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energies (above 3 Mev) in an attempt to observe the upper limit
which should be about 2.20 Mev for the bombarding energies
used. The observations showed a general decline in background in
this region of the spectrum. Unfortunately a sharp limit in the
weak background could not be established in the presence of
strong groups from carbon and oxygen which, if they do not
actually interfere, contribute to the instrumental background.
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q ROM a theoretical standpoint views of nuclear shell structure,
NSS, present the difficulty of reconciliation of a one-body,

individual particle approach with the apparent existence of many
particles within each other's range of force. An analogy with the
theory of solids brought out by Weisskopf' is helpful in removing
some of the contradiction. In the similar atomic electron problem
the exclusion principle plays an important role, as in Weisskopf's
explanation; in addition the geometrical relations, which make
orbits that are added with higher Z have larger radii, also matter,
producing an ordering according to values of the principal
quantum number n. In the present note it is speculatively con-
sidered whether the centrifugal barrier associated with high
values of the azimuthal quantum number I. contributes to the
possibility of assigning the usual shell structure quantum num-
bers as reasonably "good" quantum numbers. The considerations
are based on empirical evidence from the spectroscopic isotope
shift, SIS, which shows marked irregularities at the closure of
nuclear neutron shells. ' The recent finding of an anomaly in
the addition of two neutrons after the completion of the neutron
number 126 substantiates the view' that magic numbers and
anomalies in the SIS are intimately connected, as mentioned by
Kopfermann and Brix themselves. ~ A way of correlating the facts
which appears adequate for explaining the apparent goodness of
the NSS quantum numbers is as follows: (A) It is supposed that
there exists a nuclear core4 and that for even Z the protons form
a part of it. (B) The radius of the core is smaller than the radius
of the maximum of
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s for the 1iisn neutrons when Z~80 and
the 1hiU2 neutrons when Z 50, (C) Within the core the neutrons
with higher I. move somewhat as hypothesized by Weisskopf;
outside the core neutrons move essentially as free particles.
(D) The density of the core is approximately constant.

The second part of (C) is hardly a hypothesis, since on a sphere
of radius 1.5)&200'I'&(10 " cm one can arrange 14 neutrons at
distances of 0.83)&10 "cm from each other. The jump in the
SIS at X=126 is explicable as the result of adding two 1ii3/2
neutrons to Pb~ to form Pb" and two 2gog2 neutrons to Pb" to
form Pb'". Taking the radius to be k/(3Anc~)'~ the centrifugal
potential barrier, B, for i neutrons is 21 mc' and the neutron
density of an i neutron falls off by a factor 1/2. 7 in a fractional
radius change Ar'jr~1/13. For g neutrons B=10 mc' and
dr/r~1/9. The ratio of surface thicknesses affected is ~(21/10) 'I2

=1.45 on the JWKB approximation. The agreement of this
number with the observed ratio 1.5 in the SIS of the (210—208)/
(208—206) differences is probably fortuitous but there is seen to
be no difBculty in accounting for the observed magnitude of the
effect. For X=82, B~20 mc2 for an h neutron and Ar jr~1/11.
The ratio of core thicknesses affected by h and by f neutrons is

(20/12)'~ =1.58. It should be remarked that if the f~q2 neutrons

were to have a maximum of their radial density distribution
slightly inside the core, a much larger ratio would result; the
neutron density at the core surface and the core thickness affected
would both be larger. The observed jump in the SIS on closing
N=82 corresponds to a factor ~4. The existence of further
anomalies close to X=90 suggests that the above explanation
must be combined with other considerations, and there is a
strong suggestions of the participation of the effect of deviations
from spherical symmetry for such nuclei. It is not intended, there-
fore, to explain all of the anomalies as an effect of a change in the
penetrability of the core to the neutron wave function. The fact
that the calculated isotopic shift is usually larger than the ob-
served fits with the proposed outlying character of the 1i»&& shell
for X=126; the SIS in most of the isotopes Pb, Hg, Tl has pre-
sumably to do with the addition of i neutrons and the usual
calculations assume a uniform density model of the nucleus, over-
estimating the expected effect. The general possibility of such a
connection has already been noted by Kopfermann. The con-
siderations on the effect of the centrifugal barrier presented above
increase the probability of this view. For stable elements with
Z=50, the above picture when combined with the Bethe-Levinger-
Courant view of 7—n and y —p reactions gives an increase in
o(y —n)/o-(y —p) for these elements in comparison with the value
of this quantity for lighter elements. ' A proton in the nuclear
core has to move through an envelope of neutrons before
emergence, so that there results an increased probability of
neutron emission as a result of collisions.

An obvious objection to the explanation of irregularities in
the SIS is found in the fact that the spin of Pb"' is 1/2 and that
this value cannot be explained as the spin of the ii3q2 shell with
one missing neutron. On the other hand this objection disappears
if one supposes that in Pb ~ a neutron from an inner shell, perhaps
the 3siq~ shell, has been promoted to the 1iig~ shell. The observed
direction -of staggering of the SIS could then be thought of as
being partially caused by a decrease in nuclear volume produced
by promoting the neutron from a penetrating to an external orbit.
Since there is another way' of explaining odd-even SIS staggering,
a quantitative consideration appears to be too difficult at this time.

It is desired to acknowledge a helpful discussion with Maurice
Goldhaber regarding the plausibility of postulating the 1ii3i 2

—2g9, 2

competition.

+ Assisted by the joint program of the ONR and AEC.' V. Weisskopf, Science 113, 101 (1951.)' P. Brix and H. Kopfermann, Festschrift Akad. Wiss. Gottingen, Math. -
physik. Kl. , 17 (1951).

3 prix, Buttlar, Houtermans, and Kopfermann, Nachr. Akad. Wiss.
Gottingen, Math. -physik. Kl. , Nr. 7 (1951). The writer would like to
express his indebtedness to Professor H. Kopfermann for the opportunity
of seeing the results before their publication.

4 T. Schmidt, Z. Physik 106, 358 (1937).
& P. Brix and H. Kopfermann, Z.. Physik 126, 344 (1949).Considerations

regarding supplementary considerations have been discussed by Brcit,
Arfken, and Clendenin, Phys. Rev. 78, 390 (1950).

e J.S.Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950);see especially
p. 128.

'I H. WhQier and O. Hirzel, Helv. Phys. Acta 21, 200 (1948); G. Fried-
lander and M. L. Perlman, Phys. Rev. 74, 442 (1948); 75, 988 (1949);
J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951);A. K. Mann and
J. Halpern, Phys. Rev. 82, 733 (1951).

jj-Coupling in Nuclei
B. H. Fr.owERs+

Department of Mathematical Physics, The University, Edgbaston,
Birmingham, England

(Received February 21, 1952)

A CCORDING to the Mayer-Jensen spin-orbit coupling shell
model of nuclear structure, ~2 the states of a single nucleon

moving in the average field of the rest of the nucleus are defined
by the quantum numbers njlm, the degeneracy in j being de-
stroyed by strong spin-orbit forces. One is, therefore, led to
investigate the splitting of the states of the nuclear configuration
(l;)N under the influence of central forces considered as a per-
turbation.
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It can be shown' that, if forces are of sufficiently short range,
the energies of con6gurations of maximum isotopic spin (i.e., those
consisting of neutrons only, or of protons only) may to a fair
degree of approximation be given in terms of the eigenvalues of
Casimir's operator' for the group of symplectic transformations
which leave invariant the form

~ (-1)--~~ (~)e2(-~),

representing the zero-order eigenfunction of two particles having
resultant J=0. In this way, a classi6cation of states is obtained'
according to their seniority s, defined in analogy with Racah~ as
being the smallest value of Ã for which a state of given symplectic
symmetry appears.

%ith short-range forces of arbitrary exchange nature (provided
they are attractive for the 'S interaction of two like nucleons) the
lowest state in this approximation will have s=0 or 1 according
as E is even or odd. From this, it follows immediately that the
lowest level of the con6guration (l;)~ has J=O or J=j according
as E is even or odd, as found empirically by Jensen et el.,' and

Mayer, ' and verified to be so in a number of cases by Mayer6 for
a contact interaction.

Using the powerful group-theoretical methods of Racahv and of
Jahn' the wave functions, properly antisymmetrized and classi6ed
according to seniority, have now been obtained for all the states
of the con6gurations of 2, 3, and 4 particles of a given kind,
neutron or proton, for j=3/2, 5/2, and 7/2. (The work is being

extended to 5 and 6 particles in special cases, and to j=9/2. )
In terms of the fractional parentage coeKcients the. energy
matrices may be written down immediately in the form of Slater
integrals.

The relative positions of levels have been studied as a function
of the range of the interaction, using for de6niteness Gaussian

wave functions xg r' expL —sr(r/oo)~], and a Gaussian potential

V(r)~expL —(r/o)sj with a "symmetric" exchange operator, the

range then being measured by a/ao. Putting (r')+= ro'2 &, where A

is the atomic weight, and F0=1.4X10 " cm, and taking a=2,2

210 " cm, one obtains for the 1d and 1f shel1s a/a0=0. 9 as a
rough measure of the range of the force relative to the nuclear

extension. However, the ordering of levels has been studied for

ranges 0&a/@0&2, and thereby Kurath's' results have been con-

5rmed and considerably extended.
There are several interesting consequences regarding the low-

lying states of nuclei which it is the main purpose of this note to

report. A detailed report will follow elsewhere.

1. Even-even nuclei. The lowest excited states of a con6guration

(l;)~ with even g belong to seniority s=2, which includes the

levels J=2 4, ~ ., 2j—1, in that order with J=2 lowest; all have

even parity. This is the most likely explanation of the Goldhaber

and Sunyar rule, "that the first excited state of even-even nuclei

has J=2 and even parity. Recently Robinson and Madansky"

have observed the 6rst two excited states of Ce'~; these are found

to have J=2 and 4 in accordance with the above predictions.

Several other instances are also quoted by these authors.

2. Light nuclei. For heavy nuclei, due to the Coulomb forces,

the isotopic number is large, so that neutrons and protons have

dift'erent con6gurations each having maximum isotopic spin;

for these nuclei our discussion applies so far only to the inter-

actions within the separate con6gurations. On the other hand, for

the light nuclei whose isotopic number is small, particularly those

with My=0 or + it is proper to consider configurations (l;) of

neutrons and protons mixed. In the case of the odd-odd nuclei,

for sufficiently short-range interaction the lowest state is J=O;
but for ranges of interest, i.e., u/a0~0. 7, the lowest state is J=2j.
In any case, these two states are close in energy, and isomeric

transitions are likely. It is of interest to 6nd that both Sc44 and

Sc'6, presumably with fq/24 and f7/2s con6gurations, are isomeric. @

For the odd mass nuclei in this region similar conclusions can be

reached: e.g. , in the case of d5/&', the lowest state is J=S/2 only

for ranges ~~0.95, for beyond this point the state 5=13/2 is
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~~K%' data on color-center formation in NaC1-Ag+ indicate

that at room temperature electrons are trapped at complex

Ag+-centers, whereas at liquid nitrogen temperature electrons are

trapped primarily at single Ag+ ions to form Ago atoms. ' The

pertinent d'ata may be summarized as follows:

(1) NaC1-Ag+ exhibits Ag+ absorption bands at 2090A and

2180A' which become narrow and decrease in magnitude when

the temperature is lowered to that of liquid nitrogen. An additional

band appears at 2300A for Ag+ concentrations above 0.05 wt

percent which also becomes narrow but differs from the others

by increasing in magnitude with decreasing temperature;

(2) For low Ag+ concentrations x-irradiation at room tempera-

ture yields color-center bands at 2750A, 3050A, and 3300A' in
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FIG. 1. Transmittance of NaC1, NaCl-Ag+, and KC1-Ag+ at'room tem-
perature after x-irradiation for 5 minutes at room temperature.

lowest; and similarly in the case of fp23 the 19/2-state competes
with the 7/2-state. The cross-over point occurs in the region of
the actual range; and the complete absence of such high spins
among the observed ground states raises considerable doubt
whether the conditions of jj-coupling are properly established. in
the light nuclei with masses ~50. The work of Jahn and the
present author" on the other hand, shows that the correct spin
values for light nuclei are obtained without ambiguity in LS-
coupling, assuming small spin-orbit coupling. The transition
point presumably lies in the f-shell, in the region of magic num-

ber 28, and work continues to attempt to establish such. a transi-
tion more de6nitely, The discovery of isomeric transitions among
the odd mass nuclei in this region, with 6J=6 and no parity
change, would be a decisive factor.

It is a pleasure to acknowledge the assistance of Mr. A. R.
Edmonds with the numerical work involved, and the encourage-
ment of Professor R. E. Peierls. This letter is published by per-
mission of the Director, Atomic Energy Research Establishment,
Harwell, England.

+ On leave of absence from the Atomic Energy Research Establishment,
Harwell, England.

j Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949); Z. Physik 128,
259 (1950).

g M. G. Mayer, Phys. Rev. 75, 1969 (1949) and 78, 16 (1950).
fi B. H. Flowers, Harwell Report, A.E.R,E, T/R 713, 1951 (to be pub-

lished in Proc. Roy. Soc., London).
«H. Casimir, Proc. Koninkl. Nederland Acad. Wetenschap. 34, 844

(1931).
fi G. Racah, Phys. Rev. 63, 367 (1943).
ft M. G. Mayer, Phys. Rev. 78, 22 (1950).
& G. Racah, Phys. Rev. 76, 1352 (1949).
8 H. A. Jahn, Proc. Roy. Soc. (London) A20$, 192 (1951).
9 D. Kurath, Phys. Rev, 80, 98 (1950).
~0 M. Goldhaber and A. W. Sunyar, Phys. Rev. 83. 906 (1951).
» B.L. Robinson and L. Madansky, Phys. Rev. 84, 1067 (1951).
» B.H. Flowers. Proc. Roy. Soc. (London) A210, 497 (1952).


