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A brief treatment of spinors in general coordinates is given. The mathematical results are used to derive
the Hamiltonian for a spinor field interacting with the gravitational field. The Hamiltonian formulation
follows a method developed by Dirac, which has been used by Pirani and Schild to treat the free gravitational
field. The Dirac method is further used here to carry out a reduction of the Hamiltonian to a form suitable
for quantization. The quantization procedure is actually given, and the problems arising in connection
with it—such as the factor ordering ambiguity and the vacuum expectation value of the spinor stress

density—are discussed.

1. INTRODUCTION

HE Hamiltonian formulation of Einstein’s gravi-
tational field equations, which has recently been
accomplished by Pirani and Schild! and independently
by Bergmann? and his co-workers, has enabled workers
in general relativity to consider seriously the possi-
bility of carrying out a rigorous quantization of Ein-
stein’s theory. Bergmann and his group hope to develop
a quantum theory of the motions of point singularities
(particles of matter) in an otherwise ‘“free”” gravitational
field; i.e., a quantum version of the work of Einstein,
Infeld, and Hoffmann.® Schild’s group, on the other
*hand, take the more direct course of describing gravi-
tating matter (as well as electromagnetic radiation) by
means of additional fields which interact with the
gravitational field. The present paper is written in the
latter vein.

The addition of fields having tensor transformation
properties introduces no difficulties, as is evident from
the brief treatment of the electromagnetic field in [PS].
Spinor fields, however, require special handling. In this
paper the Hamiltonian for a spinor field interacting
with the gravitational field will be derived. In addition
to the problems arising in the course of this derivation,
a number of others will appear when the attempt is
made to pass to the quantum theory. All these will be
discussed.

In this paper Latin indices range over the values 1,2,3 and
Greek indices over the values 1,2,3,4. Use of three real coordinates
x% and one imaginary coordinate x* will be made from the outset,
with an eye toward facilitating the direct transcription of the
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results obtained here into an eventual quantum perturbation
theory of electron-graviton interactions. With this convention
the determinant g of the metric tensor g, is positive; the invariant
volume element is gldx'da’dx®dx®, where x°= —ix*; and the con-
jugate of a tensor T#'*",... is defined by

TH = (=)UTH )%,

where ¢ is the number of times the index 4 occurs among the
u+ -, ve+-. In the case of ¢c-numbers the asterisk denotes the ordi-
nary complex conjugate; in the case of operators or matrices it
denotes the Hermitian adjoint.

2. SPINORS IN GENERAL COORDINATES

Spinors are most conveniently treated in general
coordinates after the manner of Pauli.* Since the details
of Pauli’s formalism will be of importance, we present
it here in a modified version which is specially adapted
to the present problem.

One generalizes the Dirac matrices v, by introducing
a set of matrices I'** satisfying®

(T, T} = 2. (2.1)

As corollaries of (2.1) one may readily derive the
identities®
[T [, T7]]=4(g"T"—g~T"), (2.2)
{I%, [PV: I‘tf]}:%[l“u’ I, I‘v:l- (2.3)

The I'* may be constructed so as to be differentiable®
matrix functions of the coordinates by observing that
the contravariant metric tensor will be altered by an
infinitesimal amount ég® if the I'* are altered by
infinitesimal amounts given by

§Tw=1T,5g". (2.4)

By keeping the 8g always differentiable the I'* may
be built up continuously from the Dirac matrices 7,,
while the metric tensor is built up from its value §,, in
orthonormal rectilinear coordinates in flat space-time.

4W. Pauli, Ann. Physik 18, 337 (1933).
5 The following bracket notation is used here:
{4,B}=AB+BA, [4,B]=AB—BA,
[4, B, C1=A[B, C}+BLC, A1+C[4, B

In Sec. 4 the notation (F, G) will be used to denote the Poisson
bracket of F and G.

8 We mean differentiable up to any order required in the dis-
cussion.
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INTERACTING GRAVITATIONAL

It is evident that the I'* have the same group theo-
retical properties as the v,, namely, (I) there exists only
one irreducible family of equivalent representations of
the T* (which is 4-dimensional) ; (IT) if [ X, I',]=0 for
all u, then X is a multiple of the unit matrix; (IIT) if
{T#, T"*} =2g», then there must exist a matrix function
S such that

[#=S-1T%S, |S|=1. (2.5)

Equation (2.5) defines a “transformation in spin-space.”
It is important in what follows to keep a clear distinction
between spin-space transformations and coordinate
transformations. Under coordinate transformations the
I'* will transform like the components of a contra-
variant vector.

The I'* are not uniquely determined by the con-
struction (2.4) since the expression on the right is not
an exact differential. The final form for the T* will
depend upon the path of integration taken in the 10-
dimensional space of the g,,. If we adopt some integra-
tion convention, however, then we may write’

Te=A/g" v, (2.6)
where the coefficients 4/g#, are certain functions of the
&uw, satisfying

Vg 8o =g 2.7)

Indices which are not tensor indices have been written
with a prime.

The process of choosing an explicit form (2.6) for the
T* is equivalent to completing the differential form
(2.4) by adding a suitable term. Such an additional
term must correspond to an infinitesimal spin-space
transformation S=14F*f5g.s, where the F*f are
certain matrix functions of the g, having vanishing
traces. Using the identity

08"/ 98ap= —3(8*°g"*+"7g"),
we may therefore write
OT%/0gap= —3(g*TP+gHfT ) —[Ff, T+ ].  (2.9)

The necessary identity 82I™/0gqs0gvs=0>T"/3g1s0gas
leads, with the aid of (2.2), to the following condition
on the functions F*f:
OFf/0gys— OF"/0gag—[Ff, F**]
= (1/64)(g[T4, T*]+¢#[ T, I'7]
+g[T%, T[T T)).  (2.10)

In terms of the coefficients 4/g#+, F*# has the explicit

form
Fob= %\/gom’(a\/gdﬂ/agaﬁ) I.—.'Yu" ’Y”']'

- 7For example, we may choose the straight-line path of integra-
tion from 8y, to gu,. We may then expand the “inverse square
root” 4/g*,» according to the binomial theorem

(2.8)

(2.11)

1-3 1-3-5
\/g“v’r' 6/11&"%‘Pw"’m‘ﬁna‘”au"mﬂ‘%a‘Puﬁ‘Pﬁv‘{’ ety

where gu,=38u+ ou. The expansion converges whenever the
eigenvalues of [ ¢,|| are all less than unity in absolute magnitude.

AND SPINOR FIELDS 117
The integration convention leading to the explicit

form (2.6) may be chosen differently at each point of
space-time. The functional form of the /g4 will
therefore, in general, involve the x* as parameters.
That is, the 4/g%/, and hence the I'*, will have an ex-
plicit dependence on the coordinates in addition to an
implicit dependence through the g,,. In order to discuss
this type of situation it will be convenient to distinguish
between ‘“total” and ‘“partial”’ coordinate differentia-
tion. The symbol 8/8x* will be allowed to act only on
the explicitly occurring #’s. If f is an explicit function
of the «’s as well as of a set of field variables y4, then
its total derivative with respect to x° is defined by

J.o=(0f/0y4)ya, o+ 0f/dx°. (2.12)

V4,0 1s the gradient of y4. Repeated total differentiation
is denoted by f 4r..., €tc.

In addition to allowing the functional form of the
/g% in (2.6) to vary from point to point, one may also
impose an arbitrary spin-space transformation S, which
has an explicit dependence on both the g’s and the «’s.
The I's and F’s then take their most general forms

(g, ) =/ghSq—7,So, (2.13)

Feb(g, 2) =30/ o (9N 8%/ 38a8) Se™ [ Vo, v IS0
+S071(8S0/0gap). (2.14)

In any given coordinate system the dependence of the I”s on
the g’s and »’s will now have a particular functional form. Owing
to the fact, however, that the coordinate transformation law of
the Is is given by

T'H=(3x'*/32")T7(g, x) (2.15)
rather than by

I"E=T*(¢', x'), (2.16)

this functional form will be altered whenever we carry out a
coordinate transformation. A fixed functional form can be main-
tained only if every coordinate transformation x—x’ is accom-
panied by a spin-space transformation S such that STIIVAS=T""#,
For the infinitesimal coordinate transformation

2/ F= gt — §AF(x) (2.17)

one may readily show that the corresponding spin-space trans-
formation is given by

S=1—A,5AP+(2F 2 +3[T,, T ]oA" ,, (2.18)

where
A=3V801 (0 /85*) S0 [vr, Y2+ 1S0+S01(8S0/054), (2.19)

satisfying
[Ag, T ]=—0T"/dx. (2.20)

Equation (2.18) is the generalization to general coordinates of
the familiar spinor transformation law in Minkowski space. In
the subsequent discussion, however, nothing will be gained by
imposing (2.18), and we shall leave coordinate and spin-space
transformations completely independent of one another. In this
way the matrices F*# will transform under x—’ like the com-
ponents of a contravariant tensor and under spin-space trans-
formations S according to

F'B=S-1FBS 4 5~1(85/3g4p),
while the matrices A, will have the transformation laws
A= (357195 Ay~ (357 /055) (9% /0 YO x'¥)

X {3[Ta MPIH2F P} 1 (2.22)
A =571A,5+571(9S/0x*).

(2.21)

and
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The identities 92I'"/9x"0g4s=02T""/dg.p0x* and 92I'"/dx*0x”
=02I'7/9x"dx* lead to the conditions

aA#/agaﬂ—aFaB/ax"_ [A”, Faﬁ]= 0,
0A,/05"— 34,/ 35— [Ny, 8, ]=0.

(2.23)
(2.24)

Pauli* introduces a convenient definition for the
covariant derivative of I'* by observing that the
matrices IV#=T*4 e”(I‘ﬂ,,—[—{:a}I‘“), where € is an

arbitrary infinitesimal contravariant vector, satisfy
{I's, T/} =2g*. This means that there exists a spin-
space transformation S=14 ¢’Q,, such that S™II'“S=TI"s,
Since ¢ is arbitrary, this implies

0= I‘“,v"l‘ {:G_}PQ'I"EQV’ I‘u]

= (0T%/0gap)gap,«+ 01"/ 2"+ {:a] T
' +[Q, Iv].  (2.25)
The solution of (2.25) is readily found to be
Q=130 [ T# T Frg,, A A,. (2.26)

Under coordinate transformations the matrices
transform like the components of a covariant vector,
while under spin-space transformations they transform

according to
Q' =5712,5+S71S,.. (2.27)

Pauli calls the right-hand side of (2.25) the covariant
derivative of I'*. Using a subscript dot to denote the
covariant derivative of any quantity, we may write

T .,=0. (2.28)

Now, if the conjugate to Eq. (2.1) is taken in the
form 2g»={—T* —TI"}, one is led to infer the existence
of a matrix A with the property

~Te=AT*4A, |4]=1. (2.29)

Equation (2.29) and its conjugate together imply the
commutability of 4*¥14 with the I'*. This means 4*~14
is equal to some multiple ¢ of the unit matrix. Evidently
c¢*¢=1, and 4 may, without loss of generality, be
multiplied by ¢—%, thereby making it Hermitian. 4 is
invariant under coordinate transformations, but it has
the following spin-space transformation law:

A'=S5*4S, (2.30)

which leaves its Hermitian character undisturbed. If
the I'* are constructed via (2.13) from a unitary-Her-
mitian set of Dirac 7’s, then A4 has the explicit form

A =:|:So*’)/4Su. (231)

A spinor ¢ is a 1-column matrix which is invariant
under coordinate transformations and has the spin-
space transformation law

Y=5"1y. (2.32)
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The adjoint spinor is defined by

V=y*4, (2.33)
and transforms according to
¢'=yS. (2.34)

Spinors may be combined with the T, as in yT*I™y, to
form ordinary tensors which are invariant under spin-
space transformations.

The covariant derivative of a spinor is defined by
invoking the condition that covariant differentiation
be distributive over factors in a product. Writing
(YT™).o= .. T*Y+YT™.,, expanding the left-hand side
according to the usual rules, and using (2.25), one finds

Vo=t o+, (2.35)
Vo=, 0— P, (2.36)

If we write Y.o=y*.cAd+y*A.o=* 9 Q) A+¢*4.,, we
are led to a convenient definition for the covariant derivative of 4
Ao=A, o= AQ—Q,A. 2.37)

Taking the conjugate of (2.25) and using (2.27) and (2.29), we
may infer —Q,=A4Q,4 71— 4, ;A~1. Multiplication of this equation
on the right by 4 gives 4.,=0. This result makes it easy to take
the conjugates of tensor quantities of the form YT*y.,, etc. It also
leads, in conjunction with the explicit form (2.26), to the identities
94/3gu=AF"4-Fw4, (2.38)
AA/9x"= AN, DA, 2.39)

Spinors with tensor indices are readily introduced into the
general coordinate formalism. For example, the vector-spinor y,,
which transforms as a covariant vector under coordinate trans-

formations and as a spinor under spin-space transformations, has
a covariant derivative given by

‘Pu-o’E‘pp, = {:;.}'#a"l'ﬂvlhl-
This enables us to calculate the commutation relation for indices
induced by repeated covariant differentiation. We find
\b-nv— ¢-m= (ﬂp, =, Tl [Qm QVJ)‘P
= —%R#,,,-TEIW, FT:M:
where Ryyqr is the curvature tensor.?

(2.40)

(2.41)

3. THE LAGRANGIAN AND THE FIELD EQUATIONS

The Lagrangian density for the combined gravita-
tional and spinor fields is conveniently taken in the form

(i)

—$heg (DT, — ., T+ 2u)
= —1B g (g2 gPegt — 2godghL g et D gav ght ghe
— 8BPE™) ap, 181t — STicgH{YFAT MY, ,
—* AT Y[ (AT Fw+FPToA) g, o
+ATAA AT A+ 26cA T}, (3.1)

8 Using the algebraic identities satisfied by the curvature
tensor, one may prove Rp,,,I*I’T'I'"=2R, where R is the cur-
vature scalar.
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where
B=167wGc™4, (3.2)

G being the Newtonian gravitational constant and ¢
the velocity of light. The field equations are

Ty ~+ k=0, Y Tr—f=0, 3.3)
g (R~ 38wR)=—380,, (3.4)

where ©,, is the symmetric stress density of the spinor
field

®MVE %th%(KZPM/’-v" &-vru’ﬁb‘I"/;Pﬂ&-u - \Z-MPVS&) . (3-5)

In virtue of Egs. (3.3) the stress density satisfies the
divergence condition®

o, = (3.6)

4. THE HAMILTONIAN FORMULATION

In this section we use the notation of [PS ]! with a
few minor modifications. Owing to the presence of an
imaginary coordinate x%, the Jacobian of the trans-
formation a*—u?, ¢ will be defined

J=—13(x)/0(u, 1). (4.1)
The normals to the space-like surfaces
le=Jt, 4.2)

are time-like covariant vectors having lengths i/ given

by

= — gafl g, “.3)

The canonical momenta for the present problem are
N=0(J L)/ 9, (4.4)
= 0(J £)/ = (3 L/ 0, )l

— 1B gl — 2geg P — 2 gk
+2g07gP P g gl g1 Pl — 2% g ) g,

—Lheghy* (AT Fw 4 FwToA)Wl,, (4.5)
7= (0L/3Y,)ls= —Lhicgy*ATl,, (4.6)
=(08/0Y* )le=3Tcg ATYL,. 4.7

The momenta = are here seen to differ from those in
[PS] through the presence of a term involving the
spinor field.

Equations (4.5)—(4.7) give rise to a number of what
Dirac calls “¢-equations” involving only coordinates

? The current density s*=iegtyT*y also satisfies a divergence
condition s*.,=s* ,=0.

1o We mtroduce a family of space-like surfaces labeled by a real
parameter ¢ The points in each surface are labeled by three real
parameters %°, A stroke followed by a Latin mdex denotes partlal
differentiation with respect to a parameter #%: yq);=09y4/du’
=y4,04°);. A dot denotes partial dlﬁerentlatlon w1th respect to
the parameter b:Ja=0y4/0t=1y4,

1P, A. M. Dirac, Can. J. Math 2 129 (1950) ; this paper will
be referred to as [D]
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and momenta

¢=0, ¢*=0, ¢*=0, (4.8)
where
o=m-+1hcgy*AT7l,, 4.9)
¢*=7*—Lhcgt AT, (4.10)
or=m1,4187g" (28 P — g T oo
+Llicgy (AT Fw+4 FwTo Al L, (4.11)
T apys= gap, vls— Gap, sby=gap s (* 7l5—ui'§l7). (4.12)

Dirac [D] distinguishes between “strong equations”
(=) and “weak equations” (=), as explained in [PS].
The ¢-equations (4.8) are weak equations. Following
[PS] we construct the strong equations

c#C,=0, C*=0, (4.13)
where C=g,,C*, from the weak equations
Cw=mw—3(J £)/dg,=0. (4.14)

The Hamiltonian may now be written!?

H= f (b Gasn Pt b ) du— L
= f PO 18 - 1, H P r¥ =1, L)du
+ f 24, Bl~2g~H(C*PCog—1C?)du

- f (%0 27128, wIgh-+ S+ VF¢¥)du, (4.15)

where
Pu=N13C,=0,
3u=1"2m B Tagyu— 201,887 * Tapys

+ 1 hcgh U B (AT T o— T e ATY)

(4.16)

+$licgW* (AT TF 6+ FST VA T gy
+1u(BGapysm 2P m M BIX VLT g 5T crp)
+1hcgM, (121 (Y* ATBT og— Top ATAY)

AT AA AT A+ 26)y], (4.17)

w0 =m0 Shogh (AT Fw 4 FwTo Ay, (4.18)

Tw=V =l Tw=v*d—¥* b, (4.19)

Gopyp=31""¢H(gargoit gusfoy— Gatgr0)> (4.20)
Xefrvoim=|-2gl] — fg(g= g%+ gTgPe— g=Pg)gm1g”

+3g2%* (g% g+ gfgin ] (4.21)

2 The Lagrangian functional is L= /"J £du.
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The computation leading to the last line of (4.15) is
lengthy but straightforward. The ¢-equation (4.16)
could also have been obtained directly from Eq. (4.4)
with the help of Eqs. (4.5)-(4.7). The function 3¢, is the
Hamiltonian density for the interacting fields.

The Poisson bracket relations satisfied by the canon-
ical variables are

(@#(u), (") =06,*(u—n’), (4.22)
(gw(), 77 (0'))=%(5,78,"46,76,)6(u—u’), (4.23)
(Ya(w), mp(u'))=(Yo*(u), m* (")) =bugd(u—u’). (4.24)

All other Poisson brackets between pairs of the vari-
ables a*, gag, ¥, ¥*, N, 7%f, m, 7* vanish.

5. REDUCTION OF THE HAMILTONIAN

Dirac [D] distinguishes between ‘“first-class ¢’s”
and “second-class ¢’s.”” The Poisson bracket of a first-
class ¢ with any other ¢ vanishes either identically or in
virtue of the ¢-equations. The Poisson brackets of a
second-class ¢ (or any linear combination of second-
class ¢’s) with the other ¢’s do not all vanish. In the
present example ¢ and ¢* are second-class ¢’s, for we
have

(pa*(w), ps(0)))=—hcgh(ATL,) spd(u—u’). (5.1)

It is sometimes possible to turn a second-class ¢ into a
first-class ¢ by adding supplementary conditions which
Dirac calls x-equations. This is evidently not possible
in the present case, hecause the right-hand side of
(5.1) cannot be set equal to zero.

It is shown in [D] that whenever second-class ¢’s
are present one can carry out a simplification of the
Hamiltonian scheme which consists essentially in
removing some of the empty degrees of freedom. The
simplification is carried out by introducing a modi-
fication of the ordinary Poisson bracket. We give now
an outline of the theory.

Denote by ¢; the members of any set of second-class
¢’s of any dynamical system. Consider the matrix 4
having elements ‘

A= (¢4, ¢5). (5.2)

Since the ¢; are second-class ¢’s, the matrix A must be
nonsingular.!® Otherwise, some of the ¢; could be com-
bined linearly to form one or more first-class ¢’s.
Introduce now the following bracket notation:

(F: G)DE<F7 G)——(F7 ¢i)A~lij(¢ja G);

where A~ denotes the inverse of 4. We shall call ex-
pression (3.3) the Dirac bracket of F and G. In [D] it is
shown that Dirac brackets satisfy all the identities
satisfied by ordinary Poisson brackets. In addition it

(5.3)

13 More generally, the matrix A is constructed out of “second-
class x’s” as well as second-class ¢’s. The total number of second-
class ¢’s and x’s must evidently be even.
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may be observed that the Dirac bracket of a ¢; with
anything vanishes. ,

The utility of the Dirac bracket is readily seen by
considering the consistency conditions

0=;=Balds, d4)+B8i(¢:, ¢7), (5.4)

where the ¢4 are those ¢’s which are not numbered
among the ¢;, and the B4, B; are Dirac’s “velocity
variables,” the Hamiltonian being given by H=p4¢4
+B:d.. Solving Egs. (5.4) for the 8;, we may write the
¢ derivative of any dynamical quantity F in the form

F=B4(F, 4)+Bi(F, $:)=Ba(F, 64)p.  (5.5)

It is evident that we get the same dynamical equations
if we work with Dirac brackets instead of Poisson
brackets. The second-class ¢’s can then be regarded as
vanishing . in the strong sense and may be used to
eliminate some of the dynamical variables from the
theory.

The Dirac brackets for the gravitational-spinor
system are readily obtained. For any two dynamical
quantities F and G we have, using (5.1),

#,60=(8,6)= 0 [ [I7, a0, 7, 0@

0 —iN"1g6(u—u’)
iN~1g,6(u—u’) 0
’ , G
(¢s(u’), G) wdt, (5.6)
(¢s*(), G)
where
N=igtATl,, (5.7
N-l=ig=H-2 T4, (5.8)
By straightforward computation we find
(@(w), M (w'))p=0,*6(u—u’), (5.9)
(gw(), ™" (@))p=%(5,78,+6,78,°)o(u—w’),  (5.10)
ON N
(r#(u), 77(u"))p=— iihmp*[ N, b—N—l]
g 0gor
X Nys(u—u'), (5.11)
(Va(w), ¥s* ()= —i(fic) "N ~"opd(u—u'), (5.12)
(7 (u), $(0'))p=3N""(ON/dgw)¥s(u—w’),  (5.13)
(w# (), $*(W'))p=3¢*(0N/9gw)N'6(u—u’).  (5.14)

The coefficients multiplying the delta-functions in Eqs.
(5.11)-(5.14) may be evaluated at either u or u’.

At first sight the reduction of the Hamiltonian scheme
seems to be of no advantage, since now the dynamical
variables are somewhat mixed up. The momenta = are
no longer dynamically independent of the spinor field
vaiables nor even of each other. The Dirac brackets
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(kll xl')D) ()‘Il) W”’)D, O‘m ‘I/)D: ()‘M’ ‘I/*)Dv which have struc-
tures similar to (5.11), (5.13), (5.14), also do not vanish.
However, the situation is really better than it appears.
The Dirac brackets of all other pairs of the dynamical
variables do vanish, and we shall see presently that
we can redefine the field quantities ¢, ¥*, ##*, A, in such
a way that they assume the dynamical properties that
we should expect of them.

We first study the structure of the matrix N. When

the T* and A4 are given by (2.13) and (2.31), respec-

tively, NV has the explicit form

N=S*NS, (5.15)

where :
NOEig%la\/g’v"Y4'YV’Eaiil+ lO, (5-16)
bo=gln/gw, (G)=(; —ib), (5.17)

‘and a;=17v4v;. Since [, is a time-like vector #*> {:4;, the
matrix N, has a differentiable Hermitian square root
given by

NQ’}E (ZL)_%(OZJ@-{—L), L= fo:!: (loQ— lJz) 3, (518)
We may therefore express the matrix N in the form
N=M*M, where M=DNS,. (5.19)

The new dynamical variables which we seek are the
following:

=My, Yr=yYME, (5.20)
mv= i it M*—1(0M*/dg,.,)
—(0M/dgu)M 114, (5.21)
M*(u')
. ik O M1’
(W=, (w)+3 Cftls (u)[ (u) )

M(u')
dac*(u)

One finds, by straightforward computation, the fol-
lowing Dirac brackets:

M “l(u’)]tb(u')du’. (5’.22)

(z*(w), }(0"))p=6,*6(u—n’), (5.23)
(gw(u), =7 () p=1(8,76,"+6,76,)(u—u’), (5.24)
(a(u), s*(u))p=—i(fic) 18apd(u—u’), (5.25)

(Mu(m), % @))p=0, (x*(u), =""(w"))p=0, (5.26)

(=*(u), 4(u’))p=0, etc.

Since the right-hand sides of the above expressions do
not involve any of the field quantities, it is evident that
the new variables may be used directly in passing to an
interaction representation for the purpose of carrying
out a perturbation computation.

It is to be noted that since the spin-space trans-
formation law of the matrix M has the form

M'=MS, (5.27)
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the variables 4, ¥* remain unchanged under spin-space
transformations.

6. QUANTIZATION

Passage to the quantum theory is effected by making
the identifications®

(F, G)p=(ih)™'[F, G] (6.1)
or

(F, G)p==(ih)~YF, G}, (6.2)

according to the statistics required. In the present
example the variables 1, ¢* will satisfy anticommutation
relations among themselves. The sign in (6.2) is chosen
positive or negative according as the ¥*’s are placed to
the left or the right of the {’s in the Hamiltonian. The
first alternative is customary. We therefore have the
quantum dynamical relations

[x#(u), M (u') ]=14h6,46(u—u’), (6.3)
Lgwm), =7 (w')]=3i#(5,76,+8,78,7)6(u—n’), (6.4)
{Ua(w), 4g* (')} =c"10ap8(u—0'), (6.5)

(W), Ys(0)} = {a*(), s* (@)} =0. (6.6)

The commutators of all other pairs of the dynamical
variables vanish.

In the reduced Hamiltonian scheme of the preceding
section ¢, and ¢* become first-class ¢’s.® According to
[D7] the ¢-equations corresponding to the first-class ¢’s
become, in the quantum theory, conditions on the state
vector ¥ of the system. Thus we have

0 ¥=0,
¢*¥=0.

(6.7)
(6.8)

The commutation relation (6.3) allows us to make the
identification
A(u) = —ihd/8x4(u). (6.9)

The state vector is actually a functional ¥[x] of the
functions x*(u) which describe the space-like surface
¢t=constant. If these functions suffer variations éx*(u),
Eq. (6.7) tells us that the corresponding variation in
the state vector is given by

HoUw]= f 30, (u) 6+ (w) du ¥,

147t is important to realize that it is the Dirac bracket rather
than the ordinary Poisson bracket which corresponds to the com-
mutator or anticommutator in the quantum theory of any
dynamical system. Dirac, himself, does not seem to have em-
phasized this point clearly in [D].

15 The authors have actually carried out an explicit calculation
of the Dirac bracket (¢*(u), ¢”(u’))p. It vanishes not in the weak
sense but identically. The calculation is straightforward but
tedious. One obtains an expression of the form

X#)s(u—u')+ [V () Z o(0)+ V*#i(0) Z o () 15 :(u—0')
which vanishes on account of the equations (Yweipyruaiyz =(
and X#+Y#el 7+ V?A*Z .1 ,=0. In verifying the second equa-
tion, one must make use of the identities l,,|,:(l,,u’ y—Laul o Vi

and (u uby—u", ,,l,,)“—O as well as the differential 1dent1t1es satis-
fied by the matrices T*, F2f, 4, etc.

(6.10)
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where

3eu=1C,t (Nu— ). (6.11)

Equation (6.10) is the Schrédinger equation of the
electron-graviton system. Equation (6.8) is a supple-
mentary condition on the allowable state-vectors.

Two final remarks peculiar to the gravitational
problem must be made concerning the quantization
procedure. First, the Hamiltonian density %, must be
an Hermitian operator. The intrinsically nonlinear
character of the gravitational system reflects itself in
expression (4.17), in which there occur products in-
volving noncommuting factors. One does not know
a priori how these factors should be ordered so as to
symmetrize 3C,. One could attempt to obtain a quantum
Hamiltonian by using the simplest possible symmet-
rization procedure, but then one would not know
whether or not an equivalent quantum theory would
have been obtained with a similar symmetrization
procedure, if another set of gravitational variables (such
as gig» for example) had been used instead of g,, as the
fundamental field quantities. One of us'® has shown how
this ambiguity can be removed in the case of Hamil-
tonians which are at most quadratic in the momenta,
and he has discussed the gravitational case in particular.
We merely quote the result The terms linear in the
momenta are symmetrized by the usual anticom-
mutator rule. The term quadratic in the momenta is
written in the symmetric form BlLm*fG g7 [see
(4.20)7]. The factor Gagys may be interpreted as a ““con-
travariant” metric tensor which describes the geometry
of the 10-dimensional space of the g,,. In order that the
Hamiltonian density 3¢, be a truly invariant quantity
under point transformations in this 10-dimensional
space, a divergent term

(85/8) Bl g o(u—u) P,
1B, S. DeWitt, Phys. Rev. 85, 653 (1952).

(6.12)

DEWITT AND C. M. DeEWITT

which vanishes in the classical limit #—0, must be
added to expression (4.17).

The second remark concerns the vacuum expectation
value of the matter stress density ©,. In discussing
this quantity we may ignore the dynamical properties
of the gravitational field and regard the g, as given
c-numbers. However, the g, must be chosen so as to
make space-time flat, as befits a true gravitational
vacuum. The vacuum expectation value is then given
by

(Ow)o=3hckgg,AD(0). (6.13)

We must not couple this physically meaningless diver-
gent vacuum value to the gravitational field. We must
instead redefine the stress density by subtracting ex-
pression (6.13). This corresponds to the subtraction of
a term 3hck’g*A®™(0) from the Lagrangian density -of -
the matter field and hence to the addition of a term

ekl gt A (0) (6.14)

to expression (4.17).

The necessity of adding the divergent expression
(6.14) to the Hamiltonian density 3¢, has been con-
firmed in actual calculations of the gravitational self-
energies and stress renormalizations of material par-
ticles.®® The procedure is entirely equivalent to the
charge symmetrization procedure in quantum electro-
dynamics in which the vacuum expectation value of
the current is made to vanish.

The physical necessity of adding the divergent ex-
pression (6.12), on the other hand, can be confirmed
only when calculations are carried out on the interaction
of the gravitational field with itself.

17 See, for exé,mple, J. Schwinger, Phys. Rev. 75, 658 (1949),
Egs. (1.77, 78). .
18 B, S. DeWitt, Ph.D. thesis, Harvard University, 1950.



