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The effects of zero point vibration and centrifugal stretching of molecules upon the spin-spin magnetic
interaction, the spin-rotational magnetic interaction, the molecular rotational magnetic moment, the
magnetic shielding of the nucleus, and the molecular diamagnetic susceptibility of the molecule are discussed.
Expressions for these quantities with vibrational and centrifugal effects included are given in detail for
diatomic molecules and numerical calculations for the cases of H2 and D~. It is shown that from measure-
ments of the rotational magnetic moments of both H~ and D2 or of H2 in two different rotational states,
one can calculate the variation with internuclear separation of the high frequency terms of the molecular
diamagnetic susceptibility. Measurements on the spin-rotational magnetic interactions in both H..and D2
provide information on the variation of this interaction with internuclear spacing and thereby supply
important corrections that are needed in calculating the nuclear magnetic shielding from the spin rotational
magnetic interaction and in measuring the ratio of the proton magnetic moment to that of the deuteron.
These calculations also supply a correction to the spin-spin magnetic interaction that must be used in deter-
mining the deuteron quadrupole moment from experiments with D~.

I. INTRODUCTION

'HE recent high precision experiments' on nu-
clear interactions in molecules make it neces-

sary to include the eGeets of molecular zero point
vibration and of centrifugal stretching in interpreting
the results. Thus, the ratio of the rotational magnetic
moment of D2 to that of H2 is not simply equal to the
ratio of the mass of the proton to that of the deuteron
as it would be if the two molecules were identical except
for a diGerence in rotational angular velocity. Instead,
allowance must be made for the fact that the suitably
averaged, mean internuclear spacing in the two mole-
cules is diGerent as a result of the diGerence in zero
point vibration amplitude and centrifugal stretching.
Similar considerations apply to the spin-spin magnetic
interaction, the spin rotational magnetic interaction,
the magnetic shielding of the nucleus, the electric
quadrupole interaction, and. the molecular diamagnetic
susceptibility. Although Nordsieck, ' Newell, ' and Ram-
sey~ 4 have included these corrections for a few of the
interactions, most of the cases have never been discussed
previously and for the few that have been only specific
numerical values were given with all detailed. discussion
being omitted. There has been no previous discussion
of the inferences that ean be drawn from the comparison
of the above quantities in molecules that are similar
except for diGerences in vibration amplitude and
centrifugal stretching.

II. AVERAGE VALUES OF THE INTERACTIONS

In most, past discussions of such quantities as
molecular rotational magnetic moments, the eGects of
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zero point vibration and centrifugal stretching have been
neglected with the result that the formulas given are
for a single discrete internuclear distance. However,
averaging these formulas over the vibration, one can
obtain suitably averaged expressions.

In the case of rotational magnetic moments, Kick"
and Ramsey" have discussed molecular hydrogen. Their
results are thereby particularly simplified. since all the
nuclear charges are unity, and the molecule possesses
no electric dipole moment. However, their procedure
can be extended to an arbitrary 'Z linear molecule and
the results may be simplified for a particular choice of
gauge as discussed in Ramsey's articles89 on nuclear
magnetic shielding. The most suitable choice is that
which corresponds to the electron angular momenta
being taken about an axis passing through the centroid
oi the electron distribution in the mo1ecule (not in
general the center of mass of the mo1ecule). With this
choice and with the expression averaged over zero
point vibrations, one obtains

:(Pg/JP~~) z =M,*((1/I)g; Z, (R, Rs)')z—

Most of the notation used here and in subsequent
expressions is that used in previous related articles
except that Eg is the coordinate of the centroid of the
nuclear charge; the subscripts 0. and. C indicate, respec-
tively, that the momenta are about an axis perpendicular
to the internuclear line and passing through the centroid
of the electron distribution; D is the distance from the

5 G. C. Wick, Z. Physik 85, 25 (1933).
s G. C. Wick, Nuovo cimento 10, 118 (1933).
~ N. F. Ramsey, Phys. Rev. 58. 226 (1940).
s N. F. Ramsey, Phys. Rev 78, 699 (1950).

'9 N. F. Ramsey, Phys. Rev. 85, 60 (1952).
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center of mass to the centroid of the nuclear charge,
d is the distance from the center of mass to the centroid
of the electron distribution, and „*( )~ indicates the
expectation value for the molecule x in vibrational state
t1 and rotational state J. It can be seen from Eq. (1)
that if the molecule has no permanent electric dipole
moment so that d and D are equal, the second term in
the brackets vanishes. In this case, in a comparison of
molecules of diGerent isotopic masses the rotational
magnetic moments are approximately inversely pro-
portional to the moments of inertia, I. Owing to the
arbitrariness of the axis about which the electronic
moments m' are taken, Eq. (1) is only one of many
alternative expressions for the rotational magnetic
moment, but in most respects it is the simplest, particu-
larly in the absence of a permanent electric dipole
moment. Although Eq. (1) is limited to linear molecules
for simplicity, the methods of the present paper could
be extended to polyatomic molecules by combining
them with the procedures of Eshbach and Strandberg. '0

Likewise, from the procedures of Van Vleck, " the
mean molar diamagnetic susceptibility of a 'Z linear
molecule is given by

.*&x) = = —( 'L/6 ').*((o
I 2 ~ 'I 0))

+ (4/3) J-.*&K-'[1/(&-—~o)] I (01Zo ~o.o I ~) I')~ (2)

where the notation is as in previous related papers. '—'
Although the origin about which the angular mornenta
can be calculated is arbitrary, the specific choice of
the ollgln at, C, thc centroid of thc clcctlon distribution,
has been made in order to facilitate subsequent com-
parisons between Eqs. (1) and (2). As pointed out by
Ramsey, if the eGects of molecular vibration were
negligible, one could use Eq. (1) to provide an experi-
rnental evaluation of the second or high frequency term
in Eq. (2); as a result of the high, frequency term in
Eq. (1) being multiplied by 1/I in the averaging, this
is not true when the vibration is considered. However,
means for making this elimination even in the presence
of vibration will be given below.

If c~ is the spin-rotational magnetic interaction
constant" of nucleus A" or if H' is the rotational mag-
netic 6eM at the nucleus, " the discussions of Wick"
and Ramseya" show that after suitable averaging for
linear molecules

w &+ )7/+ 2'1' &&N) J/7N 2&NiV~~ ((1/I)pi Zi/R1)J

+&'.*&2-'(1/J)[1/%.—&.)]
X [+orr m& '+n x'0rr+ L o~nl'+a k'or]) z& (3)

where E; is the distance of the i'th nucleus from the

'0 J. R. Eshbach and M. W. P. Strandherg, Phys. Rev. 85, 24
(&9S2}."J.H. Van Vleck, E/ecA ~c and Mugne6c Smsceptibitit'ies (Oxford
University Press, London, 1932},

'2 N. F. Ramsey, Phys. Rev. 85, 60 (1952}.
"G. C. Wick, Phys. Rev. 73, 51 (1948}.

nucleus T that is being shielded, and the remaining
quantities are as previously defined. s"

For magnetic shielding, the theory of Ramsey' "
leads to

„*(0)g——(e'/3mc')„*&(Ol Po ro
—'I 0))g

+-;go. &P.1, [1/(&.—Ro)][&o,.1, J-.1 o.

-L,„„,.a„,,.]),. (4)

It should be noted that if the eGects of vibration are
negligible, the last bracketed quantity in Eq. (4) can
be eliminated with the aid of Eq. (3) but not when
vibration eGects are included. However, means for
making this elimination even in the presence of vibra-
tion will be given subsequently.

Another intramolecular interaction for which zero
point vibration, corrections need to be made 'is the
spin-spin magnetic interaction constant. ' "In the case
of molecular hydrogen, for example, this constant is
defined by

dH=(4/Sh)p„'„*&R ')J.

III. DIATOMIC MOLECULES

In each of the above relations except Eq. (5) at
least one of the averages cannot readily be evaluated
theoretically due to lack of knowledge as to its de-
pendence on the internuclear spacings. However, for
diatomic molecules the assumption introduced by
Newelle can be made: that the high frequency terms
vary with Intcinuclcar spacing) E. as E ) ln which case
the average can be carried out in terms of e. It should
be noted, however, that this is an assumption for
simplicity which is not necessarily valid. It will be
shown that with this assumption the values of e in the
diGerent cases can then be evaluated experimentally by
measurements on molecules in diGerent rotational states
or with diGerent isotopic masses. In particular, if E, is
the equilibrium internuclear-spacing for a nonvibrating
and nonrotating molecule, we assume that

Z.[1/(&-—&o)]l (01Zo ~o-'I ~) I'=~.(R/R. )', (6)

Z-&. [1/(&-—&o)]94..1, L.x o,+J-o..x && &, o.]
=G, (R/R, )". (7)

With these assumptions the previous relations reduce to

&PR/~PN1IE) J (flf /2P )(2Z1Zo/(Zl+ Zo)

+2(Z1+Zo) ~&(D' d')/R') g—
—16(mc'/e')R, 'F, &(R/R )' ')g), (g)

.*(x).=—("J-/6~") .*((0IZ. ""I0)).
+ (4/3) J.P, .'(R/R, ) ')g, (9)

"N. F. Ramsey, Phys. Rev. 85, 938 (1952},
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„*(H')g/J = 27r „*(ci«)g/p~

= 2Zttrrer(M/tc')R, '„—((R/R, )
—')g

+ (h'/tt')R '6 *((R/R.)" ') z (10)

.*(a)~= (e'/3~") .*((0IEe« 'l0))~

+ et oG"*((R/R.)")~ (11)

d H
——(4/Sh) te„'R, '„'((R—/R, )

—')J, (12)

where p,
' is the reduced mass of the diatomic molecule

and Z is the charge of the nucleus that is not E. The
quantity E, for use in the above can be obtained
empirically either from Eq. (12) in combination with
an experimental value of dH or from the molecular
spectra determination of 80, as by Herzberg, ""to-
gether with the relation"

R =ht/(8''ctt'*Bog) i o*((R/R )-')gl (13)

"G. Herzberg, Can. J. Research A28, 144 (1950).
ie G. Herzberg, Spectra of Diatomic 3Eolecutes (D. Van Nostrand

and Company, New York, 1950).

All quantities on the right side of the above equations
that need to be averaged over the zero point vibration
are of the form (R/R, )" except for three of them. The
analogous assumption to Eqs. (6) and (7) could also
be made for these three in which case all the expressions
to be averaged would be of the form (R/R, )".However,
since these quantities can sometimes be evaluated and
averaged directly theoretically, as in the calculations of
Newell, ' they have been left in the form given above.
For molecules with no resultant electrical moment, as
H2 and De, the quantity (D' d')/R' vanis—hes. In view
of this, all the quantities that need to be averaged are
either known or can be expressed in the form of
.e((R/R, )")J. Hence, to make the averages for the
quantities of interest, one need merely determine the
averages of arbitrary powers of the internuclear spacing.
Means for obtaining these averages will be discussed in
the next section.

In Eq. (8) if all the quantities except F, and 1 are
known and if p,g has been measured in two diferent
rotational states of the same molecule or in two isotopi-
cally diRering molecules, the values of both Ii, and 1 can
be obtained by the simultaneous solution of the two
equations of the form (8) which result for the two states
in which the measurements are made. An example of
such a procedure is given in Sec. V below. These values
for F, and f can then be used in Eq. (8) to yield a
predicted value of the rotational moment in any other
state or in Eq. (9) to provide a definite determination
of the high frequency term of the molecular suscepti-
bility for any rotational or vibrational state. For
example, if primes designate the state of the molecule

in which the rotational moment was measured,

„*(x),= —(e I,/6~c') „'((olg, «„ lo)),

+ (e'/12««tc')R 'l. *((R/R )')g

Xw *'((RIRe)' ')1 '{2Z1Z2/(Zl+Z2)

+2(Zi+ Z2) „.*'((D' d')—/R') g

(2te /ftf ) ' (te&/Jterrer)&' j (14)

In a similar fashion, measurements of (cti) in two
diferent rotational states provide a determination of
G, and m as is discussed subsequently in greater detail.
The value of G, and m can then be used to predict the
value of (c~) in any other rotational state or to deter-
mine the high frequency term of the nuclear shielding

(o) for any rotational state. The latter determination,
for example, gives

„(o)~=(e'/3mc') „*((0~Pg «g-'~ 0))z

(e~/6«ted)R 2'~~ »((R/R—,)~)z

Xu*'((R!R)" ')J '{2Zt A&Re '5*'((R/Re) ')J
—(2~t '/tie v~) "*'(c~)~ ) (13)

IV. AVERAGE VALUES

From the preceding equations it can be seen that the
quantities to be evaluated in averaging over the
molecular vibration are ((R/R.)").This average can in
turn be expressed in terms of the expectation values of
((R—R,) '/R, ') by the relation

.*((R/R.)")~

= p [«el/(rt —g) 1~1] ((R R )e/R o)g (16)
g=o

A series expansion for the latter expectation values can
be obtained if one assumes the nuclear vibrational
potential to be approximately of the Morse potential'~
shape. In this case analytic values of the wave functions
are known. "These can most conveniently be expressed
in terms of the variable

s= h exp[ —a(R—R,)], (17)
where"" 1/h=(B, /&o, )(aR.)' and a is the quantity
which determines the asymmetry of the vibrational
potential and is usually determined experimentally. In
these variables Morse's wave function" is such that in
the nonrotating and zeroth vibrational state

,*((R R,) /R, ),=~( L(—R—R,) /R, o7tR'dR

=
I

1/I'(h —1)j~I [—(1/aR, )

X in(s/h)]'e *s' 'ds (18)
'~ P. M. Morse, Phys. Rev. 34. 57 {'&929);J. L. Dunham, ibid.

34, 446 (1929}.
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If in Eq. (18) one uses the series expansion for
in(s/)'I) about s/4=1 and for any given number of
terms in this expansion carries out the multiplications
to the indicated q'th power, all terms except for con-
stant. factors are of the following integrable form

s&e 'ds =—I'(p+1).
D

H the series expansions are carried out to terms as high
as s' and (1/)'0)0, the resulting expectation values
dctcI'InlQcd 1Q thc Rbovc mRnnel Rrc

0.04,

0.02

-0.02

n

Flo. 1.0II((E/R, )")~—1 as a function of pp.

R ) ( /~+~I@+ /p) (19) dlffelcllt stRtcs Fl'o. lll Ecl. (21) tile I'R'tlo ls glvcll by

:&(RIR.).)'/"((RtR. )-&.
where n, P, and y are given in Table I for different
integral values of q.

The combination of Eq, (19) with Eq. (16) determines
0'((R/R, )")0 for the zeroth rotational state only.
However, it can be extended immediately to the J'th
rotational state by the relation"

..&(RIR.)-&.=..«RIR.)-&.[1+4-J(J+1)B./-. j. (20)

The combination of Eqs. (16), (19), and. (20) and the
omission of terms of higher order than (B,/pp, )' yield

0'((R/R, )")z = 1+(B./00, )[(aR.)CI3/2+ Cs]

+ (Bpt co p)s[(«p) 'C113/12+ (aRp)'C015/4

+(«,)C011/2+3cp+4CI J(J+1)j, (21)

where CI=I», Cs=-CI(e —1)/2, Cs ——Cs(e—2)/3, and
Cs——Cs(N —3)/4. From Eq. (21) the expectation values
nccdccl 111 Eqs. (8—13) cRI1 bc cRlclllRtcd lf I ls known.

The determination of e in certain cases can bc made
by a measurement of a quantity such as the rotational
magnetic moment in two diGcrent rotational or isotopic
states. In this case, the ratio of the two experimental
quantities experimentally determines the ratio of
00&(RIR,)")g%'((RIR,)"&J, and n is inferred by com-
paring the experimental value to the theoretical value.
There is consequently need for a'theoretical expression
giving the ratio of the expectation values in two

TAM,z I. Coe%cieIIts for

p*((ff-ff,) 0/ft, 0)0= (1/oR, ) p(a/»p+ p/»p'+y/»pp).

= 1+ [(B,/~, ),—(B,/~.),)[(«.)CI3/2+csj

+[(B./~. )0' —(B./~. )I'j[(«.)'C113/12

+ (aR,)'C015/4+ (OR.)C011/2+ 3C0]+[(B,/ol, )I'

—(B./ .) (B./ .) j[( R.)C 3/2+Conj'

+(B./to. )004clJ'(J'+ 1)
—(B./po. )104CIJ(J+1). (22)

V. SIGNIFICANCE OF MEASUREMENTS ON DIF-
FERENT STATES OF SIMILAR MOLECULES

It is sometimes possible to determine such quantities
Rs pg ol C~ ln two similar Inolcculcs which cMfcr only
in rotational state or in isotopic mass. If one assumes
that the diGerenccs are due only to changes of reduced
mass, rotational quantum number, centrifugal stretch-
ing» Rnd zero point vlbratlon) Rnd thRt these differences
are in accordance with Eqs. (8) and (10), the values of
1 and m in such cases can be determined from the
experimental measurements. Thus, ' from Eq. (8) in
cRscs whclc D =d»

o'((RIR )' '&~%'&(RIR.)' ')~

0 &»»Rt J»»NII) J 0 &»»RIJ»»Nsl&1'(»ps I»»1 )=1+, (23)
(~/2» I')2ZIZs/(ZI+Zs) —0'&» RtJ» N~) z

A comparison of the experimental results obtained from
Eq. (23) wltll tllc tllcol'c'tlcal 1'cslll'ts glvcll lll Eq. (22)
determines /. It should be noted that Eq. (23) does not
include efkcts due to small changes of the electrons'
rcduccd mass fol different lsotopcs.

Similarly, if cg is known in two diferent states,

o &(RIR.)--&'I"&(RIR.)-- &.

3/2
1

0

13/12
15/4
ii/2

1—0'&(RIR.) ')~%'&(RIR.)-
1—1/[2Z»»NOR. ' 01&(RIR,) 0&gyNI3E/20I»», 'cNI]

1—
(»»s cNs'YNII»»I cNI'rN0)

(24)
2Z»»NOIR, ' 0'&(RIR,)-0}gyNIM/20r»pt'cNI —1
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If experimental values of c~2 and c~~ are inserted in
Eq. (24) and if the resulting value for the expression is
compared to Eq. (22), the value of 212 can be determined.

A quantity of particular importance in nuclear
physics measurements is the ratio of the magnetic
shielding in two molecules which differ only isotopically.
The precision measurements" " of the ratio of the
proton magnetic moment to that of the deuteron
depends upon such a quantity. ""'From Eq. (11), it
can be seen that

„'(a)J /„'(o) J=1+(e2/3rrsc2)Lv'((0~+2 rs '~0))J
—.'((0IEs ro 'I0))Jj'(o)J '+L'(~)J

(e—'/3222c') 2((0IZ2 r). 'l0))Jj '(o)J '

XL. '((R/R )")J /. '((RIR.)")J—1j (25)

Q.QlQ

0.005

G005

0.0t0

0.0i 5

G020

0.025 -2 -Ifl~

VI. MOLECULAR HYDROGENS

Numerical values of the constants appearing in Kqs.
(21) and (22) can be inserted for H2 and D2 and the
quantities can be plotted as functions of m. Most of the
necessary constants are given by Herzberg. "However,
the parameter uR, which determines the asymmetry of
the Morse potential requires a slight discussion. This
parameter is often determined from the molecular
dissociation energy. However, the dissociation energy
is chiefjy aGected by the shape of the potential at very
large energies, whereas the zero point vibration is chiefly
affected by the shape of the potential well at its bottom.
Therefore, it is best to proceed as discussed by NewelP
and determine (GR,) by making the Morse potential
agree with the leading terms of the Dunham" power
series expansion of the potential. In this case, aR, is
1.608. With these values, Eqs. (21) and (22) yield the
results shown in Figs. 1 and 2 for rotational state J= 1.
The superscripts H and D indicate H2 and D2, respec-
tively. These curves are particularly valuable in deter-
mining the quantities t and m as discussed in the
previous section. A determination of the actual values
of / and m that can be inferred for hydrogen molecules
will be given in a subsequent paper which describes
the experiments.

VII. SPIN-SPIN MAGNETIC INTERACTION

I et the spin-spin magnetic interaction between the
two nuclei of a diatomic molecule be called K(R) so that

v It (R)J f11f12Rv v ((RIRv) )J' 5dHh/4, (26)

where the last step applies only to molecular H2. Then
from Eq. (13),

v*E:(R)J f21122(82r CI21 BOJ'/I2) v ((R/Rv) )J
X, ((R/R. )

—),.-'. (27)

If Eq. (21) is used here and if the calculations are
"G. Lindstrom, Phys. Rev. 78, 817 (1950)."B. Smaller, Phys. Rev. 83, 812 (1951).
~0 N. F. Ramsey, Phys. Rev. 85, 688 (1952)."I.L. Dunham, Phys. Rev. 41, 713, 721 (1932);49, 79/ (1936).

FIG. 2. vn((R/R, )")z/oH((R/R, )")1—1 as a function of vv.

carried out,

o*K(R)J=prius(8n cf1.'*Boo/h) 2{1+(Bv/tov) 3/2

+(B,/co. )2[(aR,)29/4 —(aR,)17/2

+99/8 —127(J'+1)j}. (28)

Although this appears quite different from the equation
recently published by the author, 4 it is actually very
similar and slightly superior. The empirical quantity
y,"5'6 does not appear here since it is more consistent
to use the theoretical value for y, since the theoretical
values must be used elsewhere in the same equation
and by using theoretical values throughout there is a
tendency for errors introduced thereby partially to
cancel. If the numerical constants appropriate to H2,
as discussed in the previous section, are used,

HE(R) = (4 7738&0.0030)X 10 "ergs. (29)

This result is in excellent agreement with the experi-
mental results" for H2'.

5dH&/4= (4.7750&0.0010)X 10 "ergs. (30)

As recently pointed out in a brief note by Ramsey, 4

this close agreement indicates that any nonmagnetic
tensor interaction between two protons at the inter-
nuclear distance of H2 must be very small indeed (less
than 10 "Mev).

In the calculation' of the deuteron quadrupole
moment from the measured interaction in molecular
deuterium, it is necessary to subtract off a spin-spin
magnetic part of the measured interaction. This is
usually done' by taking the measured spin-spin mag-
netic interaction in H2 and multiplying it by the square
of the ratio of the deuteron magnetic moment to that
of the deuteron. However, obtaining the correction in
this way is no t completely accurate since the zero
point vibration is different for H2 and D2 ~ The added
correction factor to be applied is then from Eq. (22)
and the best constants

((R/R ) ') / "((R/R,)-')1=1.0073. (31)


