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The angular distribution for small angles and the total cross section for Delbriick scattering (the elastic
scattering of y-rays by the Coulomb field of heavy nuclei) are calculated approximately. The method is a
combination of an impact parameter and an analytic continuation method. It is valid for energies %w large
compared to the electron rest energy mc2 Curves are given for the shapes of the dispersive and absorptive
parts of the differential cross section, valid for angles of order mc?/hew or less.

I. METHOD OF IMPACT PARAMETERS

HE preceding paper! dealt with the forward scat-
tering of light by the Coulomb field of heavy
nuclei. Unfortunately, these results do not permit direct
experimental verification. Exact calculations at other
angles meet with considerable difficulty. However, re-
cent preliminary experiments? seem to indicate that
data for the scattering of high energy vy-rays into small
angles can be obtained.

It is the purpose of this paper to calculate the shape
and magnitude of the differential cross section for small
angles in an approximation valid for high energies. Since
at these energies nearly all of the incident wave is
scattered into very small angles, this calculation will
also give us an estimate of the total cross section.
Achieser and Pomerantschuk pursued the same aim in
a very complicated calculation.® Their results will be
compared with ours in the last section of this paper.

We start our discussion from the well-known scat-
tering formula of quantum mechanics which we apply
to high energy vy-rays. The scattered amplitude in
direction 4 is

FO0)=—%Kx 3, Q1) (cie*®—1)Pycosd), (1)

where X is the wavelength of the y-ray divided by 2=, §,
is the phase shift for angular momentum /, and ¢; is the
absolute value of the amplitude of the outgoing radial
wave I. If only scattering could occur, ¢; would be equal
to unity and (1) would reduce to the ordinary Rayleigh
formula. Since the v-rays can also be absorbed, forming
electron pairs, ¢; is less than 1, in fact,

1-Cz2= Y (2)

gives the probability of absorption for y-rays of angular
momentum /. If we succeed in calculating f(6) from (1),
its absolute square will give the differential cross section
for potential scattering of y-rays.

We shall first use the fact that the absorption proba-
bilities v; and the phase shifts 8; are small, of order €2/kc
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or less [see Eq. (18), below]. Then we may write

—i(cet™—1)=art+iB,, )

o= 25:, (38.)

Bi=1—ca=3v. (3b)

Next we note that an extremely large number of
terms I contribute to the sum in (1), the number being
of the order of a/X where ¢ is the radius of the atom.
(For 100-Mev +-rays, this is about 10,000 terms.)
Therefore the sum in (1) may be replaced by an integral
over the impact parameter,

b=X, @)

and the spherical harmonics may be replaced by their
asymptotic expression for large / and small 6,

Pl(O)zJO(l0)=Jo(bs), (5)

s=0/R=Fk0 (5a)

is the momentum change of the y-ray, k=1/X is the
wave number. Then the scattered amplitude will depend
on the frequency w and on s, and we may write

J(0)=as(s, w)+ias(s, w), (6)

(s, &) =F f bdba(b, w)Jo(bs),

where

(7a)

ax(s, ) = [ 308806, )71(), (7b)
where the quantities « and B are given in Egs. (3a, b)
and are now regarded as functions of the impact
parameter b (and w).

The quantity v(b, w)=28(d, w) is the probability of
pair production by a wave packet of y-rays of frequency
w, traversing an atom at a distance & from the nucleus.
This is a well-defined physical quantity which can in
principle be obtained from the theory of pair production.
We shall show in Sec. IIT how this may be done, while in
Sec. II we shall give a simple approximation for v. In
any case, the total cross section for pair production may
be written

apair(w)=27rfbdb'y(b, w), 8)
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SMALL ANGLE SCATTERING OF LIGHT 11

so that « is related to the partial pair cross section for
impact parameter b.

There is no such simple physical meaning for the
phase shift 8, and hence for a(b, w). However, we shall
obtain « by the principle of analytic continuation which
was already used successfully in the preceding paper. In
fact, we shall assume that a(b, w)+i3(b, w) for fixed d,
is an analytic function of w. Then, from the theory of
analytic continuation,

w B, )dw'
a(b, w)=7-rPf ————)——-— 9)

w (0'—w)w’ ’

where P denotes the principal part.

Physically, our assumption means that we regard a
part of the atom, viz., the cylindrical ring between b and
b-+db, by itself as a dispersive medium for y-rays. Rays
of any frequency may be absorbed or scattered by this
ring, and its refractive index may be obtained from the
absorption coefficient by the usual formula of dispersion
theory which is identical with (9). That it is possible to
consider this ring independently of the rest of the atom
depends on the possibility of constructing wave packets
of y-rays which only hit the ring but not (appreciably)
the rest of the atom. For the validity of (9) it is neces-
sary that such wave packets can be constructed for all
frequencies ' for which the absorption probability
26(d, ') is appreciable. Here the particular properties
of the pair production cross section are very helpful:
opair(w) and hence y(b w) for all b are zero for w<2mc®
and still small for frequencies slightly greater than 2mc?.
Hence our wave packets need to be constructed only for
wavelengths small compared to the Compton wave-
length. But it is well known that wave packets can be
constructed which define the position to about one
wavelength. Therefore, if we permit the width of the
ring db to be a Compton wavelength or larger, the wave
packets can be constructed for all relevant values of «’.
But the pair production arises equally from all impact
parameters b between the Compton wavelength and the
atomic radius, and therefore a definition of the impact
parameter to a Compton wavelength is sufficient.?

In order to use the formula (9), we must decide how 3
behaves for negative frequencies. But it was shown in
the preceding paper that as(s=0, w) is an odd function
of w. Since k= w/c, it then follows from (7b) that 8(3, w)
is an even function of w. This gives

w © 1 1 dow’
(b, w)=—P f 8, w')( + )——.
T Jo w—w otow/ o

In this way, we have expressed the amplitude of the
potential (Delbriick) scattering of y-rays, f(6), in terms
of the probability (partial cross section) for pair pro-

(10)

4Tt is necessary for this argument to use the impact parameter b,
not the angular momentum /. It would be impossible to construct a
physical region of the atom (dispersive ring) which would corre-
spond to the same / for all X.

duction as a function of frequency and impact parame-
ter. The differential cross section for Delbriick scattering
is of course

doaeas/dQ= | f(0) = a:*(0, 5)+a(w, 5).  (11)
IL. CALCULATION USING A SIMPLE ASSUMPTION

We must now determine the absorption probability
(b, ). It was shown by Bethe® that the total pair
production cross section can be written as an integral
over the momentum transfer to the nucleus ¢, namely,

o= [ @a/Del0), (12)
0
where ¢(g) is constant between
gmin=1/a or 1/kb (whichever is larger)
and
Jmax= 1/b0~ (13)
Here
bo=h/me (13a)

is the Compton wavelength and ¢ is the radius of the
Fermi atom. For ¢<gmin and ¢> ¢max, ¢ falls off fairly
rapidly.

The momentum given to the nucleus is approximately
related to the impact parameter by g=1/5. Thus we find
approximately

1/gmin

Opair= 4 db/b,

(14)

bo
where A is a constant. In the case of no screening, the
upper limit in (14) is kbe? and
opair=A4 Inkby= A In(fiw/mc?). (15)
Comparison with the known pair cross section® shows

that
A=(28/9)¢ where ¢&=2Z%?/137 (15a)

is Heitler’s cross-section unit. On the other hand, opair
may be written in terms of 8, using (2) and (3):

Tpute(w) =2 f 8dB28(, ). (16)

Comparison with (14) gives in the case of no screening
B=A/4n0?*=C/b* if by<b<bmax= kb
B8=0 if 5> kb= (hw/mc®)b,.

In the case of screening, kb¢? is replaced by @, the atomic

radius. For 5<d,, (14) would give 8=0 but it is more
accurate to take

a7

B=C/be. (17a)

5§ H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934).

6 See W. Heitler, Quantum Theory of Radiation (Oxford Uni-
versity Press, London, 1945). Note that the additive constants are
here included in the logarithm.
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The coefficient

C=A/4nw=(7/97)¢. (17b)

Thus the maximum pair production probability, for
b<by, is

y=28=(14/97)(Z2r/137b) = (14/97) (22/137%), (18)

which is 1/600 for uranium. This justifies our assump-
tion in Eq. (2) that « is small.

For a given & we may consider 8 as a function of » and
obtain for b<b<a:

'—_-C b2 f > minb
B=C/B i > wui®) (19)
B=0 lf w<wmin(b))
where
wmin(b)= Ckmin(b> N kmin(b) =b/b02- (193')
Further,
B=0 for b>a, any w (19b)
B=C/bs* for b<bs, w>c/bs. (19¢)

Equation (19) may now be used to obtain « by the
analytic continuation formula (10); this gives

C w+wmin(b)
a(b, w)=—In—— (20)
wb? I w— wmin(b) l
C  htb/by
= In—"" for by<b<a, (20a)
75 |k—b/bg]

a=0 for 0>a,

and b is to be replaced by b, in (20) for 5<b,.

We can now insert @ and 8 into (7) to calculate the
amplitudes for a given scattering angle. Putting b/bo=1
and sbo=x, we find from (7b) and (19)

as(s, w)=Ck[f tdt]o(xt)—l—fw (dt/t)]o(xt)]. (21)

The upper limit of the integral has been put equal to «,
whereas the correct limit would be, according to (17),

Imax=Fkb 0
(1/ bo

This would make a difference only for very small
#(<1/tmax) and thus for very small scattering angles:

0=1/(kbo)*> (no screening),
0=1/ka

(no screening),

(screening).

lll\a > S

(screening).

However, the correct /m.x would have to be used to
obtain the scattering in the forward direction for com-
parison with the preceding paper.

The first integral is J;(x)/x, whereas the second
integral cannot be written in closed form. Since x is
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small we can expand in a power series and find

© du 2 xt ab
f —Jo(u)=const— lnx-}——-———l- —---. (21a)

. U 28 29.33

The constant occurring here is found by considering the
case of very small x,

© du
f —“J()(u)
s U
* du
=_f d¢f — cos(u cos¢)
/2
= (2/7r)f d¢ Ci(x cose)

w/2
=— (2/1r)f do In(yx cosg) =In(2/vx). (22)

The constant is therefore In(2/v)=0.116 and we have
the result

2 x2 x4
as(s, w)=Ck(ln——lnx+%+__
Y 16 28-3
xﬁ
+ —- ')ECsz(x). (23)
211,33

We now turn to the evaluation of (s, ). Using (20)
and inserting wmin from (19) we get

Ckr ! kbo+t
ai(s, w)= —[ f tdtT o(xt) lnj—];-
0

™ bo‘—ti

+ f —Jg(xt) In

‘H__i[ ] (24)

For hw>>mc® the logarithm can be approximated by
2t/ kbo and

as(s, w)=(C/ Wbo)[(Z/x) f ) Jo(u)du
+2 I]o Ydu(ue—3—x! ]
j; (u)du(ux )

C /2 4 «x? at
L)
who\x 3 3-5 2¢5.7

=(C/bo)Fy(x).

(25)

The total cross section is

o= 21rf |@1(6)+1a2(6) |2 sinbdé=o,+o5.  (26)
0
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From the preceding results we find with

x= kb0 = (hw/mc?)9, (26a)
or1=27r(C/bo)2(mc2/k(,o)“’fao Fi2(x)xdx,
0
e2=20(C/be)? | Fo(w)wda. 27)
(/b0 f () (

Obviously, o3 is by far larger than ¢;. The integral
occuring in a3 can be evaluated, using the definition (21)
and the orthogonality relation of the Bessel functions

f wdx o(xt) T o(xt') =t~16(8' — ). (27a)

This yields

(28)

1 00
[rntem [t [ o=t
0 1

In the case of o1, an approximate evaluation is ele-
mentary, viz.,

f Fytxdu= (2/)? f " /= dr In(1/z), (28a)

z1

where #; is the smallest value of «x for which (21) is valid,
viz., #1=>bo/a for complete screening and x1=1/kb,
without screening. Therefore we get, using (17b),

0o= ZWCZ/ b*= (98/ 817") (‘52/ b02)
=0.385(aZ)'re,

o1=37"2(mc?/hw)ias In(hw/mc?)
without screening,

(29a)

(29b)
=372(mc?/hw)?es In(a/by) complete screening. (29¢c)

The numerical factor in (29a) should not be taken too
seriously because the integral in (28) depends ap-
preciably on the region ¢<1 for which our theory is only
approximate. Likewise, in (29b, ¢) an unknown constant
should be added to the logarithms.

Within the range of validity of these formulas, i.e., for
he>>me?, the total cross section is almost entirely the
result of the ‘“‘absorptive” part of the scattering
amplitude a.. The ratio of the potential scattering to the
pair production cross section is, from (15) and (17b):

ae C Ta(Za)? 0.124a(Za)?

,  (30)

Upair— 2by? log- 187 log - log

where log is the logarithm in the pair production cross
section, Eq. (15).

III. THEORY OF THE IMPACT PARAMETER METHOD

We shall now give a more accurate mathematical
theory of the impact parameter method which we have

used, and we shall show how the scattered amplitudes
as(s, ») could, at least in principle, be calculated
exactly.

For this purpose, we construct a y-ray wave packet
traversing the atom at a distance b from the nucleus by
setting

Y= (2m)ot f expli(ko+w): rlo(Wdudu,, (31)

where ¢ may for instance be chosen as

p=exp(—iu-b)x(u)=artexp[—iu-b—3o2u?]. (32)

The wave vector kg is fixed, the added wave vector u is
assumed perpendicular to ko which is taken in the
z-direction. Evaluation of (31) gives

Y= (mv)~ta~! exp[ ik r— (0—b)?/20%] (33)

where g is the component of r in the xy-plane. Thus y is
indeed confined to impact parameters near b, within an
accuracy a. Further, the magnitude of the wave vector
ko+ u is essentially the same as that of k, provided « is
not too small; e.g., the choice a=5, will make ko+u
differ from %, only by an amount of relative order
(me?/hw)?.

Generally, ¢ is assumed normalized,
[ 1o st = [ 10 =1, @8

so that ¢ is normalized to one particle incident per unit
time. If then the pair production probability is calcu-
lated per unit time, as usual, this will give directly the
probability (b, w) used in Sec. I.

Consider now the matrix element for the production
of a pair of electrons of momenta p;, p- such that

E+E _=k,. (35)
Let us denote this matrix element by
M(Kk, p4, P, #, 04, 0-). (36)

It is a function of the quantum k, and its polarization g,
of the spins of the two electrons oy, o— and, of course, of
their momenta. Then the matrix element for producing
the same electrons by the wave packet (31) is

N=(2mr)"!
x f Aty oYM (kob, By -y iy 74y ). (37)

To get the total pair production probability 28 for the
wave packet (31), | V|2 must be summed over ¢} and o_,
averaged over p, and integrated over the directions of
py and p_ and finally over the magnitude of one of them.
This defines the 8(b, w) used in Sec. I in terms of
mathematical operations which can all be carried out.
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To get any further, let us introduce the vectors

qo=ps+p-—ko (38)
and

w=(p+—P-)s, (38a)

where 1 denotes the component in the plane perpen-
dicular to ko. It is easily seen that also qq is nearly in
this plane.’® Then, if the magnitude of p, [and hence
also p- from (35)] is given, qo and w determine the
vectors p; and p_. The matrix element in (37) may then

be written
(39)

and w is independent of u. It is worth noting® that the
actual differential cross section and matrix element
depend most strongly on (qo—u) and less on w.

The pair production probability for our wave packet
is now

M(qo_ u, w, Spins):

28= (ZW)_zde+ 2 spin

X f d*ud?u’'d*wd?qop(u) o*(u’)

XM (qo—u, W, spin) M*(qo—u’, W, spin), (40)

where d?u denotes integration over du.du,. Equation
(40) could be evaluated, but it is easier to go directly to
the scattered amplitude given in (7b), which becomes

aa(s) = (2m) "k f db exp(ib- $)8(b)

—1h(2m) f dEy T oin f d*bdudiu'd>wd’q,
Xexp(ib- s) p(u) p*(u’)
XM (go—u, w, spin) M*(qo—u’, w, spin). (41)

Remembering now (32), the factors containing b can be
integrated:

f % exp[ib- (s 0'—u)]= (2n)%(s+u'—1u). (42)

The integration over u’ can then be carried out. At the
same time, we introduce

q=qo—3(u+vu’); (43)

then we have

ax(s) = (B/4) f QB S orin

X f d*ud’wd*qx(u)x(u—s)

XM(q—%s, w, SPin)M*(Q‘f‘%s: w, SPiD)~ (44)

All reference to the auxiliary variable # has now been
eliminated from the matrix elements M. The integral
over u is elementary but can be further simplified by
assuming that e in (32) is very small. This means very
sharp definition of the y-ray beam in space, and is
indeed a necessary assumption if the first line of Eq. (41)
is to hold exactly: if a were larger, the various wave
packets (31) for different b would not be sufficiently
orthogonal. Assuming « small, we can put x(u—s)
= x(u) and the u-integral reduces to the normalization
integral (34). Thus we get the final result

a(s) = (k/4r) f AE, T

X f d*qd*wM (q—%s, w, spin)

X M*(q+3s, w, spin), (45)

which is entirely independent of the original wave
packet assumption. For s=0 we get simply

* 02(0)= (/A7) 5y, (46)

which was already used in the preceding paper.
Equation (45) could again be evaluated exactly, and

~a4(s) could then be obtained by analytic continuation.

We shall here be content with the following rough
calculation. The matrix element M (g, w, spin) is, for
any important w and spin, found to be about inversely
proportional to ¢; provided ¢min<¢1<gmax as defined in
(13), and decreases more rapidly (as ¢:2) for ¢>gmax
=1/b,. Indeed, if this is assumed, the contribution to
the pair cross section from a given ¢ turns out to be
proportional to

d*q| M (g, w, spin) |*~qdg/q®

as it should be according to (12). Then we can integrate
(45) over all variables except ¢ and obtain approxi-
mately

(46a)

dmax d?q
P L B
wmin |q—%s|[q+3s]

dod
— Bk f i ,
(@ =g cor'eT

(47)

where B is a constant and & the wave number. Now if
gminKsKgmax, the integral over ¢ gives a result of order
1/s? for ¢<s, and of order 1/q for ¢>s. Hence

s ad b g4 1
e & |
0o 2 R q* bos

in agréement with Eq. (23). This justifies the assump-
tions made in the simple theory of Sec. IL
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IV. DISCUSSION OF THE RESULTS

The angular distribution of the dispersive and ab-
sorptive amplitude is given by F(x) and Fa(x) of Egs.
(25) and (23), respectively. The shape of the differential
cross section is plotted in Fig. 1 as a function of
x=sbo= (hw/mc?)9.

For very small angles, 8<X/bmax= (mc%/hw)bo/bmax
with bmaex given by (17), these functions do not give the
correct angular distribution, since large impact parame-
ters were incorrectly treated by extending the integral
in (21) to infinity. This could easily be remedied if
desired, and even screening could be included. In the
limit of zero momentum transfer x=0, and if fm.x=~%bo
is inserted as the upper limit in (21), the results of the
preceding paper! are approximately recovered.

At large angles, 60>>mc?/hw, Eqs. (25) and (23) will
not be accurate because then the main contribution
comes from small impact parameters b<b, and Eq.
(17a) is not a good approximation. For the “absorptive”
part as(s), the method of Sec. IIT would still give correct
results as long as 6 is small compared with one radian.
However, for the dispersive part this will not work be-
cause for the small & which are now important, the pair
production starts at low energy and thus at wavelengths
X comparable to b; therefore the uncertainty principle
will prevent definition of the impact parameter for
frequencies ’ which contribute materially to the
analytic-continuation integral (10), and @, cannot be
reliably calculated. On the other hand, this does not
make much difference for the scattering because a; is
very small compared to a; which is calculable.

The differential cross section is determined essentially
by F2?in Fig. 1, because it was shown in (29), (25) that
the dispersive part Fy? is relatively unimportant. As is
seen from Fig. 1, F¢ increases substantially with de-
creasing x, namely by about a factor 20 between x=1
and x=0.1; according to Eq. (23), F4? is proportional to
(log1/x)%. This increase is in contrast to the angular
distribution of the pair electrons produced by the y-ray
which is essentially constant for x<1, i.e., for angles less
than mc?/hw.

In Fig. 1, we have also plotted for comparison the
diffraction scattering from a black sphere. The radius of
this sphere was arbitrarily chosen as 75, because the
part of the atom responsible for pair production and
potential scattering extends from b, to the atomic
radius, and 75, may be a reasonable average. The black-
sphere scattering is then (J1(7x)/7x)?; the coefficient 40
in the figure was also chosen arbitrarily. It is seen from
Fig. 1 that Fg® agrees with the black-sphere curve
reasonably well in the mean, but that F* is higher both
at very small and at large x. This is understandable
because the scattering is really not from a black sphere
of definite radius but from a ‘“‘gray” sphere with opacity
varying with radius; at small x, the outer parts of the
atom become effective and increase the scattering be-
cause of the large radii involved; at large x, where a

10
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Fic. 1. Shape factor F2(x) of the angular distribution. The
subscripts 1 and 2 refer to the dispersive and absorptive parts,
respectively. For comparison the diffraction from a black sphere of
radius 7b, is plotted on arbitrary scale; it is 40[J 1(7x)/7x%2.

sphere of radius 75y would give very little scattering
because of interference, the particularly black region
near bq still gives appreciable scattering.

The dispersive scattering Fy? falls off still more rapidly
with increasing 6 than F.%. This is because, for any
impact parameter b, the dispersive amplitude @, is
largely determined by the ratio wmin(b)/w where wmin(b)
is the frequency at which y-rays passing at impact
parameter b begin to produce pairs appreciably. The
larger this ratio wmia(8)/w (as long as it is less than
unity), the greater will be the dispersive effect; since
wmin(d) is proportional to b according to Eq. (19a), the
larger b give a greater dispersive effect as can be seen
from (20); but the larger 5 will contribute to the
scattering only at the smallest angles. ‘

The energy dependence of the scattered amplitudes

at a given finite s is
ax(s)~w if  hod>mc?, (49)

whereas at zero momentum transfer the preceding
paper! gives the result

ai(s)~const,

22(0)~w Ine. (50)

This is without screening; with screening this will be
replaced by

a1(0)~w,

(51)

where wo=wmnin(@) [see Eq. (19a)], with ¢ the atomic
radius. The energy dependence of (51) is the same as
that of (49), but that of (50) is not. This is because in

01(0)'\’600, dg(O)Nw lnwo,
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the absence of screening, the step increase of @y, a; with
decreasing x will continue down to x;=8o/bmax(w), see
Eq. (17), and will then flatten out; this, in combination
with the angular dependence just discussed, will give the
energy dependence (50).

Achieser and Pomerantschuk,?® in a rather compli-
cated paper, calculated only the dispersive part of the
cross section. In the high energy limit, they find an
angular dependence 1/6% in agreement with our result
Fi~1/4% Also the total dispersive cross section ob-
tained by them,

o1=B(aZ) (mc*/hw)r® In(fiw/mc?) (52)

with B an unknown numerical factor, agrees with our
result for this quantity, (29b).

The absolute value of the total cross section is given
by (29a) which gives about 6 millibarns for uranium.
According to (30), its ratio to the pair production cross
section is about 1/8000. This factor is made up of a
factor @, a factor («Z)? a small numerical factor of
about %, and 1/log. Except for energies above about 10
ev, the total cross section for potential scattering is
much less than that for Compton scattering.

This is different for the differential cross section, be-
cause of the large forward maximum. According to (23),
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(17b), the differential cross section per unit solid angle is
a(0)=(7/91)*(Z a)'r2(hw/mc*)?F 2(x) (53)
which, for uranium, is
o(0) = 1.0(hw/mc?)2F2(x) millibarns/steradian.

For 300 Mev and x=0.1, corresponding to #=0.01°, this
gives 3000 barns per steradian. For the Compton effect,
the differential cross section is Zr,® in the forward
direction, independent of energy; this is 7 barns/
steradian for uranium. Rayleigh scattering is Z%,? in the
exact forward direction, and much less for x=0.1 which
represents a large angle for Rayleigh scattering. There-
fore scattering of y-rays at such high energies and small
angles represents mainly potential scattering.

For the experimental observation, the main require-
ments are excellent collimation and elimination of all
electrons from pair production and of the secondary
y-rays emitted by these electrons. The latter can best be
done by using the different angular distribution. Un-
fortunately, since the scattering is mainly absorptive, its
observation at high energy would not reveal anything
about vacuum polarization, but would merely test the
theory of the spatial distribution of pair production
inside the atomni.



