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Electron-Lattice Interaction and Superconductivity
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An electron moving faster than sound would emit phonons in the form of a narrow wake behind it, analo-
gous to the Cerenkov radiation. Two electrons would, therefore, interact strongly when one lies in the wake
of the other. Based on this idea a model for the superconducting state is suggested. The electron-lattice
interaction, obtained by using the Bloch-Nordsieck transformation, is examined in the coordinate space,
and the "wake" character of the interaction is shown. In the appendix, using a canonical transformation,
the interaction between two electrons is calculated.

I. INTRODUCTION
' ~RQHLICH' and Bardeen' have independently, de-

veloped a theory of superconductivity based on the
interaction of electrons with lattice vibrations. That the
basic idea of their theory is correct is proved by the
experimental discovery of the isotope CGect. '

Using the second-order perturbation theory, Frohlich
has calculated the self-energy of the electrons in the
Fermi-distribution, arising as a result of the virtual
emission and absorption of phonons. Because of the
Pauli principle this interaction energy depends on the
distribution of the electrons in the momentum space,"

and if the interaction is strong enough, it gives rise to a
new distribution corresponding to a lower energy, in
which a shell of electrons is lifted out of the Fermi
distribution. Such a shell distribution of the electrons
in the momentum space has been identi6ed by Frohlich
with the superconducting state. Frohlich derives a
condition for the metal to be superconducting, and un-
fortunately, this also happens to be the condition for
which the perturbation theory breaks down. It is, there-
fore, not unlikely that a more rigorous calculation of the
lntcractloD cDcI'gy, which sccIDs to be dificult at thc
present time, may Dot give the shell structure at all.
Also, the energy difference between the superconducting
and the normal states as calculated on the basis of
Frohlich's theory comes out to be large by a factor of
one hundred. This is perhaps due to the fact that in his
theory most of the contribution to the interaction energy
comes from short wavelength phonons. The low energies
involved in the transition may suggest that long wave-
lengths are more important. The primary aim of the
present note is to propose an alternative model for the
superconducting state. A similar model has also been
proposed recently by Bohm and Staver. ' The model is
valid only when the wavelength of the phonons in-
volved is large. However, it suGers from certain dis-
advantages. The experiments on thin 6lms5 and on
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colloidal mercury' indicate that there is very little
change ln transltlon temperature w'lth dlIQcnslons even
when the 61m thickness or particle size is as small as
5&10 ' cm, thereby indicating that it is the short
wavelength phonons which are important in the elec-
tron-lattice interaction.

II. DISCUSSION OP THE MODEL

The electrons actually involved in the supercon-
ducting transition are those which lie near the top of
the Fermi distribution and have velocity which in
metals is nearly 10' times the velocity of sound in that
medium. Such an electron would emit sound radiation
(virtual phonons since we are considering the state of
the system at T=O) in the form of a wake analogous
to what is known as the Cerenkovv radiation. The
angular width of the wake would bc of the order of
&so aa/&et~troa=10 s radian. Any two electrons would,
therefore, interact most strongly when one lies in the
wake of the other. And, since the wake is extremely
narrow, one electron would almost follow in line with
the other. The interaction energy of two electrons as a
result of the virtual emission and absorption of phonons
is of the order of 10 ' ev and corresponds to the energy
with which the two electrons are bound in the wake.
This picture, therefore, leads to thc 'formation of
localized groups of co-moving electrons. These clusters
are stable in the sense that it would require energy to
dissolve them. Let us now examine qualitatively how
far the concept of a wake helps to understand the basic
property of a superconducting state.

It is now recognized that the basic property of a
superconducting state is the Meissner efrcct, which
is contained in the phenomenological equations of
London. The London equations can be derived from
nonrelativistic quantum mechanics if one Inakcs the
assumption that the wave functions of the .electrons
are not altered in a magnetic 6eld. In the normal state
the wave functions of the electrons in the presence of a
magnetic 6eld coil up and are, therefore, strongly
modi6ed. However, the electrons in the superconduct-
ing state are certainly not to be considered free in the
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sense of the ordinary conducting electrons. We have re-
marked in the foregoing paragraph that electrons in
the superconducting state are bound up in the wake
with an energy of the order of 10 4 ev, and if the strength
of the resultant magnetic field is less than a certain
critical value, it would not be able to throw the electron
out of the wake. The electron would, therefore, continue
to follow the path which it had in the absence of the
field, and the wave functions would remain unaltered.
Or one might say in the terminology of London that
the wave functions behave as if they were rigid. A
quantitative justification of these ideas is desirable.

In view of what has been said above it would be
interesting to investigate the nature of the electron-
lattice interaction in the coordinate space in the long
wavelength limit of the lattice waves. The "wake"
character of this interaction, using the Bloch-Nordsieck
transformation, is shown explicitly in Sec. III. Also,
using a canonical transformation, we have calculated,
in the appendix, what may be called the Mpller inter-
action of two electrons as a result of the virtual emission
and absorption of phonons. Though formally this
method is equivalent to the usual perturbation theory
method used by Frohlich, it has the advantage of giving
a better understanding of the basic ideas of Frohlich's
theory. In addition, this method enables one to calcu-
late the contribution of the nondiagonal elements of
the interaction matrix. Frohlich considers only the
contribution of the diagonal terms.

III. "WAKE" CHARACTER OF THE INTERACTION

Using Bloch-Nordsieck transformation Bardeen has
obtained an expression for the interaction energy be-
tween electrons and lattice vibrations. The Bloch-
Nordsieck transformation is valid for lattice waves of
wavelength large compared to that of the electrons near
the top of the Fermi distribution, and does not involve
the approximation of a small coupling constant. The
expression for the interaction energy as given by Bar-
deen' l see Eqs. (6—13) and (6—14) of reference 9j is

lm, l' cosq (r, —r,)
U(r) = —P

(0,'—(v q)'

(3(v. «)2 & 2) {i)i 2sig ~ (rr+rz)+)ri 82s—i% ~ (rr+rz)

(1)
2 (~.'—(v q)')'

vectors of electrons 1 and 2. Since we are concerned
only with the interaction between two electrons, we
have omitted the summation, which occurs in Bardeen's
expression, over all electrons.

The quantity inside the curly brackets in the second
term on the right-hand side of Eq. (1) can be put in
the form

where q, is the phase of the wave with wave vector q.
When one averages over-all possible phases of diferent
q's, the second term in (1) would give zero contribution.
Hence, it is only the first term, which contributes to the
interaction energy. Also, this term, when transformed
into momentum space gives the E2 term of the Frohlich
theory Lsee Eq. (2—15) of reference 1] for the case of
two electrons provided q' is neglected compared to k',
where k is the wave number of the electron.

Using (2) in (1) and remembering that co,'=S'q', we
have

S'q' cosq r
U(r)= —A Q

~ S'q' —(v q)'
(3)

S~ei& r

U(r) = (RA'V, ' P
z S'q' —(v q)'

where N. means that we have to take the real part of
the expression and the suKx r denotes that the deriva-
tive is with respect to s. Choosing the direction of v
along the 2,'axis and performing the following change of
variables

and
(((z =S(((zr ib =Shirr, itz = (S 'V~} gz

x'= x/S, y'= y/S, s'= s/(S' —v')', (6)

and replacing the sum in (5) by an integration we have

&eiq, ' r'

U(r) = (RA 7„',i dq'
(2rr)' (S'—v') & & P

since the second term gives zero contribution. In (3)

A = (SC'/9e VMS') (4)

r&—r2 ——r, and S denotes the velocity of sound. Equa-
tion (3) can be written as

where
l~, l'=(2~,/@) J~,l'. (2)

V ~ 1
= (RA

(S~—.2) ~

M, is the matrix element corresponding the the transi-
tion k'= k+« and is given by Eq. (10A) of the appen-
dix. co, is the angular frequency of lattice waves corre-
sponding to the wave number q and v denotes the
velocity of the electrons near the top of the Fermi
distribution. r& and r2 denote, respectively, the position

' J. Sardeen, Revs. Modern Phys. 23, 268 (1951).
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AVP ) 1
U(r) = N. -v2!

4n s (x'+y' —p's')

P2 —(()2/S2 1)
—1

where V is the volume of the assembly.
Going back to the old coordinates we have
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From (7) it is clear that the interaction U(r) is real only
within the cone (defined by x'+y' —P's'=0) whose
semivertical angle with the s axis, which is also the
direction of v, is e=s/p=10 ' radian. The interaction
is attractive and is singular on the sound-cone. The
singularity arises because the upper limit of q in the
integration was taken as + ~ for the sake of mathe-
matical simplicity. As a matter of fact this upper
limit for the theory to be valid would be much less than
q=q, , corresponding to the Debye limit. Neverthe-
less, the "wake" character of the interaction would
essentially remain the same as expressed by (7).

In order that the foregoing considerations be valid
the distance between two electrons should not be less
than one wavelength of the phonons, i.e., r)1/q. As-
sum, ing that the theory is valid, for wave numbers
&(1/100)q, , we get for r;„the value 10 ' cm, since

q, =10' cm '. Let us now make a rough estimate of
the magnitude of U(r) for r= r;„.From (7),

AV
U(rmin)

using (4), or

SC' 1

9mMS' 4n-r; '

(8tp) 1
U(r,„)= FI— (9)

where P has been put equal to (C'/3)pMS') and is a
dimensionless constant of the order of unity [see Eq.
(2.9) of reference 1] and $p is the Fermi energy which

has the magnitude 10 ev. Substituting the numerical
values of ip= 10",r;„=10 ' cm and gp= 10 ev in (9)
we have

U, =10 4 ev. (10)

Thus we see that an electron moving faster than
sound would emit radiation in the form, of a narrow

wake; and that there would be no interaction between
two electrons if one lies outside the wake of the other.
An electron lying on the surface of the wake of another
electron is sucked inside the wake with a force given

by the gradient of (7). The maximum interaction be-
tween two electrons in this model is roughly 10 4 ev.
Such a model would lead to clusters of co-moving elec-

trons. However, the clusters would have all possible
directions giving zero net current. Our model may pro-
vide a basis for superconductivity in the sense that the
wave functions of the electrons in this model, as dis-
cussed qualitatively in Sec. II, do not change in a mag-
netic Geld and may thus lead to the quantum me-

chanical derivation of the phenomenological equations
of London. This point needs a further quantitative
investigation.

The author takes this opportunity to express his
thanks to Professors R. Peierls and J. Bardeen for
many stimulating discussions.

where
,+ H+ e'/Ir

Hp Hpl+Hpp+Hyt

(1A)

(2A)

Ho denotes the unperturbed Hamiltonian of the elec-
tron-phonon system. The interaction Hamiltonian H
consists of two terms H'~ and H2, corresponding, re-
spectively, to the interaction of electrons 1 and 2 with
the phonon field. e'/

I
rip

I
represents the Coulomb inter-

.action of two electrons, which we shall neglect in the
subsequent discussion. %e transform H with the help
of a transformation matrix S, which is expanded ac-
cording to the perturbation method so that terms con-
taining powers of S higher than the second are neg-
lected. Then

H'=e'sHe 's
=H —'[H, 5]—-', [[8, 5],5]y
=Hp+ Hi+ H p i[Hpi+ H„,S—i] il Hpp+H—„,Sp]

—i[H„S]i[H„S]———,'[[Hp„s],5]
—-', LLH„,s], sl ——,'LLH„,s], sl+ ", (3A)

since [Hpp, Si]=[Hpi, Sp]=0, and 5 has been put
equal to Si+Sp.

Let S& and S2 be de6ned by

and
Hi ——i[Hpi+H„,Si]

I

H', =i[H„+H„,S,] (4A)

Equation (3) then becomes

H'= Hp i/2{[H, , 5,]—+[Hp, Sp]
+[H, , Sp]+ [Hp, Si])+ . (SA)

Now since Hpi and H„arediagonal, and using (4A),

&~ I Hil ~& = i&~ IHpi+ H. I i)«I sil ~)
—i(rmlSill&(llHpi+H, IN)

=i(ml s,
I n&{E,„z,„+rz(~—„~„))—

Therefore,

—i&mlH, IN&

&ml sil && =
Ei„—Ei„+A(pi„—pi„)

(6A)

and a similar expression is possible for (mlsplri&.
The matrix elements of the commutators [Hi, Sp]

and [Hp, Si] correspond to the emission of a phonon

by one electron and the absorption of the same phonon
by the other electron. On the other hand, the matrix

APPENDIX

In this section, using a canonical transform, ation, we
shall calculate the Mgller interaction of two electrons
as a result of the virtual emission and absorption of.
phonons. The Hamiltonian of our system consisting of
two electrons and lattice vibrations can be expressed
in the form



elements of the commutators [H~, S~j and [H~, S~j
correspond to the emission and absorption of a phonon
by the same electron. Now

(kg', k2'[Hg, S2]kg, k2)

(ki', k2'
f Hi f ki, k2')(ki, k2'

f H2 f ki, k2)

(k, ', k, 'fH, fk, ', k,)(k,', k, fH, fk„k,)
$ PA)

Ek2 Ekp'+—keg

where use has been made of Eq. (6A). In Eq. (7A) k,
and k2 are, respectively, the wave-vectors of electrons
1 and 2 in the initial state, and k ' and k~' are the cor-
responding wave-vectors in the 6nal state. q denotes
the wave-vector of the phonon. The conservation of
momentum demands that

k~ ——k,'+ q, k,= k,'+ q. (SA)

The diagonal elements of the matrix (7A) are those for
which kg' ——k2 and kg' ——kg, i.e., those for which the
two electrons have interchanged their roles after
transition.

The evaluation of the matrix element PA) has been
given by Bethe and Sommerfeld. "%eshall only give the
final result for the diagonal term.

fiv, f 2a,
(k„k,[H„S,]k„k,)= —s P ' ' —,(9A)

c (E~~—Er~)' —(Au),)'
h

"A. Sommerfeld and H. Bethe, Handbuch der Physik 24/2,
5&7 (1933).

C is the interaction constant and has the dimensions of
energy, V is the volume, M is the atomic mass, n is the
number of atoms per unit volume, and 5 is the velocity
of sound. e denotes the number of phonons of angular
frequency ~ and, is zero at the absolute zero of tempera-
ture. The other matrix element (k2, k&[H2, Sijk&, k&)

has the same value as given by (9A). Substituting in

(SA) we get for the exchange interaction energy of two
electrons the expression

U =—O' —Ho
fM, f'Ace,

e (Zap —E~2)'—(Aa)q)'

where we have left out the self-energy terms [H&, S,j
and. [H, , S,].

Expression (11A) corresponds to the Ep term of
FrOhlich [see Eq. (2.15) of reference (1)j. It is this
interaction which is interesting from the point of view
of superconductivity and arises as a result of the Pauli
principle. The Ej term of Frohlich correspond. s to our

[H~, S~] and [II2, S2$. It has been suggested by Bohm
and Staver' that th, e chief difference between their
theory and that of I'rohlich and Bardeen is that whereas
the former attribute the cause of superconductivity to
the interaction of two neighboring electrons through
the phonon 6eld, , the latter attribute it to the inter-
action of an electron with itself through the phonon
field. This criticism by Bohm and Staver is, however,

unjustified because there is an eGective interaction
between electrons through the Pauli principle. The
lntelestlng term ln the Frohllch theory ls the E2 term
which is identical with the exchange interaction of two
electrons corresponding to our expression (11A). The
E~ term in the self-energy expression is discarded by
Frohlich as being unimportant.


