p!=f e~trdt
0

is the incomplete gamma-function.®

The similarity between Eqs. (21) and (17) offers the
possibility of condensing the functions f®(x; «) and
k(x; %) into one expression. By doing so, we obtain a
compact form for the distribution function:

f(x; x0) =exp(—a2)/4/m+(1/4G) fP (x; x0), (22)
where now
2

(25 20) =—— exp(— 2)2 a,(xo)a®  (23)

FO(x; % T exp(—« = X)X
with the coefficients

1— — x¢?

ao(xo)=E[‘I’(%)+M—Ei(-—xoz)];

2 X0
a(w0) = Ei( —20?) —1— ¥ (3); (23)
a,(xo)=\—/1r Tes»—2) =2,3,4, .

2 yr—1)Tr+1)

The power series in Eq. (23) converges for all values of
x. It converges rapidly even for x larger than unity.
Equation (23) may, therefore, be used conveniently for
mathematical calculations.

Figure 1 shows the behavior of f®(x; x) for several
values of the cut-off parameter xo. The Moliere cor-

6See K. Pearson, Tables of the Incomplete Gamma-Function
{Cambridge University Press, Cambridge, 1946).
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rection function f®(x; ©) has been drawn for com-
parison. In all cases, the two correction functions differ
markedly from one another for angles appreciably
greater than the cut-off angle. Indeed, as we shall prove
in the Appendix, for x>>x,, our correction function
becomes

1 1
SO @; 20) ”ﬁ — exp[ — (x—x0)%]

T %'
[1+(x0+—>—+ ] (24)

It thus drops to zero with increasing x much more
rapidly than the Moliére correction function which
decreases as x~® as x approaches infinity [see Eq. (19)].
Consequently, the “tail” of the distribution function is
represented by the equation

St~ {exp< - . el )]

[1+(xo+—— e

Among other consequences of the cutoff the following
is worth mentioning: The mean-square angle of scat-
tering is no longer infinity as in Moliére’s theory; for
now the expression

+
(= f 2 (x; o) (26)

—00

converges. Indeed, the substitution of Egs. (22) and
(23) into Eq. (26) and a straightforward integration
and summation yield

<x2>Av—-—( ) [1+—{1n<7x02> -y en

Alternately, the mean-square angle can be expressed
as

+e0 ~
W= [ i eldd, @)
—¢0
where fi(¢'; o) is the probability function of single
scattering. By virtue of Eq. (4), one finds that

, 1 et (somz‘l— 9002)% ®o
<¢ 2>AV=Q|:_ In - ];
2 —ort(en*t o)t (on’+e®)?
or, since ¢o>>@m,
(@ =~Qln(2¢0/ om)—1]. (29)

This is identical with Eq. (27), as one may verify by
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remembering that

@0’ 1 /v on
a?=GQ; x’=—7j; G=—-In{ ——);
202 2

¥(3)=2—Indy.
III. DISTRIBUTION OF MEAN-SQUARE ANGLE

The distribution function derived in Part I can be
applied directly to the interpretation of experimental
data only when the number of measured angles of
scattering is very large and when all measurements
refer to particles of the same kind and the same
momentum. In this case a fitting of the experimental
data to the theoretical distribution curve yields the
value of the parameter ¢ and, therefore, affords a
determination of the momentum of the particle. More
simply, if @1, @3, -+, ¢ represent the measured angles,
the quantity

1a
(==X o

n i=1

(30)

may be regarded as equal to the mean-square angle,
(¢*)w, which is related to ¢ by Eq. (27).

In the evaluation of cloud-chamber results, however,
we are often faced with a different problem. The ob-
served particles have, in general, different momenta and
different masses, and each particle goes through a small
number of plates. For each particle we may compute
the value of (¢?)w by means of Eq. (30), but, because
of the small value of #, there is no longer a definite
relation between the value of (¢*)a and the value of ¢*
for the particle in question. From the distribution in the
experimental values of (¢®)w, we wish to derive the
maximum amount of information concerning the scat-
tering parameter ¢. Clearly, for the solution of this
problem, it is necessary to compute the distribution
function for the quantity (¢*)a in the case of a homo-
geneous group of particles.

For simplicity, we neglect the momentum loss of the
particles in the traversal of the plates and we introduce,
instead of (¢?)a, the quantity

"l >M=§ 5. 31)

2¢% =1

x'=

Let Fa(x; x0)dx represent the probability that x lies
between x and x-4dx. One may derive the mathe-
matical expression of F,(x;wx,) with the following
argument.

The distribution function for each of the » scattering
variables ; is known and is given by Eq. (22). Since
we may consider the variables x; as statistically inde-
pendent, the probability that x; will lie in the interval
between x; and x;4dx;, %, in the interval between x»
and x+dw,, etc., is given by the product of # expres-
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sions of the type of Eq. (22), viz.,
Fa(@y, -, o0 wo)de
= f(ot1; %0) f(we; 00) - + - f(@n; w0)d7x,  (32)

where d"x stands for dx;dxs- - - dxy.

If one interprets the variables x; as Cartesian coor-
dinates in an #-dimensional space, one immediately
sees from Eq. (31) that x has a constant value over the
surface of a hyper-sphere, since x has the meaning of
the radius of this hyper-sphere. Therefore, the prob-
ability Fn(x; %0)dx is given by the equation

Fn(x;xo)dx=ff(x1; %0)+ + - f(wn; wo)d™x,  (33)

where the integration extends over the volume included
between the hyper-spheres of radii x and x4-dx. One
can easily prove that the following transformation
satisfies Eq. (31):

x1=1% cosf1 cosPBs * - COSBr—1,

Za=x sinf; cosPBsz: + - COSBr_1,
2= sinB;_; cosB;* * - coSBn_1,

X=X SINBr_1.

The 8;, (i=1, - - -, n—1), are now independent variables
with respect to the limits of the integral in Eq. (33). We
write for the volume element

drx=dAdy,

where d is the surface element on the n-dimensional
hyper-sphere, and has the expression

dxy/0x O%n/0X
dA= 6%1/661 axn/a,Bl dﬁldﬂg' . 'dﬁn_1
6961/3[3”—1 axn/aBnA
= x"1 cosBs cos?B3+ - + COS™2Bp_1dB1" - dBrn_1. (34)
We can rewrite Eq. (33) as
Fo(x; %0)dx
/2 ) /2
=dx2"f . f for; %)« - f(&n; Xo)dA,  (35)
0 0

where d4 is given by Eq. (34). The factor 2" in Eq. (35)
arises from the fact that the integral in Eq. (35) is
extended only over the positive part (positive 2"-ant)
of our hyper-sphere. By substituting Eq. (22) for
f(%:; %0) and neglecting terms proportional to powers
of (1/2G) greater than the first, one obtains

Fo(x; %)= (:/2—#)" exp(—x?)

/2 /2 1 » o
Xf f (1_{____ DS a,(xo)xfy)d/l- (36)
0 0 2G =1 p=0
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F (Xyx0) vs X for x2 =3

-06}—

.08

F16. 2. F,"O(x; xo) versus x for x2=3, and for four values of n:

n=1,3,17,11

The integrals in Eq. (36) are all of the form

/2 /2
f xﬁl’vdA = X2M+n“1f . .f sin2ll6i__1 COSB@‘Q”‘ ..
A 0 0

X cos?B,_1 cosfBs cos?B3- - - cos® 2B, _1d"1B.

This integral has the value

n—1 T %
f xizndA = X2u+n—1 (ﬁ) _.__..__('u_{_ ) : (37)
4 2 T(u+3n)

Note that the right-hand side of Eq. (37) is independent
of the index 7, so we can replace the sum over 7 in Eq.
(36) by the factor #n. By combining Eqgs. (37) and (36)
one thus obtains

2
Fu(x; %0) =———x""" exp(—x?)
ING

3n)

1 =
x ( 3 Olv<")(x0)X2”), (38)
2G v=0

where

The coefficients «, are defined by Egs. (23’). The series
in Eq. (38) converges for all x. Also, it can be shown
that F, is properly normalized, i.e.,

f Fal; wn)dx=1.
0

The first term in Eq. (38) corresponds to the Gaussian
approximation. It is identical with the expression known
in the literature as ““x?distribution for » degrees of
freedom.” The second term represents the corrections
to this normal distribution. Figure 2 shows the behavior
of the correction function

(e M xo).

2 w
Fo®(x; w9) =———x""Lexp(—x%) 2. aa™(x0)x* (39)

I(n)

forn=3,7,and 11. For the cut-off variable, xo, we have
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taken x¢*=3, which is a good approximate value for the
£ inch lead plates. (A very accurate value of %, is not
necessary since the correction functions F,® are fairly
insensitive to x.)

Figure 3 shows the deviation of F, from the normal
x?-distribution. The ordinate R, represents the ratio

[2/TGn) Ix»" exp(—x?)

Fa(x; %0)

Ru(x; ®0)=

= - (40)
14+(1/26) a™ (wo)x™

for 2G=134, x®’=3, and n=1, 3, 7, 11. In particular,
R, represents the ratio of the Gaussian exp(—a?)/A/7
to the distribution function f(x; %), derived in Part IT;
(F1=2f(x; x0)). One sees that in all cases the deviations
become significant for (¢*)a> o2

To conclude the discussion on the distribution func-
tion F,, we calculate the position of the maximum of
Fa(x; %0). For this purpose we have to solve the equation

[X most prob. 2(%— 1)](1+ Z [&7 (n)X most prob. )

1 =»
—i El Vavm)xzvmost prob.=0,
which follows from the differentiation of Eq. (38). By
setting

X most prob. = %(7’1'_ 1)+wn(x0)/2G (41)

and neglecting terms proportional to (1/2G)?, we find
that

won(Ee)= é mm(xo)(ﬁ—;) " 42)

Table I gives the numerical values of w, for some
values of o and #. Combining Eqgs. (31), (41), and (42)
one thus has the following expression for the most
probable value of the rms angle v/(¢®a:

1 wn(x()):l

. n—1\1
[(‘PZ)Avijmost prob. = (—) 0'|:1+—
n

2G n—1

(41)

T T T
Rn(X;xo) vs. X for x2+3,2G6+:13.4

F16. 3. Ru(x; %0) versus x for x?=3, 2G=13.4, and for four values
of n:n=1, 3, 7,11
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IV. “NOISE LEVEL” SCATTERING’

We now turn our attention to a different problem
that occurs in the theory of multiple scattering. Up to
now, we have assumed that the projected angles of
deflection corresponding to the scattering in the plates
of a cloud chamber can be measured with absolute
accuracy. In practice, of course, this is not the case.
A cloud-chamber track consists of a discrete array of
droplets whose centers do not lie exactly along the
trajectory of the ionizing particle. This fact, together
with the imperfection of the measuring instruments,
introduce errors in the determination of the direction of
the track between consecutive plates. These errors
result in an apparent scattering that we may term
“noise level” scattering.

Let us introduce an arbitrary line of reference, and
let v be the measured value of the angle between this
line and the central line of the track. Let ¥ be the true
value of this angle. The distribution of v around ¥ may
be assumed to be normal:

Nl(’Y):

1
€xp _“(7_7)2])
[ 2(1'12

o1(2m)}

where o is the standard deviation corresponding to the
noise level scattering.

If we assume that there is no real scattering in any
of n plates, the measured (n+1) angles, vo, Y1, ***, Y,
between the line of reference and the ith section of the
track will obey the (n+41)-dimensional normal dis-
tribution

Nn+1(’Yo, “t ey Yn)

1 n+1 1 i N 43)
—Ll(z,r)%] eXp[_za S (vi—%) ] (

However, we are not interested in the distribution of
the angles v;, but rather in the distribution of their
consecutive differences, 1.e.,

Ai=vi— Y1

One may derive the #-dimensional distribution function
of A; from Eq. (43) by expressing the v; in terms of A;.
One finds

: 1 n
Tu(By, - - A,,):( ) D,
' ’ 0’1(271')%

1 =
X eXp[ _— aik_lAiAlc]y (44)

20,2 ik

where a;;~! are the elements of the matrix reciprocal to

7 This discussion is based in outline on the theory of noise level
scattering in photographic plates developed by G. Moliere
[Theorie der Strewung schueller geladener Teilchen, I1I, to be
published]. It is an adaptation of Moliere’s theory for the analysis
of multiple-plate cloud-chamber pictures.
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TaBLE I. Numerical values of wn(%0) =2G[X? most prob. — 5(n—1)7].

n=3 n=1 n=11
0?=2.3 —0.667 —0.964 —0.775
2=3 —0.628 —0.694 —0.190
the following matrix:
2 -1 0 0
-1 2 -1 0 0
@=| 7 02 0
0 . . - =1 2

and D, is the determinant of matrix (a.).

On the other hand, if we disregard the noise level
scattering, and consider only the real scattering in #»
plates, the n-dimensional distribution for the differences
¢; between the angular positions of consecutive seg-
ments of the track is described by Eq. (32):

Blow -y ) =Tl ios a0, (49
where
Sles; %0)= o(2m)t
1 © §0'i2 v
Xexp(— ¢i2/20'2)|:1+——2a,,(x0) (——) ] (45")
4Gv=0 202

We are now in the position to write the complete dis-
tribution function for the actually observed angles:

0= pitAs

which include both real scattering and noise level scat-
tering. This distribution function is given by

+o0 +o
Hn(gl’ ...,on)=f ...f arA

an(el_Aly ) en_An)hn(Aly Tty An): (46)
where £, is defined by Eq. (45), /., is defined by Eq. (44)
and d"A stands for dA;dA,- - -dA,. One can integrate
Eq. (46) without difficulty in the case where the func-
tions f(¢:, xo) obey the normal distribution, i.e., if one
neglects terms involving (1/2G) in Eq. (45’). The result

may be written as

1 n
Hﬂ(gh e, gn)= ( ) D,/
o' (2m)}

scexpl—(1/26) 3 Au=0:6,], (47)
ik
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where now
o?=(142u)e% p=01%/0?
1 i=k
A= it pan)/(142p), du= { o
0 ik
D, = det(4 ).
Explicitly, one has for 4,y
1 —e O 0 0
[— e 1 —e¢ O 0
=% = b 7 O s)
0 . . . —e 1J,

with e=pu/(1+2u). Furthermore, note that all param-
eters in Eq. (47), i.e., o/, D)/, A;x, are expressed in terms
of one quantity u. If u approaches zero, H,, approaches
the distribution function f, computed under the
Gaussian approximation, i.e., the function

[__" E (23 ]
202 i=1

Explicit formulas for D,’ and the reciprocal matrix
elements 4,7 may be calculated from the matrix (48).
Because of its complicated character we shall omit this
computation and limit ourselves to one special case

wl,

Jalon, -+, on)= (d )

i.e., we assume that the noise level scattering is much
smaller than the real scattering. In this case

g1 uw O 0
e~u; (Aa™)=~ 0 w1 M 0 ,
0 - - -« u 1

and D,’=1, so that the expression in the exponent of
Eq. (47) becomes simply

> Agm100, =~ 02024 - - - 6,2
ik

+24(6:0:+ 0505+ - -
Hence we may write for Eq. (47)

) ('(2 )t [ 26" 51 0i2]

X [1—%(0102"" cee "I‘en—len)J' (49)

* + Bn—len) .

Hn(gl, oo

From Eq. (49) one can see that the noise level scat-
tering has two effects. First, it increases the standard

STANISLAW OLBERT

deviation from the value ¢ to the value
o' =~ (14u)o.

Secondly, it introduces a statistical correlation between
the consecutive angles 6; and 6;;1. The »n-dimensional
distribution function can no longer be expressed as a
product of Gaussians, i.e., the scattering angles are no
longer statistically independent. However, one may
verify that the distribution function for the root-mean-
square angle (6%),? is not affected by the correlation
mentioned above. An integration of H,, similar to that
discussed in Part ITI, yields the following distribution
for x'=[n(0*)n/20"]}:

F/ (X5 xo)dx’ ~

X"t exp(—x"%)

T'(3n)
1
x[1+~ ¥ o™ () x>+ ]
2G

ie., (6% is distributed in the same manner as (¢?)a
but has a different standard deviation. The latter fact
affects the position of the maximum of the distribution
in rms angle. We now have for small u

[(Bz)kv%]most prob. = (1+ l‘L) [(¢2)Av%]most prob.

where [( )Av%]most prob. 18 given by Eq. (41/)
The noise level scattering also modifies the expression
(29), viz.,

(0= (1421)Q[In(2¢0/ @) —1].

The author wishes to express his gratitude to Pro-
fessor B. Rossi for his great interest and active help in
the preparation of this paper, and to Dr. W. T. Scott
for his review and criticism of the manuscript.

APPENDIX

The representation of the correction function
F@(w; x) in power series of x, as given by Eq. (23), is
inconvenient for the study of the behavior of this
function for large arguments. In order to find the
asymptotic expansion of f® (x; xo) for 2>>1 we rewrite
the correction function as follows:

™

2
O xo)=7 eXP(—902)[0404‘0‘1702

x 2k—2

3 (— 1y
k=0 k!

wk(z)) (Al)

where 3= 2xx, and

Z2v

wi(z )——Z

255 (29) 114 F) (42

One may verify the correctness of the above expressions
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by making use of the following formula:

X 2k+2v—2

I (o V—Z)—_—~ 5 (—D . (A3)
’ G=2lim  El(r—14F)
By virtue of the known theorem
1 1
=—o | et~ dt
2v)! 2w

(where v represents any integration path encircling the
origin once in a counter clockwise direction), we may
express Eq. (A2) as follows:

wi(z) =— — (A4)

1 1 0 g 2r+1 1

dte‘ > (—) .
2z 2 v=2\{ kt+v—1
If we choose the integration path so that |z//| <1, we
may sum up the series in Eq. (A4) as

:2 Z)lerk . (Z)Hk[ (1__)”’“(")]’

where

k(2
p0=0; p($)=% —,
r=1
We thus obtain the following integral representation
for w;,(2):

wi(z)=— -22‘2’°—2—1r—z f dte‘t3"%[ln ( 1— -——) + s (_)]

(AS)

By deforming the integration path, v, into three parts,
Yo, Y+, and y_, as indicated in Fig. 4, we may express
Eq. (A5) as a sum of three contributions, w;®, w; ™,
and w; ™, corresponding to the three paths, vo, v4,
and vy_, respectively; i.e., we put

wp =103, O 105, (P10, ),
By expanding the integrand in Eq. (AS5) in inverse
powers of z, one finds
2, = 323 —In);
2?1

1
w0, © = —-[———~~+22—2’°I‘(2k——2)], E=2,3, -3
4k 2k—1

k=1,2,3,--.

w, O =—122—Iny;
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I t - PLANE I

'y

. +7 n)x._
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L[

Fic. 4. Integration path v for the integral in Eq. (AS).

<2k 3 w!
(F2)¥

E=0,1,2,3,4, .

\ AR

and

wk(dz>~__
22 u=0,1, 2 3,

Substituting the above expressions into Eq. (A1) and
summing over %, we obtain the following semicon-
vergent series:

FO(x; 2) = —-\}2-7; exp(— xz)[ln(Zxo) (2x2—

11 3!
T e ]

9 Q#(xo)
+2x\/7r[exp[—— (x—20)?] ”=0’§, .
—exp[—(+a)?] X q”@], (A6)
#=0,1,2,++ - (—Zx)”
where

a (exp( xﬁ))
dxe* %o®

For the case where xo is of the order of one, Eq. (A6)
becomes for x>>1

1 exp[— (x—x0)%]

™ IX?JG()3
[1+<xo+—— — - ]
xo X

qu(x0) = (—=1)* eXp(xcP)

TP (x5 x0)



