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The analytical solution is given for the fluctuation problem arising in electron-photon shower theory
under approximation 4. The diffusion equations for two fundamental distribution functions are derived,
and by transforming them into matrix recurrence relations their solution is obtained directly. From one
of these distribution functions follows the analytical solution for the (%, m)th moments. The method of
solution is similar to that previously employed by Messel and Potts to solve the fluctuation problems in
nucleon shower theory. The G-equations used by Janossy and Scott play no role in the solution of the

problem.

I. INTRODUCTION

LTHOUGH the fluctuation problem in electron-

photon shower theory has received much atten-
tion in the last fifteen years, little progress has been
made towards its solution. Furry,! Arley,? Euler}
Nordsieck ef al.,* and Scott and Uhlenbeck,® who were
among the first to discuss the problem, were mainly
concerned with the simplified “Furry” model of the
shower. More recently the problem has been investi-
gated by Arley,® Bhabha,” Bhabha and Ramakrishnan,?
Janossy,® Janossy and Messel,’® Messel! and Scott.?
Even when ionization loss has been neglected (approxi-
mation A4) explicit analytical solutions have been
obtained for only the first and second moments of the
distribution function;*®° for these, Janossy and
Messel'® have given extensive numerical results, and
using them Messel!' has calculated the probability
function, assuming it to be a Polya distribution.

It is the purpose of the present paper to give the
analytical solution of the fluctuation problem in ap-
proximation A. We have previously'*—*¢ given the solu-
tions of similar problems in nucleon cascade theory and
the present work is a further application of the methods
developed there. In the present problem, the method
consists essentially in transforming the ‘“last-collision”
diffusion equation for the distribution function into a
matrix recurrence relation, the solution of which
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follows immediately. A similar procedure is used for
obtaining the #th moments.

II. DEFINITIONS

Letpn‘m(i)(m, e M M, "ln+m;x)d7]1' < dNnim
be the differential probability that after a depth x
cascade units a primary () of unit energy has given
rise to z electrons with energies in the ranges nz, nx+dns,
k=1, ---, » in any order, and m photons with energies
in the ranges nati, Mntitdnnty, I=1, -++, m in any
order. When j=1, the primary is an electron and when
j=2,a photon. Further, let ¢u @ (11, * ) M} Mnsg1, * - *
Nntm} X)AN1° * dNnim e the differential probability that
that after a depth x a primary () of unit energy has
given rise to # electrons with energies in the intervals
dnk, k=1, - -+, n and to m photons with energies in the
intervals dnnyi, I=1, -+, m and to any numbers of
electrons and photons with arbitrary energies.

The relation between ¢, »‘? and pn,-(? is expressed
by

Jn,m D= Z Z “‘f d"ln-e-l fd’?n+u
a=0 b=0 ¢ !b!

X f AMtaymyr” f ngatmisPriamis?, (1)

0

and the inverse relation

' ® o (_ )a+b
Pn,m(7)= Z Z f d"ln+l f d"]n+a
0

a=0 b=0 @b}

1
Xf Antatmi1 f Antatmibdniamid P (2)
0 0

Hence, if either p,,n»? or g is known the other
may in theory be determined. It is found, however, to
be more expedient to derive diffusion equations for each
of the p,,»? and ¢n, »? and to solve them directly.
The (n, m)th factorial'moment 7', ,‘?(n; x) is defined

by

Tﬂ, m(i)("’; x)

-5

a=

o (n+a)! (m+b)!

=0 g@! b!

Cntamis@(n;%), (3)
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where @niom+s@(n; %) is the probability that after a
depth x a primary (4) of unit energy has given rise to
n+a electrons and m+-b photons with energies >9
and any numbers of electrons and photons with energies
<. The inverse relation is expressed by

0 o (__1)a+b
PumP(; )= 3 ———TaramsP(n;%). (4)
a=0 =0 ¢!b!n!m!
Here again, if either ¢, n'? or Th.? is known the
other can be found by a double summation, but this
may be exceedingly difficult to perform.
The function ¢, »(? is related to the p,, . by

-] 0

1 1 1 L]
¢n,m(])= Z Z -—_———f d’?l"'f d’?nf d"ln+1' ..
a=0 b=0glblnlmlJ, . 0

Ll 1
Xf d"?n-[»af d")n+a+1' .t
0 7
1 L]
Xf d77n+a+mf d"ln+a+m+1' .
7 0

n
0

The moments 7, »? may be expressed in terms of the
distribution function ¢, »‘? by means of the simple
relation (see reference 15),

1 1
Tn,m(i)(‘ﬂ; x):f d'fll‘ . f d77n+an,m(’.)
n n

X(771: Cty Mas Madtl, "0 77n+m;x)~ (6)
It is this relation which will be used for obtaining the
Tan®. Once the solution for ¢ »? is known, the
moments are obtained by an elementary integration
over the energy variables.

For the cross sections, the Bethe-Heitler expressions
in the full-screening approximation will be used;
w® (nx, n)dnidx will denote the probability that an
electron of energy mi+7: emits in a distance dx a
photon of energy in the range 7#; #:+dm and
w® (qz, n;)dnidx the probability for pair production.
For the total cross sections we write

1

a(:‘):fw(f)(mc, n)dn. @)
0

For j=1, this integral diverges (the infrared catastro-
phe) and to obtain numerical results for the p, »(? it
is necessary to impose a cutoff at the lower limit of
integration. In the solutions for the ¢, »” and the
Tn m? the divergences cancel out.

H. MESSEL AND R. B.

POTTS

III. THE SOLUTION FOR p,, »®

By considering all possible last collisions, the diffusion
equation satisfied by the p, »(? is obtained in the form

(a/ax_l_na (l)+ma(2))ﬁn, m(:’)

) =Z Z Pﬂ, m—l(i)(nl’y Ct "771—1,, 77n/+77n+m/;

Ci» Cim
. ’
77n+1') Tty ’7n+vn—ll, x)w(l)('ﬂn ) 77n+m,)
+Z Pn—l m+1(j)(771,) Sty 77"—2,; Moty °° %Y
Can

Nntmy 77n—1’+77nl; x)w(Z)("ln—l', 7776,)) (8)
with the initial conditions
PamP(@=0)= 08014, 20m11,78(1—m1). )

In (4), the sum over C;* and C," signify summations
over all possible choices of 7,” and 7,—1', 7’ respectively

from the ni, k=1, - - -, # and the sum over C,™ signifies
summation over all possible choices of 9, from the
Nn+ly l=1: T, M.

If we define the Laplace transform of p, »? as

Pan®(\)= f e D (x)d, (10)
0

then (8) may be transformed into the matrix equations
N

[)\EN+ 2 aN(k)]PN(m, “eymw; N)
]

= 3 wy_i(nv—1, nx)Py_a(m, - -+,
CcV

NN—2, nN—1+7IN;)‘): N>1 (11)
and
[>\E1+ (!1(1)]P1(7]1, }\) = E16(1~ 711), N= 1 (12)

Ey is the unit matrix of order 2¥. The ax(k) are given
by the direct product of NV matrices

a® 0
(!N(k)=E1X--'X[ ]X"'XEL (13)
0 a®
kth place

The Py is a 2¥X2 matrix the columns of which corre-
spond to P® and P® and the rows are ordered by
writing 71 « - nx as a binary number with digits 1 and 2,
standing for an electron and photon respectively. The
Wy_i is a 2¥X2¥-1 matrix in which the nonzero
elements w((n, n;) are ordered according to the
following rules:

(1) If in the binary number o« *9n, 7z2=1 and m;=1, then all
the elements of the row corresponding to this number are zero
except for the term 2w®(y:, m), which is placed in the first
even-numbered column in which this term has not already
appeared.
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(2) If =1 and m=2, then all the elements of the row are zero
except for the term w®W (g, nr), which is placed in the first odd-
numbered column in which this term has not already appeared.

(3) If nx=2 and m=1, then all the elements of the row are
zero except for the term w®(m, nz), which is placed in the first
odd-numbered column in which this term has not already ap-
peared.

(4) If nx=2 and m=2, all the elements of the row are zero.

According to these rules there will be two non-zero
elements in each odd-numbered column and one in each
even-numbered column.

Equation (11) is a simple matrix recurrence relation,
the solution of which is immediately given by!?

1
PN(”I:"')"N;)‘)={ H Z[)‘El—}—l
I=N~—1 Cyi*y|
I+1 -1
+ kZ az+1(k)] wi(ny, nipte '"i‘ﬂzv)}
=1
X[XE1+ (!1(1):]_16(1'" Ni—: " _ﬂN); (14’)

where the sum over C,'*! signifies summation over all
possible choices of 7, nip1+ - - - +nx from 7y, 9, -+ -,
M, M1+ - -+nx. The po P are now obtained by
taking an inverse Laplace transform.

The solution given in (14) should be compared with
that given for the corresponding functions appearing
in nucleon cascade theory.®* The delta function in
(14) merely ensures the conservation of energy in the
shower, which is a consequence of the full-screening
cross sections used and the neglect of ionization losses.

In order to illustrate our notation, the case N=3
will now be discussed in detail.

0 2w® (g, n3) 0 0
w® (g, 13) 0 0 0
w® (13, 12) 0 0 0
0 0 0 0
w2("72: 773)= 0 0 0 Zw(Z)(TIZ, 173)
0 0 w(l)("hy 773) 0
0 0 w® (n3, n2) 0
| 0 0 0 0 ]
and
[ 0 2@ (51, ng) 0 0 ]
0 0 0 2@ (n1, n2)
wW (91, 72) 0 0 0
. 0 0 w® 0
wa(m, n2) = w(”(m, ) 0 (7(7)1, 1) . 0
0 0 w® (3, 1) 0
0 0 0 0
| 0 0 0 0 |

849
From (14)
P3(771’ N2y M3 x)
1 41 -1
-1 2 [3Buct et
1=2 Calt k=1

X wilni, niprt-- '+na)}

X [NEi+a1(1) J6(1—n1—n2—1ns)
=2 [NEs+ (1) + @s(2)+as(3) I wa(ns, ns)

Ca
X[NEo+ex(1)+ @ (2) ] wilny, netms)
X ONE1+ @1 (1) ]716(1— 11— 12— n3).
From the binary numbers
nmams= 111, 112, 121, 122, 211, 212, 221, 222,
the explicit form for P3(91, 12, 73; N) is

—Ps,o(l)(m, N2y N3, )\) Ps,o(”(m; M2 M35 >\)~
Py 1D (ny, m23133N)  Po,1®(n1, m25m35N)
Pz,x(l)(m, n3; M2 N Pz,x(“”(m, N335 M2 by
Py a®(n1;m2, m35N)  P1,2®@(n1;5m, 135 N)
P‘z,l(l)("lz, 735 M5 )\) PZ,I(Z)("IZ, 735115 )\)
Py s®(na;my m3;5N)  Pra®(n25m, 135 N)
P1s®(ng;n1, 25 N)  Pr,2@(n3; 1, n2; N)
| Po,s® (1, 12, 135 N)  Po,s®(ny, m2, 135 X)

From the rules (1)-(4) above and the binary numbers
n1, Metnz=11, 12, 21, 22 the matrix wi(n1, no-+73) is

P3=

0 2@ (1, ne+13)
w® 0
W1(711, nat+ 713) = meZ;ﬂ;:-zg 0
0 0

and from the binary number 517273

17 Scott (see reference 12) has recently considered the fluctuation problem for a simplified model of the electron-photon shower.
Although he was able to obtain a recurrence relation for the distribution function he was unable to solve it. His recurrence
relation is a very special case of (11) and its solution is (in his notation)

1 .
rv= I X (Eit+Ein+---+En)7,

1=N-1 Cgt

where the sum over Cp!*! signifies summation over all possible ways of choosing Ey, Ery1+- - - +Ex from Ey, +++, Ei, Evpat+ - - +En.
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In a similar way one obtains wa(n, 53). It should be noted that ws(51, 72) cannot be obtained from wa(ns, 73) by
merely changing the variables in the elements of the matrix.
From (13) AE.,+ a3(1)4 @3(2)+ a3(3) is the diagonal matrix

A -3a® 0 0 0
0 M 2a®4a®@ 0 0
0 0 A-2aW 4@ 0
0 0. 0 AMa®4+2a®
0 0 0 0
0 0 0 0
0 0 0 0
| 0 0 0 0

and similarly one obtains AE:+e2(1)+e3(2) and
AEi+ «1(1). The inverses of these matrices are obtained
by replacing the diagonal elements by their reciprocals.

By carrying out the matrix product one obtains, for
instance,

2= 2w® (2, n5)w® (11, na+1s)
Ca3

Py oM (n1, 12, m3; M) =
500 (11, 72, 735 M) (p+3a®) (p+a®+a®) (p+a®)

X(S(l-— n—ne— 7]3)-

Similar expressions are obtained for Py ;® (91, 72; 735 N)
and Py, 2V (n1; 12, 13; N). The solution for p3 0@ (11, 72,
n3; %) follows by taking the inverse Laplace transform
of P30® (1, n2, m3; N).

IV. THE SOLUTION FOR ¢, » AND Ty, »®

The “last-collision” diffusion equation satisfied by
Gn,m? is given by

(a/6x+%a(l)+ma(2))(ln,m(f)(nl, Ctty Mg

s Nngm; %)

=Z Z qn, M—l(i)(ﬂllx Tty 77n-1’; ﬂn,+77n+m/;
Cin Cm

Nnt+1y °°

3 Natme’; ©)WD (0y Nagm’)

+2 ¢ mi1@(nd, -
Can

Nngmy Nnet’ 00”5 R)W P (nn_y’, 1")
1
Inotmp1 D (ne, -

’
UEES SR

,' ..
Ty Mn—2 5 Mntly °° %y

+2

Cind

’. .
Ty Mn—1 s Mntly ° %

Nogmy U5 %) 20 (u—1,", 1,")du
1
Qn,m(j)(nl,y Tty 7ln——1,7 U Nnt1y * 7,

+2

Cind g
Nntm; x)w(l)(’?nly u— Un')d“
1

9n+1,m-—1(i)(7]1> :

+2

Cimd

. ’
Sy My Ui Nagr, 0,

Nntmet1’ s WD (U~ 0nim’y Nuym)du (15)

where ¢o,0”(x)=1. The initial conditions for ¢,

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
A 204 a®@ 0 0 0

0 Ma®+42a@ 0 0

0 0 A a®D42a® 0

0 0 0 AM-3a® |
are given by

2 m P (X=0)=08,1; 20ms1,;6(1—

and qn, ( ) +4,20m1,;6(1—n1) (16)

Q0,0(i)(x": 0)_—_ 1.

We define the #n-fold Mellin and single Laplace
transform of ¢, »(? by

Qum (81, *++) Sn} Sngty * s Snam) N)
1 1 w
=fd7’1o..fd7]n+mf dx'ﬂlsl"'
0 0 0
X nym®mtme g, oD (17)
and
W(i)(sly 32)
1 m ] N2 82 .
=f ( ) ( ) w(:)(m, 772)d7)2. (18)
o \mtn m+ns

By taking the Mellin-Laplace transform of (15) we get
A\+7a®+ma®)Qn, D (sy, - -

s Sns

“y Sngmy N) = 0nij 20mit,;

=Z Z Qﬂ, m——l(j)(sl,)

Cin Cym

Snt1y **

’ 4 !
crty Sn—1,y Sa +sn+m 5

’ ’
Satt’s * 0y Sngmet’ s NW D5, spym”)

+2 Qutom1P(syy 0y Sud; Sugny <,
Caon
Satm, Sn—1/+sn/; )\)W(2) (Sn._l,, Sn,)

+Z Qn—l, m+1(j)(51,, Y sn—ll;

Cn

Sntly * %y Sntmy Sn’; R)ZWQ)(Sn/, O)
+Z Qn,m(i)(sh Tty Sa;
Cin
Sntly "y Sndm; )‘)W(l)(snl, 0)

+Z Qn+l,m—~1u)(sl; .- *y Sny sn+m’;
Cm

“y Sagm—t’; NW®D(0, s040").  (19)

The first two terms on the right hand side of (19)
are similar in form to those in (8) and may be expressed
in matrix notation as before. By transferring the last
three terms of the right hand side of (19) to the left
hand side, the equation may be written in the following

R
Sng1y *°



SOLUTION OF FLUCTUATION PROBLEM

matrix form:

[)\EN+ % AN(Sk)]QN(Sl, “r, SN N)

k=1
=3 Wy_i(sx—1, s8)Qn_1(s1, - - -,
(ol
SN—2 SN—1FSw; N), N>1 (20)

[AEi+As(s1)1Qu(s1; \)=E;, N=1. (21)

The matrices Qx and Wy_; are constructed in a manner
identical to that used for Py and wx_; in (11). The
An(sx) are given by the direct product of N matrices:

A 1(Sk) A 2(Sk)
Ag(se)  Ad(se)

kth place

and

AN<sk>=E1><---><[ Jx-.-xEl, 22)

where, as in reference 10,

Ay()=A(s+1) =a®— WD (s, 0)
Ay(s)=—B(s+1)=—2W®O(s, 0)
As(s)=—C(s+1)=—WD(0, s)
As(s)=D=a®.

(23)

Note that the divergent term a® has cancelled out in
A1(s) above.
The solution of Eq. (20) is

Quwlss, -+, w3 x>={ I s [AEM
1

=N—1 Cyl*1

I+1 -1
+ X Az+1(8k)] W sy, st '+3N)}

k=1
XINEHAu(sit- - +sa) 17

where the sum over Cy'*! signifies summation over all
possible choices of s, siy1+ -+ +sy from sy, -+, s,
Stz -+sny, and where for k=I/+1, the matrix
A,.1(si) stands for A; i(s;pa+- - -+sn). For example,
when /=2, the expression inside the brackets in (24) is

[AEo+ As(s)+ As(so)+ Aa(sst - - - F-sx) ]
X{Wa(se, sat- - - +sn)+Walsy, s34 - - +sw)
+W2(31, 82)}.

By taking the inverse transform of (17) we immediately
obtain the solution for the ¢, »(?”

(24)

@@ (1, + *y Mngm s &)

1 u1-+1
=————*——f dsl ...
(2mrs) wmt

u1—1 o

Unym =i © No+i
X f ASnim f dner®
Ao —i

Unim —1 ©

xm~(81+1) e 71n+m_(8”+'"+1)Qn,m(i);

Sy My Mty

(25)
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and from (6) the analytical solution for the moments is
( )( ) 1 u1 +iwdsl
! Q)i i s

Unim —1 0 ds"+m No 17
Xf f d\er®
u Sngm vV o—iw

npm —1%

xn—(a1+---+snm)Qn,m(1’). (26)

This completes the analytical solution of the fluctu-
ation problem in approximation 4 ; as all functions of
interest may be obtained from the p, 9, ¢u»? and
Twn'? we have complete knowledge of the number
behavior of the shower.

IV. DISCUSSION

In the solution (14) for Py, the elements of the
inverse diagonal matrices are reciprocals of linear func-
tions of A; and as these are independent of the summa-
tions over the energy variables, the inverse Laplace
transform may be easily taken. Apart from the depth-
dependent factor, the solution for p, . is a sum of
products of various combinations of the cross-sections
w® and w®. The complexity of this result reduces its
usefulness for numerical calculations, especially as the
physically interesting distribution function ¢ is
obtained from the p? by a difficult double summation.

The solution (24) for Qy is of direct physical interest
because it leads to the general analytical solution for
all the moments, including the correlations between
electrons and photons. The diffusion equation for the
moments as previously derived!® from the Janossy
G-equation was not in a form amenable to direct
solution. The relation (6), however, enabled us to
by-pass the G-equation and obtain the solution for the
moments by a simple integration over the energy vari-
ables of gn . The solution (26) for the moments
contains the special cases =1, m=0 and n=1, m=1
already calculated by Janossy and Messel.!® Bhabha!®
has recently given a recurrence equation for his correla-
tion functions similar to (19) without, however, ob-
taining a solution.

In this paper only the fluctuation problem neglecting
ionization loss (approximation A) has been discussed.
Any results which can be obtained for the problem
including ionization losses (approximation B) will be
even more complicated in nature and less amenable to
numerical calculations than those obtained above. The
numerical evaluations in approximation 4 for p, ¢,
¢(? and the moments 7 will be discussed in a later
publication together with those for the nucleon cascades.

18 H. J. Bhabha, Proc. Indian Acad. Sci. 32, 154 (1950).



