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K have calculated the cross section for bremsstrahlung and

~

~pai' produc'tlon ln thc 11nllt of high 1clatlvlstlc cncI'glcs
without the use of the Born approximation. The initial and final
states of the electron are described by the wave function of Furry, '
and Sommerfeld and Maue, 2 which is also identica, l with the 6rst
two terms of that of Bess.' ' The exact expansion in spherical har-
monics of Mott and Masseys goes over into our wave function by
neglecting @2={Ze2/Ac)2 compared with P, where 1 is the angular
IQOIQCIltuIQ.

A major part of our calculation consists in the demonstration
that this wave function is accurate enough for the calculation of
the differential cross section. This was found to be true for energies
s))mc' and scattering ang1es tj of the order of mc'/s, which are the
only ones contributing signi6cantly to the total cross section. The
6nal electron energy must also be large.

The integration of the matrix element was performed by a
method due to Nordsieck. ' We denote the initial electron energy
by ~I, the 6nal one by e2, their momenta by pI and y2, the quantum
energy by k, the rest energy of the electron by p, the angles be-
tween the quantum monlentum k and the two electron momenta
by 8I and 82, the azimuth between them by qb, the momentum
change by q=pI —p2 —Jr., and the quantity Ze'/Ac by u. We
further introduce the abbreviation

V'(Pl —P2 —k) (PI—P2+k)
4k (eI—PI cos8I) (62—P2 cos82)

$2+2-1—- (~)
{eI28P+v') (~2'82'+s ') '

the last expression being valid for large e and for 8 of order p jc
or less. X varies from 0 to 1. We use the hypergeometric functions

V(X)=F(ia, —ia; 1, X),
8'(X)=e 2dV/dX=F{1+iu 1—iu 2 X)

which are clearly real.
Then the differential cross section for bremsstrahlung is
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p

The 6rst square bracket hire is identical with the corresponding
expression in the theory of Bethe and Heitler which is based on the
Bol'n appl'oxlInatlon. It ls multiplied by (88jsinh%8) V (X). It
can be shown that for X=1, which corresponds to small 'g, this

factor is unity; for larger q it is less. The-second square bracket,
which is multiplied by 8"(X},is new; the slight difference in
structure between the two terms is real. For small g, the term with
8' is negligible. Therefore, in this limit, in which screening may
be important, there is no correction to the Born approximation
formula.

For pair production, we must substitute PIP2deI/O' for P2dk/PIk,
and change the sign of ~2 and P2 everywhere. Then ~2 is the positron
energy and 82 the angle between positron and quantum. In con-
trast to the customary Bethe-Heitler theory, 82 should not be-

changed into ~—82, this substitution is replaced by the change of
sign of P2.

A more complete account of this calculation will be published
later.
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W E have integrated the differential cross section of the pre-
ceding paper over angles. Since the differential cross sec-

tion contains comphcated {hypergeomctric) functions of a certain
variable X, Kq. (1) of the preceding paper, the integration over
this variable must be left to the end. This can be done by a
method similar to tha, t used earlier by one of the authors. '

The independent variables used over most of the region of
integration are

g
—y2/(xrxgr2+px) n

—pit/(xsr~2x+ps) (1)

and X. Analytic integration over g and y proves possible. For
8&&@/A, the contribution to the total cross section is negligible
and is left out. For very small g, i.e., X near 1, the differential
cross section reduces to the Born approximation and therefore the
integration can be done as in reference 1, including the case of
screening.

After integration over g and q, the total cross section reduces
to the surprisingly simple form (in the case of no screening}

2e2 IlC 2u2 dk 2eIe20'=- —— ——(36I +3822—2@I&) 2 log —1
3AC P, eI2 k pk

+ -- g2 2 V(X)lV(X}log(1 —X)dX

+f xw {x)sx ).'(&)

The 6rst two terms in the curly bracket are the result of Bethe
and Heitler; the last is the correction to the Born approxixnation.
Both of the integrals over X converge at both limits. For pair
production, the sign of the term 2eIe2 in the 6rst set of parentheses
must be changed, and dk/cI2 must be replaced by deI/O'.

For small a (small nuclear charge), the integrals over X can be
carried out analytically and the curly bracket in (2) becomes

( )=2 log(2eIe2/yk) —1—2414e (3)

where 2.414 stands for 2(1+2 '+3 '+ ~ ). The correction is
therefore proportional to a2~Z2 as would be expected, and as
was anticipated and veri6ed in the many experimental papers on
the absorption of gamma-rays by pair production. ~4 In the case


